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Preface

The idea for a reference book on the mathematical foundations of quantita-
tive finance has been with me throughout my career in this field. But the
urge to begin writing it didn’t materialize until shortly after completing my
first book, Introduction to Quantitative Finance: A Math Tool Kit, in 2010.
The one goal I had for this reference book was that it would be complete
and detailed in the development of the many materials one finds referenced
in the various areas of quantitative finance. The one constraint I realized
from the beginning was that I could not accomplish this goal, plus write a
complete survey of the quantitative finance applications of these materials,
in the 700 or so pages that I budgeted for myself for my first book. Little
did I know at the time that this project would require a multiple of this
initial page count budget even without detailed finance applications.

I was never concerned about the omission of the details on applications
to quantitative finance because there are already a great many books in
this area that develop these applications very well. The one shortcoming
I perceived many such books to have is that they are written at a level of
mathematical sophistication that requires a reader to have significant formal
training in mathematics, as well as the time and energy to fill in omitted
details. While such a task would provide a challenging and perhaps welcome
exercise for more advanced graduate students in this field, it is likely to
be less welcome to many other students and practitioners. It is also the
case that quantitative finance has grown to utilize advanced mathematical
theories from a number of fields. While there are also a great many very
good references on these subjects, most are again written at a level that
does not in my experience characterize the backgrounds of most students
and practitioners of quantitative finance.

So over the past several years I have been drafting this reference book,
accumulating the mathematical theories I have encountered in my work in
this field, and then attempting to integrate them into a coherent collection
of books that develops the necessary ideas in some detail. My target readers
would be quantitatively literate to the extent of familiarity, indeed comfort,
with the materials and formal developments in my first book, and suffi ciently
motivated to identify and then navigate the details of the materials they were
attempting to master. Unfortunately, adding these details supports learning
but also increases the lengths of the various developments. But this book was
never intended to provide a “cover-to-cover”reading challenge, but rather to
be a reference book in which one could find detailed foundational materials
in a variety of areas that support further studies in quantitative finance.
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x Preface

Over these past years, one volume turned into two, which then became a
work not likely publishable in the traditional channels given its unforgiving
size and likely limited target audience. So I have instead decided to self-
publish this work, converting the original chapters into stand-alone books, of
which there are now nine. My goal is to finalize each book over the coming
year or two.

I hope these books serve you well.
I am grateful for the support of my family: Lisa, Michael, David, and

Jeffrey, as well as the support of friends and colleagues at Brandeis Interna-
tional Business School.

Robert R. Reitano
Brandeis International Business School
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Introduction

This is the fourth book in a series of several that will be self-published
under the collective title of Foundations of Quantitative Finance. Each
book in the series is intended to build from the materials in earlier books,
with the first several alternating between books with a more foundational
mathematical perspective, which was the case with the first and third
book, and books which develop probability theory and some quantitative
applications to finance, the focus of the second and now this fourth book.
But while providing many of the foundational theories underlying
quantitative finance, this series of books does not provide a detailed
development of these financial applications. Instead this series is intended
to be used as a reference work for researchers and practitioners of
quantitative finance who already have other sources for these detailed
financial applications but find that such sources are written at a level
which assume significant mathematical expertise, which if not possessed
can be diffi cult to supplement.

Because the goal of many books in quantitative finance is to develop fi-
nancial applications from an advanced point of view, it is often the case that
advanced foundational materials from mathematics and probability theory
are introduced and summarized but without a complete and formal devel-
opment that would take the respective authors too far astray from their
intended objectives. And while there are a great many excellent books on
mathematics and probability theory, a number of which are cited in the
references, such books typically develop materials with a eye to compre-
hensiveness in the subject matter, and not with an eye toward effi ciently
curating and developing the theory needed for applications in quantitative
finance.

Thus the goal of this series is to introduce and develop in some detail
a number of the foundational theories underlying quantitative finance, with
topics curated from a vast mathematical and probability literature for the

xiii



xiv INTRODUCTION

express purpose of supporting applications in quantitative finance. In addi-
tion, the development of these topics will be found to be at a much greater
level of detail than in most advanced quantitative finance books, and cer-
tainly in far more detail that most advanced mathematics texts.

The title of this fourth book, Distribution Functions and Expectations, is
at once relatively generic yet at the same time succinctly identifies the over-
riding themes of this volume with Distribution Functions the title of chapter
1. Using the formidable tools of the Lebesgue integration and differentiation
theory of book 3, the first section of chapter 1 develops a characterization of
distribution functions on R. The result is that every such distribution func-
tion is the sum of three component functions: a discrete component analo-
gous to the discrete distribution functions of elementary probability theory;
an absolutely continuous component that generalizes somewhat the distrib-
ution functions of the continuous theory; and finally a singular component.
The chapter then introduces many common and familiar distribution func-
tions from applications, and begins the derivation of distribution functions
of transformed random variables. This theory is applied to derive the distri-
bution functions of sums and ratios of random variables, with applications
noted.

Chapter 2 is entitled Order Statistics, a topic which plays an important
role in extreme value theory and elsewhere. The goal of this chapter is to
derive the various distribution and density functions of the individual order
statistics, as well as the joint, marginal and conditional distributions. The
important Rényi representation theory for exponential order statistics is also
developed.

Turning to the second theme of this book, Expectations of Random
Variables 1 is the title of chapter 3, introducing the expectations operator
in terms of the Riemann-Stieltjes integrals of book 3 and developing the
familiar representations in the case of discrete and continuous distribution
functions. Also addressed is the subtle ambiguity of such definitions as well
as the framework for resolving such questions utilizing the more advanced
integration theory of book 5 which will be applied in book 6. The chapter
then introduces the various moments and the moment generating function,
develops properties, provides examples using the distributions of chapter 1,
and derives a number of important inequalities related to moments. The
problem of uniqueness of moments and moment generating functions is then
studied, as is the relationship between weak convergence of distributions and
convergence of moments or moment generating functions.

In chapter 4, Simulating Samples of RVs - Examples, we return to the
question of generating samples of random variables. With the theory ad-
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dressed in chapter 4 of book 2, this chapter focuses on applications of this
theory to the distribution functions exemplified. Both random and ordered
samples are addressed, and the Rényi representation theory is seen to be an
effi cient tool for generating partial subsets of order statistics.

Chapter 5 is called Limit Theorems and begins with a review of the
theoretical framework for the probability spaces introduced in book 2, on
which collections of independent and sometimes identically distributed ran-
dom variables are defined, and in which probability statements related to
limits of these samples are meant to be measured. The chapter’s many
results are grouped by type into the three categories: Weak Convergence
of Distributions; Laws of Large Numbers; and Convergence of Empirical
Distribution Functions. Many of the most important and applicable limit
theorems will be found here, including often overlooked results on quantiles
of order statistics. The most general versions of the central limit theorems
are deferred to book 6.

The final chapter 7, Estimating Tail Events, picks up where chapter 9 of
book 2 left off. As in the book 2 development, this chapter is again split be-
tween large deviation theory, with the goal here being the Cramér-Chernoff
Theorem, and extreme value theory. This latter investigation focuses on the
development of the Hill estimator for the tail index as well as the Pickands—
Balkema—de Haan theorem.





Chapter 1

Distribution Functions

1.1 A Characterization of Distribution Functions
on R

In this section we utilize some of the results from chapter 3 of book 3 to
derive a characterization of the distribution function of a random variable.
To state the proposition which summarizes the result we need some
terminology. The following definition introduces saltus functions, which
are generalized step functions with potentially countably many steps
defined by a collection {xn}. The general definition also allows two jumps
at each domain point xn, one of size un reflecting the discontinuity from
the left, and one of size vn, reflecting the discontinuity from the right. For
the application in hand only un will be needed below since distribution
functions are right continuous. Also, while in the general definition both
un and vn can be positive or negative, in the distribution function
application it will always be the case that un > 0 and vn = 0.

Definition 1.1 (Saltus function) Given {xn}∞n=1 ⊂ R and real sequences
{un}∞n=1, {vn}∞n=1 which are absolutely convergent:∑∞

n=1
|un| <∞,

∑∞

n=1
|vn| <∞,

a saltus function f(x) is defined as:

f(x) =
∑∞

n=1
fn(x)

1
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where

fn(x) =


0, x < xn,

un, x = xn,

un + vn x > xn.

In other words,

f(x) =
∑

xn≤x
un +

∑
xn<x

vn.

In addition to saltus functions, recall the following notions from book 3:

Definition 1.2 A function f(x) is singular on the interval [a, b] if f(x)
is continuous, monotonically increasing with f(b) > f(a), and f ′(x) = 0
almost everywhere.

A function f(x) defined on [a, b] is absolutely continuous if for any
ε > 0 there is a δ so that∑n

i=1

∣∣f(xi)− f(x′i)
∣∣ < ε

for any finite collection of disjoint subintervals, {(x′i, xi)} ⊂ [a, b], with∑n

i=1

∣∣xi − x′i∣∣ < δ.

The relevant facts from book 3 on such functions are:

• Singular functions: Indeed, that these exist. An example is the
Cantor function, named forGeorg Cantor (1845 —1918) and given
in definition 3.49 of book 3.

• Absolutely continuous functions: As summarized in proposition
3.61 of book 3, f(x) is absolutely continuous on [a, b] if and only if
f(x) equals the Lebesgue integral of its derivative on this interval:

f(x) = f(a) + (L)

∫ x

a
f ′(y)dy,

which is version I of the fundamental theorem of calculus. Implicit
in this result is that f ′(x) exists almost everywhere and is Lebesgue
integrable.
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Proposition 1.3 Let X be a random variable on a probability space (S, E , λ)
with distribution function F (x) ≡ λ

[
X−1(−∞, x]

]
. Then F (x) is differen-

tiable almost everywhere and:

F (x) = FSLT (x) + FAC(x) + FSN (x), (1.1)

where:

• FSLT (x) is a saltus function.

• FAC(x) is absolutely continuous, and thus the density function fAC(y) ≡
F ′AC(y) exists almost everywhere, is measurable, and

FAC(x) = (L)

∫ x

−∞
fAC(y)dy.

• FSN (x) is identically 0, or a singular function.

Proof. By proposition 3.60 of book 1 and subsequent remarks, distribution
functions are increasing and thus differentiable almost everywhere by propo-
sition 3.15 of book 3. Such functions are also continuous from the right and
have left limits, and have at most countably many points of discontinuity
which we denote {xn}∞n=1. At such points define un = F (xn)−F (x−n ) where
F (x−) ≡ limy→x− F (y), and hence from 3.26 of book 1: un = λ(X−1(xn)) >
0. Define:

FSLT (x) ≡
∑

xn≤x
un,

and note that FSLT (x) is increasing by definition, and right continuous. To
prove right continuity let x and ε > 0 be given. Then for x ≤ y,

FSLT (y)− FSLT (x) =
∑

x<xn≤y
un,

and this summation is finite or countable. In the former case there is δ
so that for y ≤ x + δ this summation is zero and is then bounded by ε. If
countable, then since

∑
un ≤ 1 the summation is convergent and thus can be

made arbitrarily small by eliminating finitely many terms, or equivalently,
reducing y.

Next, G(x) ≡ F (x) − FSLT (x) is an increasing function. If y > x then
F (y−) ≥ F (x−) and:

FSLT (y)− FSLT (x) ≡
[
F (y)− F (y−)

]
−
[
F (x)− F (x−)

]
≤ F (y)− F (x),
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which obtains G(y)−G(x) ≥ 0. Further, G(x) is continuous since if y > x :

G(y)−G(x) = F (y)− F (x)−
∑

x<xn≤y
un,

and the result follows from right continuity of F (x) and that
∑
un → 0 as

y → x as noted above. If y < x then

G(x)−G(y) = F (x)− F (y)−
∑

y<xn≤x
un,

and the result will follow as an exercise by consideration of the two cases
where x is a continuity point, or a left discontinuity point, of F (x).

Hence by propositions 3.15 and 3.16 and remark 3.17 of book 3, G(x)
is differentiable almost everywhere, G′(x) ≥ 0, and is Lebesgue integrable.
Defining

FAC(x) ≡ (L)

∫ x

−∞
G′(y)dy,

then FAC(x) is increasing and by proposition 3.16 of book 3, for every in-
terval [a, b] :

(L)

∫ b

a
G′(y)dy ≤ G(b)−G(a).

By proposition 3.61 of book 3, FAC(x) is absolutely continuous and equal
almost everywhere to the Lebesgue integral of its derivative:

FAC(x) = (L)

∫ x

−∞
F ′AC(y)dy,

noting that F (x)→ 0 as x→ −∞ from book 1.
Finally consider H(x) ≡ G(x)−FAC(x). Then as a difference of contin-

uous increasing functions H(x) is continuous and of bounded variation, but
also by construction H ′(x) = 0 almost everywhere. In addition, for every
interval [a, b] :

FAC(b)− FAC(a) =

∫ b

a
F ′AC(y)dy =

∫ b

a
G′(y)dy ≤ G(b)−G(a),

and so H(a) ≤ H(b) and H(x) is increasing. If H(x) is constant it must
be identically 0 since H(x) → 0 as x → −∞. Otherwise, there exists an
interval [a, b] for which H(a) < H(b) and by definition, H(x) is a singular
function. In either case we define FSN (x) ≡ H(x).
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Remark 1.4 Note that it is possible to have either or both FSLT (x) ≡ 0
or FAC(x) ≡ 0 in the above proposition. The only reason to highlight the
fact that we may have FSN (x) ≡ 0 is that by definition, a singular function
must have a positive increase somewhere, whereas there is no definitional
reason that saltus functions and absolutely continuous functions cannot be
identically zero.

1.2 Examples of Distribution Functions on R

The above section provides a framework for thinking about the
distribution functions of a random variable. In this section we exemplify a
variety of popular examples of such functions within this framework.

1.2.1 Discrete Distribution Functions

Discrete probability theory studies random variables for which
FAC(x) = FSN (x) = 0, and so

F (x) = FSLT (x), (1.2)

and hence for which
∑∞

n=1 un = 1. Since un = µ(X−1(xn)) > 0 as noted
above, it is conventional to define the probability density function
(p.d.f.) associated with a discrete random variable by

f(x) =

 un, x = xn,

0, otherwise,

and hence the distribution function (d.f.) is given by:

F (x) =
∑

xn≤x
f(xn). (1.3)

In most cases, it is the probability density functions that are explicitly
defined in a given application. Frequently encountered examples of discrete
distribution functions are the discrete rectangular, binomial, geometric, neg-
ative binomial, and Poisson distribution functions.

Example 1.5 1. Discrete Rectangular Distribution: The defining
collection {xn}∞n=1 for this distribution is finite and can otherwise be
arbitrary. However this collection is conventionally taken as {j/n}nj=1

or {(j − 1) /n}nj=1 , so in either case {xj}nj=1 ⊂ [0, 1] and the discrete
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rectangular random variable is modelled by XR : S −→ [0, 1]. For given
n, the probability density function of the discrete rectangular dis-
tribution, also called the discrete uniform distribution, is defined
in the first case on

{
j
n

}n
j=1

by:

fR (j/n) = 1/n, j = 1, 2, .., n, (1.4)

and analogously in the second case. In effect, this random variable
splits S into n sets of equal measure:

λ(Sj) = 1/n,

where ∪Sj = S and Sj ≡ X−1(j/n) in the first case, and analogously
in the second.

By rescaling this distribution can be supported on any interval [a, b],
defining Y R = (b− a)XR + a.

2. Binomial Distribution: For a given p, 0 < p < 1, the standard
binomial random variable is defined: XB

1 : S −→ {0, 1}, where the
associated p.d.f. is defined: f(1) = p, f(0) = p′ ≡ 1− p. This is often
expressed:

XB
1 =

 1, Pr = p,

0, Pr = p′,

or to emphasize the associated p.d.f.:

fB1(j) =

 p, j = 1,

p′, j = 0.
(1.5)

A simple application for this random variable is as a model for a sin-
gle coin flip. So S = {H,T}, a probability measure is defined on
S by: λ(H) = p, and λ(T ) = p′, and the random variable defined
by XB

1 (H) ≡ 1 and XB
1 (T ) ≡ 0. This random variable is some-

times referred to as a Bernoulli trial, and the associated d.f. as
the Bernoulli distribution after Jakob Bernoulli (1654 —1705).

This standard formulation is then transformed to a shifted standard
binomial random variable: Y B

1 = b+ (a− b)XB
1 , which is defined:

Y B
1 =

 a, Pr = p,

b, Pr = p′,
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where the example of b = −a is common in discrete stock price mod-
elling for example.

Similarly, this model can be extended to accommodate sample spaces
of n-coin flips, producing the general binomial random variable with
two parameters, p and n ∈ N. That is, S = {(F1F2...Fn) | each Fj = H
or T}, and XB

n is defined as the "head counting" random variable:

XB
n (F1F2...Fn) =

∑n

j=1
XB

1 (Fj).

It is apparent that XB
n assumes values: 0, 1, 2, ..., n, and that using a

standard combinatorial analysis the associated probabilities are given
for j = 0, 1, .., n by:

XB
n =

{
j, Pr =

(
n
j

)
pj(1− p)n−j ,

or to emphasize the associated p.d.f.:

fBn(j) =

(
n

j

)
pj(1− p)n−j , j = 0, 1, 2, ..., n. (1.6)

Recall that
(
n
j

)
denotes the binomial coeffi cient defined by:(

n

j

)
=

n!

(n− j)!j! , (1.7)

where by convention, 0! = 1. This expression is sometimes denoted nCj
and read, "n choose j." The name "binomial coeffi cient" follows from
the expansion of a binomial, a + b, raised to the power n, producing
the binomial theorem:

(a+ b)n =
∑n

m=0

(
n

m

)
ambn−m. (1.8)

3. Geometric Distribution: For a given p, 0 < p < 1, the geometric
distribution is defined on the nonnegative integers and its p.d.f. is
given by:

fG(j) = p(1− p)j , j = 0, 1, 2, .. (1.9)

and thus by summation:

FG(j) = 1− (1− p)j+1, j = 0, 1, 2, .. (1.10)
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This distribution is related to the standard binomial distribution in a
natural way. The underlying sample space can be envisioned as the
collection of all coin-flip sequences which terminate on the first H.
So:

S ={H,TH, TTH, TTTH, ....},

and the random variable XG is defined as the number of flips be-
fore the first H. Consequently, fG(j) above is the probability in S
of the sequence of j-T s and then 1-H. That is, the probability that
the first H occurs after j-T s. Of course, fG(j) is indeed a p.d.f. in
that

∑∞
j=0 p(1 − p)j = 1 as is verified noting that

∑∞
j=0(1 − p)j is a

geometric summation.

The geometric distribution is sometimes parametrized as:

fG′(j) = p(1− p)j−1, j = 1, 2, ..,

and then represents the probability of the first head in a coin flip
sequence appearing on flip j. These representations are conceptually
equivalent, but mathematically distinct due to the shift in domain.

One way of generalizing the geometric distribution is to allow the prob-
ability of a head to vary with the sequential number of the coin flip.
This is the basic model in all financial calculations relating to pay-
ments contingent on death or survival, as well as to various other
vitality-based outcomes. Specifically, if

Pr[H | kth flip] = pk,

then with a simplifying change in notation to exclude the case j = 0,
a generalized geometric distribution can be defined by:

fGG(j) = pj
∏j−1

k=1
(1− pk), j = 1, 2, 3, ..., (1.11)

where fGG(j) is the probability of the first head appearing on flip j. By
convention,

∏0
k=1(1−pk) ≡ 1 when j = 1. Of course, if pk = p > 0 for

all k, then fG(j) is a p.d.f. as noted above. With non-constant proba-
bilities this conclusion is also true with a small restriction. Specifically,
if 0 < a ≤ pk ≤ b < 1 for all j, then the summation is finite since
fGG(j) < b(1 − a)j−1 and thus

∑∞
j=1 fGG(j)(j) < b/a by a geometric

series summation. The details are left to the interested reader, or see
Reitano pp. 314 —319.
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4. Negative Binomial Distribution: The name of this distribution
calls out yet another connection to the binomial distribution, and here
we generalize the idea behind the geometric distribution. There, fG(j)
was defined as the probability of j-T s before the first H. The negative
binomial, fNB(j) introduces another parameter, k, and is defined as
the probability of j-T s before the kth-H. So when k = 1, the negative
binomial is the same as the geometric. The p.d.f. is then defined with
parameters p and k ∈ N as follows:

fNB(j) =

(
j + k − 1

k − 1

)
pk(1− p)j , j = 0, 1, 2, .. (1.12)

This formula can be derived analogously to that for the geometric by
considering in the sample space of all coin flip sequences, those which
are terminated on the occurrence of the kth-H. The probability of any
such sequence with j-T s and k-Hs is then pk(1 − p)j. Next we must
determine the number of such sequences in the sample space. First off,
since every such sequence terminates with an H, there are only the first
j + k − 1 positions that need to be addressed. Each such sequence is
then determined by the placement of the first (k − 1)-Hs, and so the
total count of these sequences is

(
j+k−1
k−1

)
. Multiplying the probability

and the count, we have 1.12.

5. Poisson Distribution: The Poisson distribution is named for Siméon-
Denis Poisson (1781 —1840) who discovered this p.d.f. and studied
its properties. This distribution is characterized by a single parameter
λ > 0, and is defined on the nonnegative integers by:

fP (j) = e−λλj/j!, j = 0, 1, 2, .... (1.13)

That
∑∞

j=0 fP (j) = 1 is an application of the Taylor series expansion
for eλ :

eλ =
∑∞

j=0
λj/j!

One important application of the Poisson distribution is provided by
the Poisson Limit theorem, discussed in chapter 5 on Limit Theo-
rems. This result states that the Poisson distribution provides a good
approximation to the binomial distribution when the binomial parame-
ter p is "small" and n is "large." See proposition 5.5. In addition,
the binomial probabilities in 1.6 can be approximated by the Poisson
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probabilities above, in that with p "small" and n "large," and λ = np:(
n

j

)
pj(1− p)n−j ' e−np(np)j/j! (1.14)

Another important property of the Poisson distribution is that it is the
unique p.d.f. which characterizes "arrivals" during a given period of
time under reasonable and frequently encountered assumptions. For
example, the model might be one of automobile arrivals at a stop light;
or telephone calls to a switchboard; or internet searches to a server; or
radio-active particles to a Geiger counter; or insurance claims of any
type (injuries, deaths, automobile accidents, etc.) from a large group of
policyholders; or defaults from a large portfolio of loans and bonds; etc.
For this result and the precise meaning of the approximation in 1.14,
including the meaning of p "small" and n "large," see also proposition
7.51 in Reitano and the subsequent discussion.

1.2.2 Absolutely Continuous Distribution Functions

At the other end of the spectrum from discrete probability theory is what
is sometimes called continuous probability theory, for which
FSLT (x) = FSN (x) = 0 and so

F (x) ≡ FAC(x), (1.15)

is absolutely continuous. Hence by proposition 3.61 of book 3, F ′(x) exists
almost everywhere, and

F (x) = (L)

∫ x

−∞
F ′(y)dy.

Then f(x) ≡ F ′(x) is a probability density function (p.d.f.)
associated with the distribution function F, which is defined in
general as any measurable function f for which:

F (x) = (L)

∫ x

−∞
f(y)dy.

In the general case density functions are not unique in that any f(x)
with f(x) = F ′(x) a.e. is also a density function associated with F. That is
because if f(x) is a density function associated with F, all that can be said
is that:

F (x) =

∫ x

−∞
f(y)dy, F ′(x) = f(x) a.e. (1.16)
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For such absolutely continuous distribution functions, it then also follows
that for any a, b :

µ{X−1(a, b]} ≡ F (b)− F (a) =

∫ b

a
f(y)dy.

Hence µ{X−1[a]} = 0 for all a and so µ{X−1(a, b]} is the same for closed,
open or semi-open intervals.

In many applications FAC(x) is in fact modelled to be continuously
differentiable so f(x) ≡ F ′(x) is continuous and uniquely defined as the
only continuous density function associated with F . A random variable
X : S → R with such a distribution function is said to have a continu-
ous density function. One then has from the standard version of the
fundamental theorem of calculus that for all x :

F (x) =

∫ x

−∞
f(y)dy, F ′(x) = f(x). (1.17)

There are many distributions with continuous density functions used in
finance and other applications, but the most common are the uniform, expo-
nential, gamma, beta, normal and lognormal. The Cauchy distribution will
be introduced in the section Examples of Moments and M.G.F.s. In addi-
tion, other such examples are found with the extreme value distributions
discussed in chapter 9 of book 2 as well as chapter 6 below.

It will be noted that we do not require a continuous density function to
be continuous on R, but only on its domain of definition.

Example 1.6 1. Continuous Uniform Distribution: Perhaps the
simplest continuous probability density that can be imagined is one
which assumes the same value on every sample point. The domain
of this distribution is arbitrary, though of necessity bounded, and is
conventionally denoted as the interval [a, b]. The p.d.f. of the con-
tinuous uniform distribution, sometimes called the continuous
rectangular distribution is defined on [a, b] by the density function:

fU (x) = 1/(b− a), x ∈ [a, b], (1.18)

and fU (x) = 0 otherwise. This distribution is called "uniform" because
if a ≤ s < t ≤ b and XU : S → R denotes the underlying random
variable, then

FU (t)− FU (s) = λ{X−1
U [s, t]} = (t− s)/(b− a).



12 CHAPTER 1 DISTRIBUTION FUNCTIONS

This probability is translation invariant within [a, b], thus justifying the
uniformity label.

This p.d.f. is important to a large degree because of the book 2 re-
sults in propositions 4.5 and 4.8 which state that for any random vari-
able, X, the distribution function of the random variable Y ≡ F (X)
is uniformly distributed on [0, 1] if and only if F is continuous. Of
course, the random variable Y is the composition of X : S → R
with F : R → [0, 1]. More generally, in all cases if Y is a uniformly
distributed random variable on (0, 1), the random variable F ∗(Y ) has
distribution function F, where F ∗ denotes the left continuous inverse
function. This result can be used to generate independent random vari-
ates with distribution function F (x), the theory of which was developed
in chapter 4 of book 2, and the applications will be seen in chapter 4
below.

To summarize these results, recall the definition of left continuous in-
verse which is applicable to any increasing function:

Definition 1.7 Let F (x) be an increasing function, F : R→ R. The
"left-continuous" inverse of F, denoted F ∗, is defined by:

F ∗(y) = inf{x|y ≤ F (x)}. (1.19)

By convention, if {x|F (x) ≥ y} = ∅ then we define F ∗(y) = ∞.
Similarly, if {x|F (x) ≥ y} = R, then by 1.19, F ∗(y) = −∞.

The summary results are then:

Proposition: Let (S,E,λ) be given, and X : (S, E , λ)→ (R,B(R),mL)
a random variable with distribution function F (x), left continuous in-
verse F ∗(y), and mL Lebesgue measure. Then:

• F (X) : (S, E , λ) → ((0, 1),B((0, 1),mL) defined by F (X)(s) =
F (X(s)) is a random variable on S, with distribution function
FF (X)(y), satisfying:

FF (X)(y) ≤ y.

Further, FF (X)(y) = y if and only if F is continuous.

• F ∗ : ((0, 1),B(0, 1),mL) → (R,B(R),mL) is a random variable
on (0, 1), which has distribution function F (x).
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• If {Yj}nj=1 are independent, continuous uniformly distributed ran-
dom variables, then {Xj}nj=1 ≡ {F ∗ (Yj)}nj=1 are independent
random variables with distribution function F (x).

• If F (x) is continuous and {Xj}nj=1are independent random vari-
ables with distribution function F (x), then {Yj}nj=1 ≡ {F (Xj)}nj=1

are independent, continuous uniformly distributed random vari-
ables.

The significance of these results is that one can convert a uniformly
distributed sample {Yj} from [0, 1], into a random sample of the {Xj}
random variables by defining:

Xj = F ∗(Yj),

with F ∗(Yj) defined as in 1.19. And note that despite being defined as
an infimum, the value of F ∗(Yj) produced by this definition is truly in
the domain of the random variable X because F (x) is right continuous.

2. Exponential and Gamma Distributions: The exponential den-
sity function is defined with parameter λ > 0:

fE(x) = λe−λx, x ≥ 0, (1.20)

and fE(x) = 0 for x < 0. The associated distribution function is cal-
culated to be:

FE(x) = 1− exp (−λx) , x ≥ 0, (1.21)

and FE(x) = 0 for x < 0.

The gamma distribution is a two parameter generalization of the
exponential, with α > 0, λ > 0, and density function fG(x) defined by

fΓ(x) = λαxα−1e−λx/Γ(α), x ≥ 0, (1.22)

and fΓ(x) = 0 for x < 0. When 0 < α < 1, fΓ(x) is unbounded at
x = 0 but is integrable. The gamma function, Γ(α), is defined by

Γ(α) =

∫ ∞
0

xα−1e−xdx, (1.23)

and thus
∫∞

0 fΓ(x)dx = 1 with a change of variable. An integration by
parts shows that for α > 0 the gamma function satisfies

Γ(α+ 1) = αΓ(α), (1.24)
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and since Γ(1) = 1 this function generalizes the factorial function in
that for any integer n,

Γ(n) = (n− 1)! (1.25)

When the parameter α = k, a positive integer, then by 1.25 the proba-
bility density function becomes

fΓ(x) = λkxk−1e−λx/(k − 1)!, x ≥ 0.

The associated distribution function is:

FΓ(x) = e−λx
∑∞

j=k
(λx)j /j! (1.26)

which can be verified by differentiation, that F ′Γ(x) = fΓ(x) since
FΓ(0) = 0.

The exponential and gamma distributions are important in the gener-
ation of ordered random samples. See chapter 4 below.

Remark 1.8 When a random variable Y has a gamma distribution with
λ = 1/2 and α = n/2, it is said to have a Chi-squared distribution with
n degrees of freedom, which is sometimes denoted χ2

n d.f.. See example
1.14.

3. Beta Distribution: The beta distribution contains two shape pa-
rameters, v > 0, w > 0, and is defined on the interval [0, 1] by the
density function:

fβ(x) = xv−1(1− x)w−1/B(v, w). (1.27)

Here the beta function B(v, w) is defined by a definite integral which
in general requires numerical evaluation:

B(v, w) =

∫ 1

0
yv−1(1− y)w−1dy. (1.28)

By definition, therefore,
∫ 1

0 fβ(x)dx = 1.

If v or w or both parameters are less than 1, the beta density is un-
bounded at x = 0 or x = 1 or both, but this integral converges as an
improper integral discussed in book 3 because the exponents of both the
x and 1 − x terms exceed −1. If both parameters are greater than 1
this density function is 0 at the interval endpoints, and has a unique
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maximum at x = (v − 1) / (v + w − 2) . When both parameters equal
1, this distribution reduces to the continuous uniform distribution on
[0, 1].

The beta function is closely related to the gamma function above. Sub-
stituting x = y/(1− y) into the integral in 1.28:

B(v, w) =

∫ ∞
0

xv−1

(1 + x)v+w
dx.

Letting α = v + w in 1.23 obtains by substitution x→ (1 + x)y:

Γ(α) =

∫ ∞
0

xα−1e−xdx, (1.29)

1/(1 + x)v+w =

∫ ∞
0

yv+w−1e−(1+x)ydy/Γ(v + w),

and so

B(v, w) =

∫ ∞
0

yv+w−1e−y
(∫ ∞

0
e−xyxv−1dx

)
dy/Γ(v + w).

A final substitution z = xy and two applications of 1.23 produces the
identity:

B(v, w) =
Γ(v)Γ(w)

Γ(v + w)
. (1.30)

Thus for integer n and m, it follows from 1.25 that

B(n,m) =
(n− 1)! (m− 1)!

(n+m− 1)!
. (1.31)

4. Normal Distribution: The normal distribution is defined on
(−∞,∞), depends on a location parameter µ ∈ R and a scale pa-
rameter σ > 0, and is defined by the probability density function:

fN (x) =
1

σ
√

2π
exp

(
− (x− µ)2 /2σ2

)
, (1.32)

where expA ≡ eA to simplify notation. In many books the parame-
trization is defined in terms of µ and σ2, where in 1.32 σ is taken
as the positive square root. When µ = 0 and σ = 1 this is known as
the standard normal distribution, or unit normal distribution,
and denoted φ(x) :

φ(x) =
1√
2π

exp
(
−x2/2

)
. (1.33)
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A change of variables in the associated integral shows that if a random
variable X is normally distributed with parameters µ and σ2, then
(X − µ) /σ has a standard normal distribution. Conversely, if X is
standard normal, then σX+µ is normally distributed with parameters
µ and σ2.

Perhaps the greatest significance of the normal distribution is that it
can be used as an approximating distribution to the distribution of sums
and averages of a random sample of "scaled" random variables under
relatively mild assumptions. When applied to approximate the binomial
distribution, this result is called the De Moivre-Laplace Theorem,
named for Abraham de Moivre (1667 —1754) who demonstrated the
special case of p = 1/2, and Pierre-Simon Laplace (1749 — 1827)
who many years later generalized to all p, 0 < p < 1. In the most
general case this result is known as the the Central Limit Theorem.
See chapter 5 below on Limit Theorems.

5. Lognormal Distribution: The lognormal distribution is defined
on [0,∞), depends on a location parameter µ ∈ R and a shape para-
meter, σ > 0, and unsurprisingly is intimately related to the normal
distribution above. However, to some the name "lognormal" appears
to be opposite of the relationship that exists. Stated one way, a ran-
dom variable X is lognormal with parameters (µ, σ2) if X = eZ where
Z is normal with the same parameters. So X can be understood as
an exponentiated normal. Stated another way, a random variable X
is lognormal with parameters (µ, σ2) if lnX is normal with the same
parameters. The name comes from the second statement, in that the
log of a lognormal variate is a normal variate.

The probability density function of the lognormal is defined as follows,
again using expA ≡ eA to simplify notation:

fL(x) =
1

σx
√

2π
exp

(
− (lnx− µ)2 /2σ2

)
. (1.34)

Remark 1.9 By change of variable,
∫∞

0 fL(x)dx = 1 if and only if
∫∞
−∞ fN (x)dx =

1. While there are no elementary proofs of the latter identity, there is clever
proof used by virtually everyone. It involves embedding the integral

∫∞
−∞ fN (x)dx

into a 2-dimensional integral and applying a change of variables which al-
lows direct calculation. This derivation also requires the ability to move back
and forth between 2-dimensional and iterated integrals, another highly non-
trivial result called Fubini’s theorem. The technical results needed for this
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derivation will be developed in book 5 and applied in book 6 to the result at
hand.

1.2.3 Mixed Distribution Functions

So-called mixed distribution functions, for which FSLT (x) = 0, are
commonly encountered in finance and defined:

F (x) ≡ FSN (x) + FAC(x), (1.35)

where again it is assumed that F ′AC(x) = f(x) is continuous. In other
words, such a distribution function represents a random variable with both
continuously distributed and discrete parts. For example, in chapter 1 of
book 2 was exemplified a loan portfolio and of particular interest was the
modeling of default losses. For a portfolio of n loans, if X denotes the
number of defaults then X : S → {0, 1, 2, ..., n} is discrete, while if
Y : S → R denotes the dollars of loss, then typically the model for Y will
be "mixed." This is because with fixed default probability p, say, the
probability of no defaults,

Pr{Y = 0} = Pr{X = 0} = (1− p)n,

and this will typically be quite large compared to Pr{0 < Y ≤ ε}, which is
the probability of one or several defaults but very low loss amounts. So at
the minimum, it is expected that F (y) will have a discrete part at y = 0
and then a continuous or mixed distribution for y > 0 depending on how
losses are modeled when defaults occur.

For example, if we assume that on default the loss given default is uni-
formly distributed on [0, Lj ] where Lj denotes the loan amount on the jth
bond, then one expects a continuous distribution on y > 0. This is because
if l > 0 denotes total losses, then F (y) will be continuous from the left at
l, and hence continuous at l since all distribution functions are continuous
from the right. This left continuity follows from the observation, which was
formalized in the so-called law of total probability in proposition 1.35 of
book 2, that if L denotes total losses and ε < l,

Pr{l − ε < L ≤ l} =
∑n

j=1
Pr{l − ε < L ≤ l | j defaults}Pr{j defaults}.

(1.36)
Given the assumption of uniformly distributed losses, Pr{l − ε < L ≤ l |
j defaults} is defined in terms of a fixed sum of j continuously distributed
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random variables, and so it is continuously distributed as motivated by
exercise 1.10 below and provable with the methods of book 6. So as ε→ 0,

Pr{l − ε < L ≤ l | j defaults} → 0,

and hence
Pr{l − ε < L ≤ l} → 0.

Since
Pr{l − ε < L ≤ l} = F (l)− F (l − ε),

this demonstrates left continuity and hence continuity of F (y) for y > 0.

Mixed distributions similarly arise in other financial contexts related to
various insurance claim amount distributions, since these are modeled much
like loan default losses.

Exercise 1.10 Show that if X and Y are continuously distributed random
variables, then the distribution function for Z ≡ X + Y is given:

FZ(z) =

∫
fX(x)FY (z − x)dx. (*)

Hint: If {xj} is a partition of the x-axis, and x̂j ∈ [xj , xj+1], then:

FZ(z) ≈
∑

[FX(xj+1)− FX(xj)]FY (z − x̂j).

Use the mean value theorem for integrals to derive FX(xj+1) − FX(xj) =
fX(x̃j)∆x for some x̃j ∈ [xj , xj+1]. Choosing x̂j = x̃j and letting the parti-
tion mesh size µ→ 0, (∗) follows as a Riemann integral. See also the section
Distribution Functions of Sums and Ratios of Random Variables below.

This result is enough to derive that the distribution function for the sum
of loan losses given two defaults is continuously distributed, for example.

Remark 1.11 The result in (∗) implies that Z is continuously distributed
and:

fZ(z) =

∫
fX(x)fY (z − x)dx,

but to derive this requires a differentiation "under the integral." Alterna-
tively, one can integrate fZ(z) to yield the formula above for FZ(z), but this
then requires a manipulation of iterated integrals, which is Fubini’s theorem
of book 5.
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1.2.4 Other Distribution Functions

While discrete, continuously distributed, and mixed distributions are most
common in finance in practice, it is important to be mindful of the above
result that in general, distribution functions can be more general in two
ways:

1. Although the FAC(x) component is typically modelled as a contin-
uously differentiable function, so that fAC(x) ≡ F ′AC(x) is assumed
continuous and hence is unique among continuous densities, the the-
ory only assures that F ′AC(x) exists almost everywhere, is measurable
and Lebesgue integrable, and can be used to recover FAC(x) by the
fundamental theorem, version 1. Any assumption that implies addi-
tional properties of F ′AC(x) is, by definition, an assumption.

2. In general, distribution functions can have singular components, FSN (x),
which can only be ignored when they are assumed to not exist.

1.3 Distribution Functions of Transformed Ran-
dom Variables

Given a random variable X on a probability space (S,E ,λ) with
distribution function F (x), we are sometimes interested in evaluating the
distribution function of Y ≡ g(X) for Borel measurable function
g : R→ R. By proposition 3.33 of book 1, for such g the composite
functions g(X) is a λ-measurable function on S and is hence a random
variable. By definition, FY (y) ≡ λ

[
Y −1(−∞, y]

]
and so:

FY (y) = λ
[
X−1

(
g−1(−∞, y]

)]
, (1.37)

where g−1(−∞, y] ≡ {z|g(z) ≤ y}.

In two simple cases, g−1 is easy to work with.

• With g an increasing function: Then g−1(−∞, y] = (−∞, g−1 (y)]
and thus:

FY (y) = λ
[
X−1(−∞, g−1 (y)]

]
,

or equivalently:
Fg(X)(y) = FX(g−1 (y)). (1.38)

When F is absolutely continuous and has an associated density func-
tion f, and g is continuously differentiable with g′(x) 6= 0 for all x,
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then by differentiation FY will have an associated continuous density
function given by:

fg(X)(y) = fX(g−1 (y))/g′(g−1 (y)). (1.39)

• With g is a decreasing function: Because now g−1 (y,∞) = (−∞, g−1 (y)),
using complementarity:

FY (y) = 1− λ
[
X−1(g−1 (y,∞))

]
,

and thus:
Fg(X)(y) = 1− FX(g−1 (y)−), (1.40)

where F (x−) denotes the left limit of F at x.

For absolutely continuous distribution functions which are thus con-
tinuous, F (x−) = F (x). So if F has an associated density function f,
and g is continuously differentiable with g′(x) 6= 0 for all x, then by
differentiation FY has an associated continuous density function given
by:

fg(X)(y) = −fX(g−1 (y))/g′(g−1 (y)). (1.41)

Remark 1.12 A formula that is often given for absolutely continuous dis-
tribution functions, F, and monotonic g with g−1 (y) continuously differen-
tiable, is:

fg(X)(y) = fX(g−1 (y))

∣∣∣∣dg−1(y)

dy

∣∣∣∣ . (1.42)

If g′(x) 6= 0, then g−1 (y) is differentiable withdg
−1(y)
dy = 1/g′(g−1 (y)) as

above. Comparing with 1.39 and 1.41 obtains that the ± in the respective

formulas simply yields
∣∣∣dg−1(y)

dy

∣∣∣ .
Example 1.13 1. If X is normally distributed as in 1.32 and Y = eX ,

then by 1.39 we find that

fg(X)(y) =
1

σy
√

2π
exp

(
− (ln y − µ)2 /2σ2

)
,

which is the density function of the lognormal distribution in 1.34.

2. Similarly, one shows that if X is lognormally distributed as in 1.34,
then Y = lnX is normally distributed as in 1.32.



1.3 DISTRIBUTION FUNCTIONS OF TRANSFORMEDRANDOMVARIABLES21

The above approach can sometimes be adapted in situations where g is
not strictly monotonic.

Example 1.14 Normal Squared is Gamma: If X is standard normal,
consider Y = X2. Here g is not increasing on the range of X, but we can
explicitly evaluate FY by 1.37. Because λ

[
X−1 (x)

]
= 0 for all x we can be

casual about interval endpoints:

FY (y) = λ
[
X−1 ([−√y,√y])

]
= λ

[
X−1 ((−∞,√y])

]
− λ

[
X−1 ((−∞,−√y])

]
= FX (

√
y)− FX (−√y) .

The associated density function can then be calculated, and using the sym-
metry of fX we derive that for y > 0 :

fY (y) = fX (
√
y) /
√
y

=
1√
2π
y−1/2 exp (−y/2) .

Comparing this to 1.22, we see that Y has a gamma density with λ = α = 1/2
if

Γ(1/2) =
√
π. (1.43)

This is indeed verified by substitution into the Riemann integral that de-
fines Γ(t), and recalling that the standard normal density integrates to 1.
Specifically, letting y =

√
2x :

Γ(1/2) =

∫ ∞
0

x−1/2e−xdx

=
√

2

∫ ∞
0

e−y
2/2dy

=
√
π.

Notation 1.15 As noted in remark 1.8, when a random variable Y has a
gamma distribution with λ = 1/2 and α = n/2, it is said to have a Chi-
squared distribution with n degrees of freedom, which is sometimes
denoted χ2

n d.f.. Thus if X is standard normal, then X2 is χ2
1 d.f.. In general,

the density function of the Chi-squared distribution with n degrees of freedom
is given by 1.22 with λ = 1/2 and α = n/2, defined on x ≥ 0 as:

fχ2
n d.f.

(x) =
1

2n/2Γ(n/2)
xn/2−1e−x/2. (1.44)
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We will see in example 3.59 that for n independent gammas {Yi}ni=1

with common parameter λ and parameters {αi}ni=1, that the sum
∑n

i=1 Yi
is gamma with parameters λ and

∑n
i=1 αi. In example 1.18 we derive this

result for the special case when the Yi are exponential and hence αi = 1.
The example 3.59 result then implies that if {Xi}ni=1 are independent stan-
dard normals, then

∑n
i=1X

2
i is χ

2
n d.f. because {X2

i }ni=1 are independent by
example 3.58 of book 2.

Jumping ahead a bit to chapter 3, this result provides the theoretical
basis for estimating the unknown "variance" σ2 of a normal distribution
with known "mean" µ0, based on a sample: {Xi}ni=1. Then in this case:∑n

i=1

(
Xi − µ0

σ

)2

is χ2
n d.f., and so confidence intervals for this chi-squared distribution can be

translated to confidence intervals for σ2.

Remark 1.16 In this section we introduced special cases of the distribution
function of a transformed random variable. See book 6 for the generalization
of these results and to transformed random vectors using the integration
theory of book 5.

1.4 Distribution Functions of Sums and Ratios of
RVs

Given distribution functions of certain random variables, it is often of
interest to determine the distribution function of the sum of these
variables, or of certain ratios. We develop some of these ideas in this
section.

1.4.1 Sums of Independent Random Variables

In this section we introduce a calculation that will be formalized in book 6
using the integration tools of book 5. This calculation is the convolution
of functions, and was motivated in exercise 1.10. The question of interest
is, given random variables X and Y on a probability space (S,E ,λ) with
respective distribution functions FX and FY , what is the distribution
function of the random variable Z ≡ X + Y ? If X and Y have density
functions, what is the density function of X + Y ? In this section we will
assume that X and Y have distribution functions which are either both
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saltus functions, or both absolutely continuous with continuous densities,
and generalize the theory in various ways in book 6. As above:

Saltus: F (x) =
∑

y≤x
f(y);

Absolutely Continuous: F (x) =

∫ x

−∞
f(y)dy.

Distribution Functions of Sums

Let F (x, y) be the joint distribution function of (X,Y ), defined as in 3.11
of book 2 by:

F (x, y) = λ
[
{s|X(s) ≤ x}

⋂
{s|Y (s) ≤ y}

]
,

and f(x, y) a measurable joint density function so that the joint
distribution function is given by:

F (x, y) =

∫ y

−∞

∫ x

−∞
f(u, v)dudv.

Defining Z = X + Y :

FZ(z) ≡ λ [{s|X(s) + Y (s) ≤ z}]
= λ

[
(X,Y )−1 [Az]

]
where

Az ≡ {(x, y)|x+ y ≤ z} ⊂ R2,

(X,Y )−1 [Az] = {s| (X(s), Y (s)) ∈ Az}.

We expect that in this case, and this will be assumed for now and for-
malized in book 6, that:

FZ(z) =

∫∫
Az

f(x, y)dxdy.

This follows from the more general result that if A ∈ B(R2), then

λ
[
(X,Y )−1(A)

]
=

∫∫
A
f(x, y)dxdy. (1.45)

In the discrete case the book 6 theory is not needed. First:

F (x, y) =
∑

u≤x

∑
v≤y

f(u, v),
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and it follows from absolute convergence of the summation that we can
rearrange terms to produce:

FZ(z) =
∑

(x,y)∈Az
f(x, y).

In either case, ifX and Y are independent, so that F (x, y) = FX(x)FY (y)
by proposition 3.53 of book 2, the calculations needed for FZ(z) are signifi-
cantly simplified. Indeed, since Az can be parametrized as:

Az ≡ {(x, y)|y ∈ R, x ≤ z − y},

and we have in the case of independent random variables that:

FZ(z) =

∫ ∞
−∞

∫ z−y

−∞
fX(x)fY (y)dxdy.

Assuming that integrals can be calculated iteratively (Fubini’s theorem,
book 5) and completing the dx-integral:

FZ(z) =

∫ ∞
−∞

FX(z − y)fY (y)dy. (1.46)

Analogously, in the discrete case:

FZ(z) =
∑

y
FX(z − y)fY (y). (1.47)

By parametrizing

Az ≡ {(x, y)|x ∈ R, y ≤ z − x},

the roles of x and y are reversed in these formulas:

FZ(z) =

∫ ∞
−∞

FY (z − x)fX(x)dx,

FZ(z) =
∑

x
FY (z − x)fX(x).

Notation 1.17 In the terminology and notation of book 5, the distribution
function FZ(z) expressed as in 1.46 or 1.47 equals the convolution of FX
and fY , or equivalently by the above remark, the convolution of fX and
FY . Notationally:

FZ(z) = FX∗fY (z) = fX∗FY (z).
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Convolutions are commutative, in the sense that FX∗fY (z) = fY ∗ FX(z).
For example:∫ ∞

−∞
FX(z − y)fY (y)dy =

∫ ∞
−∞

FX(y)fY (z − y)dy,

and similarly for 1.47, as a change of variables in the summation or integral
verifies. This change of variables in the integral is to be formally justified
in book 5 when such integrals are Lebesgue, while for summations this result
requires no new theory.

Convolution of 3 or more functions is then defined iteratively, by

f ∗ g ∗ h(z) ≡ (f ∗ g) ∗ h(z) = f ∗ (g ∗ h) (z).

This definition implies the result that convolution is also associative, and
this will be proved with the aid of Fubini’s theorem in book 5.

Example 1.18 1. Sums of Exponentials are Gamma: Let X and
Y be independent and have exponential distributions as in 1.20 and
with the same parameter λ, so fE(x) = λe−λx and FE(x) = 1 − e−λx
for x ≥ 0. Then by 1.46, noting the range of integration in y :

FZ(z) =

∫ z

0

(
1− e−λ(z−y)

)
λe−λydy

= 1− e−λz (1 + λz) .

This formula is satisfied for z ≥ 0, and hence by differentiation,

fZ(z) = λ2ze−λz

for z ≥ 0. By 1.25, fZ is the gamma density function in 1.22 with
parameters λ and α = 2.

Exercise 1.19 Prove by induction that the sum of k independent ex-
ponentials with the same parameter λ has a gamma distribution with
parameters λ and α = k. This result will be further generalized in ex-
ample 3.59 to the statement that sums of independent gamma random
variables are gamma as long as they have a common λ, and then the
resultant α parameter satisfies α =

∑
i αi.

2. Sums of Exponentials and the Poisson: The fact from 1, that the
sum of k independent exponentials with common parameter λ produces
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a Gamma with parameters λ and α = k, motivates an interesting con-
nection between sums of such exponentials and the Poisson distribu-
tion. Given such independent exponentials {Xj}∞j=1, let Sn =

∑n
j=1Xj

and define a new random variable N by:

N ≡ max{n|Sn ≤ 1}.

Then N = n if and only if Sn ≤ 1 < Sn+1, and hence N ≥ n if and
only if Sn ≤ 1. Recall the distribution function of Sn is given in 1.26,
and since Pr[Sn ≤ 1] = FSn(1), we obtain:

Pr[N ≥ n] = e−λ
∑∞

j=n
(λ)j /j!.

Since Pr[N ≥ n] = 1− F (n− 1), and f(n) = F (n)− F (n− 1) :

Pr[N = n] = e−λλn/n!.

In other words, N has a Poisson distribution with parameter λ.

Remark 1.20 Generalizing the above, define N0 = 0 and for t > 0 :

Nt ≡ max{n|Sn ≤ t}.

It can then be shown analogously that for t > 0 that Nt has a Poisson
distribution with parameter λt. Thus by generating independent expo-
nentials, {Xj}∞j=1, one can create a "stochastic process" Nt, t ≥ 0,
such that each Nt has a Poisson distribution with parameter λt. This
is called a Poisson process and has other important properties. See
section 23 of Billingsley for details.

3. Sums of Binomials are Binomial: Let X and Y be independent
and have binomial distributions as in 1.6 with common parameter p,
but with respective parameters n and m. Then by 1.47, again noting
the range of summation in y :

FZ(z) =
∑z

j=0
FX(z − j)

(
m

j

)
pj(1− p)m−j

=
∑z

j=0

[∑z−j

k=0

(
n

k

)
pk(1− p)n−k

](
m

j

)
pj(1− p)m−j

=
∑z

j=0

∑z−j

k=0

(
n

k

)(
m

j

)
pj+k(1− p)n+m−(j+k).
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This double summation can now be rearranged. Define i = j + k, then
k = i− j and the k-sum becomes an i-sum from j to z. Reversing the
resulting double summations:∑z

j=0

∑z−j

k=0
=
∑z

j=0

∑z

i=j
=
∑z

i=0

∑i

j=0
,

obtains:

FZ(z) =
∑z

i=0

∑i

j=0

(
n

i− j

)(
m

j

)
pi(1− p)n+m−i.

Finally, ∑i

j=0

(
n

i− j

)(
m

j

)
=

(
m+ n

i

)
as can be verified as an exercise by evaluating and comparing the co-
effi cients of xi in the identity:

(1 + x)n+m = (1 + x)n(1 + x)m,

and so:

FZ(z) =
∑z

i=0

(
m+ n

i

)
pi(1− p)n+m−i.

In other words, X has a binomial distribution with parameters p and
n+m.

Exercise 1.21 Prove by induction that the sum of N such independent
binomials has a binomial distribution with parameters p and n =

∑N
i=1 ni.

Density Functions of Sums

Continuing with a little informality that will be rectified in book 6, we can
identify the density functions for Z = X + Y in the above special cases of
absolutely continuous or discrete distribution functions. When FX and FY
are absolutely continuous with continuous densities, then

fZ(z) =

∫ ∞
−∞

fX(z − y)fY (y)dy. (1.48)

To see this, we only need to verify that fZ(z) gives rise to FZ(z) in the
usual way. Assuming we can change the order of the integrals and
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assuming for now that all densities are continuous and integrals are
Riemann, we then have:∫ z

−∞
fZ(x)dx =

∫ z

−∞

∫ ∞
−∞

fX(x− y)fY (y)dydx

=

∫ ∞
−∞

∫ z

−∞
fX(x− y)dxfY (y)dy

=

∫ ∞
−∞

∫ z−y

−∞
fX(x)dxfY (y)dy

=

∫ ∞
−∞

FX(z − y)fY (y)dy

= FZ(z).

For discrete distribution functions:

fZ(z) =
∑

y
fX(z − y)fY (y). (1.49)

To verify requires the reordering of summations and change of variables, but
in this context no new theory is needed and it can be verified that:∑

x≤z
fZ(x) = FZ(z).

In summary, using the notation of convolutions,

fZ(z) = fX∗fY (z),

in both cases.

1.4.2 Ratios of Random Variables

In this section we alter the question of the prior section somewhat. Given
random variables X and Y on a probability space (S,E ,λ) with respective
distribution functions FX and FY and where Y has range (0,∞), what is
the distribution function of the random variable Z ≡ X/Y ?

Independent Random Variables

Continuing the informality of the previous section to be justified in book 6,
let F (x, y) be the joint distribution function of (X,Y ) and f(x, y) the joint
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density function which is assumed continuous for simplicity. Then defining
Z = X/Y :

FZ(z) ≡ λ [{s|X(s)/Y (s) ≤ z}]
= λ

[
(X,Y )−1 [Bz]

]
,

where

Bz ≡ {(x, y)|x/y ≤ z} ⊂ R2,

(X,Y )−1 [Bz] = {s| (X(s), Y (s)) ∈ Bz}.

As another application of 1.45 it is expected that:

FZ(z) =

∫∫
Bz

f(x, y)dxdy,

while in the discrete case with no new theory:

FZ(z) =
∑

(x,y)∈Bz
f(x, y).

IfX and Y are independent random variables, so that F (x, y) = FX(x)FY (y),
then since Bz can be parametrized as:

Bz ≡ {(x, y)|y ∈ (0,∞), x ≤ zy},

it follows that in the case of independent random variables:

FZ(z) =

∫ ∞
0

∫ zy

−∞
fX(x)fY (y)dxdy,

and so

FZ(z) =

∫ ∞
0

FX(zy)fY (y)dy. (1.50)

Analogously in the discrete case:

FZ(z) =
∑

y
FX(zy)fY (y). (1.51)

When X and Y have density functions the density function for Z can
also be derived. In the absolutely continuous case:

fZ(z) =

∫ ∞
0

yfX(zy)fY (y)dy, (1.52)
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and in the discrete case:

fZ(z) =
∑

y
yfX(zy)fY (y). (1.53)

We formalize these manipulations of integrals in book 6 using the tools of
book 5, but for discrete densities and summations, or, continuous density
functions and Riemann integrals, the manipulations will be familiar. For
example, assuming we can reorder integrals, a simple change of variables
produces the result that FZ(z) in 1.50 is the distribution function associated
with the density in 1.52:∫ z

0
fZ(w)dw =

∫ z

0

∫ ∞
0

yfX(wy)fY (y)dydw

=

∫ ∞
0

∫ z

0
yfX(wy)dwfY (y)dy

=

∫ ∞
0

FX(zy)fY (y)dy.

Example 1.22 1. Ratio of Gammas and the F-distribution: Let
X and Y be independent gamma random variables with common λ
parameter and respective parameters of α1 and α2. Then if Z = X/Y,
we have from substituting 1.22 into 1.52 that for z > 0 :

fZ(z) =
λα1+α2zα1−1

Γ(α1)Γ(α2)

∫ ∞
0

yα1+α2−1e−λ(1+z)ydy

=
Γ(α1 + α2)

Γ(α1)Γ(α2)

zα1−1

(1 + z)α1+α2
.

Comparing to 1.27 and recalling the identity in 1.30, the density func-
tion of Z is very closely related to the beta distribution with parameters
v = α1 and w = α2. Specifically, let FB(w) denote this beta distribution
function. Substituting y = x

1+x obtains:

FZ(z) =
Γ(α1 + α2)

Γ(α1)Γ(α2)

∫ z

0

xα1−1dx

(1 + x)α1+α2

=
Γ(α1 + α2)

Γ(α1)Γ(α2)

∫ z
1+z

0
yα1−1(1− y)α2−1dy

= FB

(
z

1 + z

)
.
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Remark 1.23 In the special case where λ = 1/2, α1 = n/2 and
α2 = m/2, these X and Y gamma variates are called Chi-squared
variables with respective degrees of freedom of n and m as
noted in remark 1.8 above. In this special case, the random variable

F ≡ m

n
Z =

mX

nY
,

is said to have an F-distribution with n and m degrees of free-
dom, and sometimes a Snedecor’s F distribution or a Fisher-
Snedecor distribution, and named for R. A. Fisher (1890 —1962)
and George W. Snedecor (1881 —1974).

The distribution function for the F variate satisfies:

fF (x) = fZ(
n

m
x),

and so from the above calculation the density function of an F -variate
with n and m degrees of freedom is:

fFn,m(x) =
Γ((n+m) /2)

Γ(n/2)Γ(m/2)

(nx/m)n/2−1

(1 + nx/m)(n+m)/2
. (1.54)

As will be seen below in the section Examples of Moments and M.G.F.s,
n is the mean of X and m the mean of Y, so the scalings in the defi-
nition of F ≡ X/n

Y/m produce a ratio of Chi-squared variates which have
been normalized to each have a mean of 1. Because sample variances
of normal variates with known means have been shown to have Chi-
squared distributions in example 1.14 above, the F -distribution can be
used to establish confidence intervals for the ratio of the sample vari-
ances, and hence test the hypothesis that the samples have the same
variance.

2. Ratio of Normal and "Chi" and the Student T distribution:
Another important example of a variate defined as the ratio of indepen-
dent variates is developed as follows. If X is standard normal, and Y
is Chi-squared with n degrees of freedom, then the distribution function
of

T ≡ X/
√
Y/n = X

√
n/
√
Y ,

is useful as will be seen momentarily. As noted in the above re-
mark, Y/n is Chi-squared but normalized to have a mean of 1, and
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the square root of this variate is the facetiously labelled "chi" variate
in the title. To find the density function of T we apply 1.52, writ-
ing T = X

√
n/
√
Y , as the ratio of a normal variate with µ = 0 and

σ2 = n, and the square root of a Chi-squared variate.

The density of the normal is found in 1.32, while for the latter we
apply 1.39 which states that if fY denotes the distribution function of
the Chi-squared with n degrees of freedom, then the density function of√
Y is given by:

f√Y (y) = 2yfY (y2).

With a little algebra the density function for T is derived:

fT (t) =

∫ ∞
0

yfX(ty)f√Y (y)dy

=
1√

πn2(n−1)/2Γ (n/2)

∫ ∞
0

yn exp

(
−1

2

(
1 +

t2

n

)
y2

)
dy.

The substitution s = 1
2

(
1 + t2

n

)
y2 produces:

fT (t) =
Γ ((n+ 1) /2)√
πnΓ (n/2)

(
1 +

t2

n

)−(n+1)/2

. (1.55)

Remark 1.24 The distribution function of T defined above is known
as the Student T distribution or Student’s T distribution with
n degrees of freedom. While the above derivation and many appli-
cations call for n to be an integer, this distribution is defined more
generally with ν > 0 degrees of freedom, by:

fT (t) =
Γ ((ν + 1) /2)√
πνΓ (ν/2)

(
1 +

t2

ν

)−(ν+1)/2

. (1.56)

It is named forWilliam Sealy Gosset (1876 —1937) who published
under the pen name of Student.

An important application of this distribution is for the determination of
confidence intervals for the mean µ of a normal distribution based on a
given sample, where the variance parameter σ2 is unknown. In this ap-
plication, given a sample {Zi}ni=1 from a normal distribution with un-
known parameters (µ, σ2), define the "sample mean" Z̄ =

∑n
i=1 Zi/n,

and the "sample variance" s2 =
∑n

i=1

(
Zi − Z̄

)2
/n. Now let

X =
Z − µ
σ/
√
n
, Y 2 =

ns2

σ2
.
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As we will see in the below section on expectations, X is standard
normal and we now motivate the fact that Y 2 is chi-squared with n−1
degrees of freedom. To this end, note that from

ns2 =
∑n

i=1

[
(Zi − µ)− (Z − µ)

]2
=
∑n

i=1
(Zi − µ)2 − n

(
Z − µ

)2
,

obtains

Y 2 +

(
Z̄ − µ
σ/
√
n

)2

=
∑n

i=1

(
Zi − µ
σ

)2

.

From the discussion in notation 1.15 on the Chi-squared distribution
we conclude that the summation on the right is Chi-squared with n
degrees of freedom, and similarly, that X = Z−µ

σ/
√
n
is standard normal

assures that
(
Z̄−µ
σ/
√
n

)2
is Chi-squared with 1 degree of freedom. The

independence of s2 and Z̄ for normal distributions will be proved in
book 6 in the section on the Multivariate Normal Distribution, and

this implies the independence of Y 2 and
(
Z̄−µ
σ/
√
n

)2
by proposition 3.56

of book 2. The results of section 3.2.7 below then demonstrate that Y 2

is Chi-squared with n − 1 degrees of freedom. See example 3.59 for
details.

Hence, T = X
√
n−1√
Y

is Student T with n− 1 degrees of freedom, and a
calculation shows that:

T =

(
Z̄ − µ

)
/
√
n− 1

s
.

Consequently, confidence intervals for such T can then be translated
to confidence intervals for µ. See the discussion following proposition
5.52 for an example of this application.

3. In book 6, once the mathematics of this section is formalized, it will
be shown that the Cauchy distribution defined below in 3.64 is the
distribution function of the ratio of two independent standard normal
variates.

A Special Case without Independence

The following result will be applied in chapter 4, Simulating Samples of
Random Variables - Examples. Because this special case involves the ratio
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of random variables which are not independent, we address the solution
from "first principles." In the process we again assume that a Riemann
integral in R2 can be evaluated iteratively, and the order of integration
reversed. As a Riemann integral this is justified in calculus based on the
absolute integrability of the integrand, but more generally requires Fubini’s
theorem of book 5.

Proposition 1.25 Let X and Y be independent Gamma random variables
with parameters α1, λ, and α2, λ, respectively. Define the random variable
Z = X

X+Y . Then Z is supported on the interval [0, 1], is independent of the
parameter λ, and has density function given by:

f(z) =
Γ(α1 + α2)

Γ(α1)Γ(α2)
zα1−1 (1− z)α2−1 . (1.57)

Thus by 1.27 and 1.30, Z is a Beta random variable with parameters v = α1

and w = α2.
Proof. First note that since X and Y are supported on [0,∞), Z is po-
tentially undefined when X = Y = 0, but as this event has probability 0 it
causes no problem. In detail, by independence and 1.21:

Pr[X ≤ ε1, Y ≤ ε2] = [1− exp (−λε1)] [1− exp (−λε2)]→ 0,

as εj → 0. Thus we can redefine X and Y on (0,∞) without changing their
distributions or the calculations below.

Because of the independence assumption, the distribution function of Z
is given by

F (z) =

∫∫
x/(x+y)≤z

fX(x)fY (y)dxdy.

Now x/(x + y) ≤ z if and only if x ≤ zy/(1 − z), so iterating this double
integral, substituting x = uy/(1− u), and reversing the integrals obtains:

F (z) =

∫ ∞
0

∫ zy/(1−z)

0
fX(x)fY (y)dxdy

=

∫ ∞
0

[∫ z

0
fX

(
uy

1− u

)
y

(1− u)2du

]
fY (y)dy

=

∫ z

0

[
1

(1− u)2

∫ ∞
0

yfX

(
uy

1− u

)
fY (y)dy

]
du.

By the fundamental theorem of calculus version II, which is proposition
3.2 of book 3:

f(z) =
1

(1− z)2

∫ ∞
0

yfX

(
zy

1− z

)
fY (y)dy,
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which can be now evaluated by a direct substitution of the Gamma density
functions. Specifically, by 1.22:

f(z) =
λα1+α2

Γ(α1)Γ(α2) (1− z)2

∫ ∞
0

(
zy

1− z

)α1−1

yα2 exp

[
−λ
(

y

1− z

)]
dy,

and a substitution of w = λy
1−z into this Riemann integral produces:

f(z) =
zα1−1 (1− z)α2−1

Γ(α1)Γ(α2)

∫ ∞
0

wα1+α2−1 exp [−w] dw.

The result in 1.57 now follows by the definition of Γ(α1 + α2) in 1.23.





Chapter 2

Order Statistics

Given any sample of independent, identically distributed variates,
{Xj}Mj=1, these can be re-ordered into {X(k)}Mk=1 where X(k) ≤ X(k+1).
Each X(k) is then called a kth order statistic when M is apparent from
the context, or the kth order statistic from a sample of M, otherwise.
To further emphasize M many authors use notation such as:

X(k,M) ≡ X(k).

Notation 2.1 It is important to note that, perhaps ironically, there is no
universal notational convention for the order of order statistics. In
other words, in some references order statistics are ordered in the natural
numerical order, so X(k) ≤ X(k+1) as above. However, it is not uncommon
to see order statistics denoted so that X(1) is the largest, and hence X(k+1) ≤
X(k).

In this section we derive the distribution function of kth order statistics
and related functions, and introduce the Rényi representation theorem
for exponential order statistics which will be applied in the section below,
Extreme Value Theory 2.

2.1 Distribution Functions for kth Order Statistics

Let X be a random variable defined on (S, E , λ) with distribution function
F, and {Xj}Mj=1 a given random sample (see chapter 4 of book 2 to
formalize this notion). Then the distribution function of the kth order
statistic X(k), is relatively straightforward to derive. Indeed if X(k) ≤ x,
then at least k of the variates satisfy this constraint and at most n− k

37



38 CHAPTER 2 ORDER STATISTICS

variates exceed x. Denoting this distribution function by F(k)(x), we have
the following:

Proposition 2.2 Given independent random variables with common distri-
bution function F, the distribution function of the kth order statistic F(k)(x)
is given by:

F(k)(x) =
∑M

j=k

(
M

j

)
F j(x) (1− F (x))M−j , (2.1)

and is defined on the same domain as is F (x).
Proof. For a given ordering of independent variates, (X1, ..., XM ) and j
components specified, the probability that exactly these j variates are less
than or equal to x and the remaining M − j variates greater than x is
F j(x) (1− F (x))M−j . There are

(
M
j

)
such specifications possible, so by in-

dependence,
(
M
j

)
F j(x) (1− F (x))M−j is the probability that exactly j vari-

ates are less than or equal to x. As noted above, X(k) ≤ x is the event j ≥ k,
and addition of probabilities is justified since these events are disjoint.

Example 2.3 1. Extreme Value Distributions

When k = M, F(M)(x) = FM (x) is the distribution function intro-
duced and characterized in the book 2 section, Extreme Value Theory
1, representing the distribution function of max{Xj}. This study is
continued below in Extreme Value Theory 2.

2. Uniform Continuous Distribution on [0, 1]

If FU (x) = x on [0, 1], the distribution function of the kth order sta-
tistic is given by:

F(k)(x) =
∑M

j=k

(
M

j

)
xj (1− x)M−j .

In particular, the distribution functions for the smallest and largest
uniform variate are respectively given on [0, 1] by:

F(1)(x) = 1− (1− x)M ; F(M)(x) = xM .

3. Exponential Distribution, Parameter λ

If FΓ(x) = 1 − e−λx on [0,∞), the distribution function of the kth
order statistic is given by:

F(k)(x) =
∑M

j=k

(
M

j

)(
1− e−λx

)j (
e−λx

)M−j
.
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In particular, the distribution functions for the smallest and largest
exponential variates are given on [0,∞) by:

F(1)(x) = 1− e−λMx; F(M)(x) =
(

1− e−λx
)M

.

Consequently, the 1st order statistic X(1) of an exponential with pa-
rameter λ is exponentially distributed with parameter λM. This ob-
servation will be expanded upon in the section below on the Rényi
representation theorem on order statistics.

2.2 Density Functions for kth Order Statistics

If F (x) is absolutely continuous then by version I of the fundamental
theorem of calculus in proposition 3.61 of book 3, F (x) has an associated
measurable density function f(x) with f(x) = F ′(x) almost everywhere. If
F (x) is continuously differentiable, then f(x) = F ′(x) for all x by the
proposition 3.3 of book 3. In either case, this assumption on F (x) yields
the same assumption on the distribution function of F(k)(x) in 2.1. To
simplify the next statement, we assume F (x) is continuously differentiable.
The absolutely continuous result is derived by qualifying the density
function as being valid almost everywhere.

Proposition 2.4 If F (x) is continuously differentiable with density f(x),
then the density function of the kth order statistic is given by:

f(k)(x) = c(k) [F (x)]k−1 (1− F (x))M−k f(x), (2.2)

where c(k) is alternately expressed:

c(k) =
M !

(k − 1)! (M − k)!
= M

(
M − 1

k − 1

)
= k

(
M

k

)
=

Γ(M + 1)

Γ(k)Γ(M − k + 1)
.

(2.3)
Proof. Differentiating F(k)(x) in 2.1 yields:

F ′(k)(x) =
M∑
j=k

(
M

j

)[
j [F (x)]j−1 (1− F (x))M−j − (M − j) [F (x)]j (1− F (x))M−j−1

]
f(x).

This summation "telescopes" by noting that:

j

(
M

j

)
= M

(
M − 1

j − 1

)
, (M − j)

(
M

j

)
= M

(
M − 1

j

)
,

and this then produces 2.2. The equivalent formulations for the constant c(k)

can be verified as an exercise.
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One application of 2.2 is the following:

Example 2.5 Let Y be continuous and uniformly distributed on [0, 1]. Then
the density function of the kth order statistic of a sample of n, f(k)(y), is a
Beta density with parameters v = k and w = n− k + 1 :

f(k)(y) =
Γ(n+ 1)

Γ(k)Γ(n− k + 1)
yk−1 (1− y)n−k . (2.4)

This follows from 2.2 since F (y) = y here, recalling 1.27 and the last ex-
pression in 2.3.

2.3 Joint Distribution of all Order Statistics

We next derive the joint distribution function, F(1,...,M)(x1, ..., xM ) of all
order statistics. By definition, for x1 ≤ x2 ≤ · · · ≤ xM :

F(1,...,M)(x1, ..., xM ) = Pr{X(j) ≤ xj for all j = 1, ...,M}.

Recall the following:

Definition 2.6 Given an ordered set, A ≡ (x1, x2, ..., xM ) where M can be
infinite, a permutation π : A→ A is a one-to-one and onto mapping:

(x1, x2, ..., xM )→ (π(x1), π(x2), ..., π(xM )). (2.5)

Exercise 2.7 Show that if M is finite then there are M ! possible permu-
tations including the identity permutation, π(xj) = xj , whereas if M = ∞,
then there are uncountably many. Hint for M =∞ : Given a binary expan-
sion for b ∈ [0, 1), b(2) = b1b2, ... with each bj ∈ {0, 1}, define a permutation
πb so that for each j :

• If bj = 0 : πb(2xj) = 2xj , πb(2xj + 1) = 2xj + 1.

• If bj = 1 : πb(2xj) = 2xj + 1, πb(2xj + 1) = 2xj .

Given a permutation π : (1, 2, ...,M) → (π(1), ..., π(M)), define Dπ ⊂
RM by:

Dπ = {(x1, ..., xM )|xπ(1) ≤ xπ(2) ≤ · · · ≤ xπ(M)},

and note that Dπ is closed and Lebesgue measurable. This follows because
Dπ is the intersection ofM−1 closed sets: {xπ(j) ≤ xπ(j+1)}, and closed sets
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are measurable. Also, the sets {Dπ} are "nearly" disjoint in the following
sense. Defining the interior of Dπ:

Do
π = {((x1, ..., xM )|xπ(1) < xπ(2) < · · · < xπ(M)},

then given any two permutations, π1 6= π2 :

Do
π1
∩Do

π2
= ∅.

In addition, Dπ1 ∩ Dπ2 is at most an (M − 1)-dimensional subset of RM
since if x ∈ Dπ1 ∩Dπ2 then for some j 6= k both xj ≤ xk and xk ≤ xj and
thus xj = xk . As the intersection of closed and measurable sets, Dπ1 ∩Dπ2

is closed and measurable, as is any such intersection of these sets.

Exercise 2.8 Verify that any such intersection set of {Dπ} has Lebesgue
measure 0, and: ⋃

π
Dπ = RM ,

where this union is over all M ! permutations.

Before developing the general result, an example is needed.

Example 2.9 Let M = 3. If π : (1, 2, 3) → (1, 2, 3), the integral over Dπ

can be expressed as iterated integrals as has been noted above (Fubini, book
5): ∫∫∫

Dπ

dy =

∫
R

∫
y2≤y3

∫
y1≤y2

dy1dy2dy3.

Assume that X is defined on (S, E , λ) and has a continuous density for
simplicity. Also, recall that an expression such as Pr [(X1, X2, X3) ∈ Dπ] is
defined as λ

[
(X1, X2, X3)−1Dπ

]
. Then f(y1, y2, y3) = f(y1)f(y2)f(y3) by

independence of the random variables, and an integration by parts yields:

Pr [(X1, X2, X3) ∈ Dπ] =

∫
R

∫
y2≤y3

∫
y1≤y2

f(y1)f(y2)f(y3)dy1dy2dy3

=

∫
R

∫
y2≤y3

F (y2)f(y2)f(y3)dy2dy3

=
1

2

∫
R
F 2(y3)f(y3)dy3

= 1/3!

By the same calculation,

Pr [(X1, X2, X3) ∈ Dπ] = Pr [(X1, X2, X3) ∈ Do
π] ,
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since the boundaries of Dπ have measure zero.
In M dimensions, if X has a continuous density the same calculations

derive that for any π,

Pr [(X1, ..., XM ) ∈ Dπ] = Pr [(X1, ..., XM ) ∈ Do
π] = 1/M !,

and hence since this result is the same for any π :∑
π

Pr [(X1, ..., XM ) ∈ Dπ] = 1. (2.6)

Note that continuity of densities produces the simple result in 2.6 because
this assumption assures that for any permutation,

Pr [(X1, ..., XM ) ∈ Dπ] = Pr [(X1, ..., XM ) ∈ Do
π] ,

or equivalently,
Pr [(X1, ..., XM ) ∈ (Dπ −Do

π)] = 0.

That continuity is not a superfluous assumption is easy to exemplify.

Example 2.10 If X : S → {0, 1} is binomial, with λ[X−1(1)] = p with
0 < p < 1, then with M = 2 there are only 2 permutations and for either:

λ
[
(X1, X2)−1Dπ

]
= 1− p(1− p).

This follows because if π1 : (1, 2)→ (1, 2) then (X1, X2)−1Dπ1 = {X1 ≤ X2}
and:

Dπ1 = {(0, 0), (0, 1), (1, 1)},

while if π2 : (1, 2)→ (2, 1) then (X1, X2)−1Dπ2 = {X2 ≤ X1} and:

Dπ2 = {(0, 0), (1, 0), (1, 1)}.

Thus: ∑
π
λ
[
(X1, X2)−1Dπ

]
= 2 [1− p(1− p)] > 1.

This sum always exceeds 1 by exactly p2 + (1 − p)2, and this is because for
A ≡ Dπ1 ∩Dπ2 = {(0, 0), (1, 1)}:

λ
[
(X1, X2)−1A

]
= p2 + (1− p)2 6= 0.

Put another way, λ
[
(X1, X2)−1Dπ

]
6= λ

[
(X1, X2)−1Do

π

]
.

With the above warm-up, we now state the main result.
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Proposition 2.11 Given independent random variables with common dis-
tribution function F (x) and a continuous density function, the joint dis-
tribution function of all order statistics is given for x1 ≤ x2 ≤ · · · ≤ xM
by:

F(1,...,M)(x1, ..., xM ) = M !F (x1)
∏M

j=2
[F (xj)− F (xj−1)] . (2.7)

Proof. Given x ≡ (x1, ..., xM ) with x1 ≤ x2 ≤ · · · ≤ xM , define the right
semi-closed infinite rectangle Rx = {(y1, ..., yM )|yj ≤ xj for all j}. Then
since

F(1,...,M)(x1, ..., xM ) ≡ Pr{X(j) ≤ xj , j = 1, ...,M}

=
⋃

π
Pr{Xπ(j) ≤ xj , j = 1, ...,M},

it follows that:

F(1,...,M)(x1, ..., xM ) = λ
[
(X1, ..., XM )−1

(⋃
π

[Dπ ∩Rx]
)]

= λ
[⋃

π
(X1, ..., XM )−1 [Dπ ∩Rx]

]
= λ

[⋃
π
(X1, ..., XM )−1 [Do

π ∩Rx]
]
.

Note that the third equation follows from continuity of the density function
and thus as above, λ

[⋃
π(X1, ..., XM )−1 [Dπ −Do

π]
]

= 0.
Now since {(X1, ..., XM )−1 [Do

π ∩Rx]}π are disjoint sets, finite additivity
of λ and independence obtain that:

F(1,...,M)(x1, ..., xM ) =
∑

π
λ
[
(X1, ..., XM )−1 [Do

π ∩Rx]
]

=
∑

π
λ
[
(X1, ..., XM )−1 [Dπ ∩Rx]

]
=
∑

π
λ{Xπ(1)(s) ≤ x1 }

∏M

j=2
λ{xj−1 ≤ Xπ(j)(s) ≤ xj }

=
∑

π
Fπ(1)(x1)

[
Fπ(2)(x2)− Fπ(1)(x1)

]
...
[
Fπ(M)(xM )− Fπ(M−1)(xM−1)

]
.

But since Xj : (S, E , µ) → R are identically distributed, Fπ(j)(xj) = F (xj)
for any π and 2.7 follows as the summation of M ! identical expressions.

Example 2.12 When the density function is not continuous, this result is
not valid. For X binomial as in example 1.5 above, a calculation shows that
F(1,2)(0, 1) = 1− p2 while 2F (0) [F (1)− F (0)] = 2p(1− p).
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2.4 Multivariate Density Functions

In the next few sections we will derive density functions associated with
various multivariate distribution functions. To be completely rigorous
requires the general integration theory of book 5 which will be applied as
below in book 6. But intuitively as has been illustrated in sections 1.3 and
1.4 above, the notion of a multivariate density function is identical with
that in the one variable context. If F (x) is the joint distribution function
of X ≡ (X1, X2, ..., Xn) defined on (S, E , λ) with range in Rn, we say that
f(x) is an associated joint density function if with x ≡ (x1, x2, ..., xn) :

F (x) =

∫
y≤x

f(y)dy,

where the domain of integration, Rx ≡ {y ≤ x} is shorthand for {yj ≤ xj
for all j}. This of course is consistent with definition 3.28 of book 2:

F (x1, x2, ..., xn) ≡ λ
[⋂n

j=1
X−1
j (−∞, xj ]

]
= λ

[
X−1Rx

]
.

Just as for the one variable case with singular distribution functions the
example, joint density functions need not exist for a given joint
distribution function.

When f(x) exists this integral will in general be defined as a Lebesgue
integral in Rn, but in many applications f(x) will be continuous and this will
be an ordinary Riemann integral. As is the case for the Lebesgue integrals
of book 3, such f(x) is in general not uniquely defined since if f(x) = g(x)
outside a set of Lebesgue measure 0, then the Lebesgue integrals of f(x)
and g(x) agree and thus g(x) is also a density function for F (x). The same
is true in the Riemann context as long as g(x) is also Riemann integrable.
That said, in cases where there is a continuous density function, this version
is often regarded as if unique.

With the aid of Fubini’s theorem such integrals in Rn can be "iterated"
as has been applied above. That is:

F (x) =

∫ xn

−∞
· · ·
∫ x1

−∞
f(y1, y2, ..., yn)dy1dy2...dyn,

where this notation implies that these integrals can be evaluated one at a
time, in this or in any given order. This will be formalized in book 5, so
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here for expedience we simply assume these manipulations are valid for the
results below. Any such f(y1, y2, ..., yn) is nonnegative and thus absolutely
integrable over Rn, and when also continuous, an assumption often true in
applications, version II of the fundamental theorem of calculus of proposition
3.2 of book 3 applies one variable at a time to derive that:

f(x1, x2, ..., xn) =
∂nF

∂x1∂x2 · · · ∂xn
. (2.8)

2.4.1 Joint Density of all Order Statistics

The joint density function of all order statistics associated with the
joint distribution function, F(1,...,M)(x1, ..., xM ), can be derived from 2.8
assuming continuity of the density function f(x), the same assumption
underlying 2.7. However, the relationship between the integral of the
density function and the distribution function noted above must be
modified for order statistics because xj ≤ xj+1. Specifically, for
x1 ≤ x2 ≤ · · · ≤ xM :

F(1,...,M)(x1, ..., xM ) =

∫ xM

xM−1

· · ·
∫ x2

x1

∫ x1

−∞
f(1,...,M)(y1, y2, ..., yM )dy1dy2...dyM .

(2.9)
This formula will significantly complicate the relationship between
f(1,...,M)(x1, ..., xM ) and derivatives of F(1,...,M)(x1, ..., xM ) compared with
the result in 2.8. Fortunately, for the current application the hard work
has already been done.

Proposition 2.13 Given independent random variables with common dis-
tribution function F (x) and with continuous density function f(x), the con-
tinuous joint density function of all order statistics is given for x1 ≤ x2 ≤
· · · ≤ xM by:

f(1,...,M)(x1, ..., xM ) = M !f(x1)f(x2)...f(xM ). (2.10)

Proof. From 2.9, the joint distribution function in 2.7 can be expressed for
x1 ≤ x2 ≤ · · · ≤ xM :

M !F (x1)
∏M

j=2
[F (xj)− F (xj−1)] =

∫ xM

xM−1

· · ·
∫ x2

x1

∫ x1

−∞
f(1,...,M)(y1, y2, ..., yM )dy1dy2...dyM .

Because for j ≥ 2 : ∫ xj

xj−1

f(yj)dyj = F (xj)− F (xj−1),
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and similarly for j = 1 and xj−1 = −∞, the density function f(1,...,M)(x1, ..., xM )
in 2.10 satisfies this identity and is thus the continuous version of this den-
sity function.

An application of 2.10 will be given below in section 2.5, The Rényi
Representation Theorem.

2.4.2 Marginal Densities of Order Statistics

Recall definition 3.34 of book 2 which defined the marginal distribution
functions given the joint distribution function F (x1, ..., xn).

Definition 2.14 Given F (x1, x2, ..., xn) and I = {i1, ..., im} ⊂ {1, 2, ..., n},
let xI = (xi1 , xi2 , ..., xim), and xJ = (xj1 , xj2 , ..., xjn−m) for jk ∈ J ≡ Ĩ . Then
the marginal distribution function FI(xi1 , xi2 , ..., xim) is defined on Rm
by:

FI(xi1 , xi2 , ..., xim) ≡ lim
xJ→∞

F (x1, x2, ..., xn). (2.11)

Thus given F (x1, x2, ..., xn), there are 2n − 2 proper marginal distribution
functions defined by the 2n − 2 proper subsets of {1, 2, ..., n}.

For a general distribution function defined on Rn with a density f(y1, y2, ..., yn) ≡
f(yI , yJ), 2.11 implies that with apparent notation:

FI(xi1 , xi2 , ..., xim) ≡
∫ xI

−∞

∫ ∞
−∞

f(yI , yJ)dyJdyI ,

and thus

FI(xi1 , xi2 , ..., xim) =

∫ xI

−∞
fI(yI)dyI .

where the marginal density function fI(xI) defined:

fI(xI) =

∫ ∞
−∞

f(xI , yJ)dyJ . (2.12)

In the current application to F(1,...,M)(x1, ..., xM ), we must take more
care with this integration since the variables are ordered. For example,
with xJ = x1, it would make no sense to let x1 → ∞ in the distribu-
tion function since x1 ≤ x2 ≤ · · · ≤ xM and thus x1 → ∞ here really
means x1 → x2. Thus integrating the x1 variate of the density function over
(−∞,∞) must be interpreted as the integral over (−∞, x2]. In general, for
the definition of marginal distribution function we must interpret ”∞” as
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the upper boundary point of the domain of the variable, and this differs
depending on which indexes are in the xJ vector. Similar comments apply
to the lower limit of integration, that −∞ must also be interpreted in terms
of the lower boundary point of the domain of the given variable. The re-
sulting calculations can become tedious and so we provide the result when
I = (i, j) with 1 ≤ i < j ≤ M, deriving the marginal density functions
f(i,j)(xi, xj) ≡ fI(xi, xj).

Within the proof we will also develop the marginal distribution func-
tions f(1,...,j)(x1, ..., xj) and f(i,...,j)(xi, ..., xj), and these are summarized as
a corollary.

Proposition 2.15 Given the joint distribution function F(1,...,M)(x1, ..., xM )
in 2.7 and I = (i, j) with 1 ≤ i < j ≤ M, the marginal density function
f(i,j)(xi, xj) is given for xi ≤ xj by:

f(i,j)(xi, xj) =
M !

(M − j)!(j − i− 1)!(i− 1)!
f(xi)f(xj) [1− F (xj)]

M−j [F (xj)− F (xi)]
j−i−1 F i−1(xi).

(2.13)
Proof. Given the above remarks, f(i,j)(xi, xj) will be derived from the joint
density function in 2.10 by integrating in three steps as follows:

• For variates xk with k > j, the integral is from xk−1 to ∞,

• For variates xk with k < i, the integral is from −∞ to xk+1,

• For variates xk with i < k < j, the integral is from xk−1 to xj .

Using the first step we calculate the marginal density f(1,...,j)(x1, ..., xj)
from f(1,...,M)(x1, ..., xM ), first dividing by M !f(x1)f(x2)...f(xj) to simplify
notation:

f(1,...,j)(x1, ..., xj)/ [M !f(x1)f(x2)...f(xj)]

=

∫ ∞
xj

[
· · ·
∫ ∞
xM−2

[∫ ∞
xM−1

f(yM )dxM

]
f(yM−1)dyM−1 · · ·

]
f(yj+1)dyj+1

=

∫ ∞
xj

[
· · ·
∫ ∞
xM−1

[1− F (yM−1)] f(yM−1)dyM−1 · · ·
]
f(yj+1)dyj+1

...

=
1

(M − j)! [1− F (xj)]
M−j ,
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and so

f(1,...,j)(x1, ..., xj) =
M !

(M − j)!f(x1)f(x2)...f(xj) [1− F (xj)]
M−j

Next, f(i,...,j)(xi, ..., xj) is derived from f(1,...,j)(x1, ..., xj) in the second step,

first dividing by M !
(M−j)!f(xi)f(xi+1)...f(xj) [1− F (xj)]

M−j to simplify nota-
tion:

f(i,...,j)(xi, ..., xj)

/[
M !

(M − j)!f(xi)f(xi+1)...f(xj) [1− F (xj)]
M−j

]
=

∫ xi

−∞

[
· · ·
∫ x3

−∞

[∫ x2

−∞
f(y1)dy1

]
f(y2)dy2 · · ·

]
f(yi−1)dyi−1

=

∫ xi

−∞

[
· · ·
∫ x3

−∞
F (y2)f(y2)dy2 · · ·

]
f(yi−1)dyi−1

...

=
1

(i− 1)!
F i−1(xi),

and so

f(i,...,j)(xi, ..., xj) =
M !

(M − j)!(i− 1)!
f(xi)f(xi+1)...f(xj) [1− F (xj)]

M−j F i−1(xi).

The final step requires the following integral of f(xi+1)...f(xj−1):∫ xj

xi+1

[
· · ·
∫ xj

xj−3

[∫ xj

xj−2

f(yj−1)dyj−1

]
f(yj−2)dyj−2 · · ·

]
f(yi+1)dyi+1

=

∫ xj

xi

[
· · ·
∫ xj

xj−3

[F (yj)− F (yj−2)] f(yj−2)dyj−2 · · ·
]
f(yi+1)dyi+1

...

=
[F (xj)− F (xi)]

j−i−1

(j − i− 1)!
.

Combining obtains 2.13.

Corollary 2.16 Given the joint distribution function F(1,...,M)(x1, ..., xM )
in 2.7 and 1 ≤ i < j ≤M, the marginal density functions f(1,...,j)(x1, ..., xj)
and f(i,...,j)(xi, ..., xj) are given for x1 ≤ x2 ≤ · · ·xi ≤ · · · ≤ xj as follows:

f(1,...,j)(x1, ..., xj) =
M !

(M − j)!f(x1)f(x2)...f(xj) [1− F (xj)]
M−j , (2.14)
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f(i,...,j)(xi, ..., xj) =
M !

(M − j)!(i− 1)!
f(xi)f(xi+1)...f(xj) [1− F (xj)]

M−j F i−1(xi).

(2.15)

Remark 2.17 Note that the corresponding marginal distribution func-
tions can be defined from the marginal density functions with the usual
variate restrictions. For example, F(i,j)(xi, xj) for xi ≤ xj is defined:

F(i,j)(xi, xj) =

∫ xi

−∞

∫ xj

yi

f(i,j)(yi, yj)dyjdyi. (2.16)

2.4.3 Conditional Densities of Order Statistics

Recall definition 3.39 from book 2 which defined the conditional
distribution functions given the joint distribution function F (x1, ..., xn).

Definition 2.18 Let X ≡ (X1, X2, ..., Xn) be a random vector defined on
(S, E , λ) and J ≡ {j1, ..., jm} ⊂ {1, 2, ..., n} and XJ ≡ (Xj1 , Xj2 , ..., Xjm).
Given a Borel set B ∈ B(Rm) with λ

[
X−1
J (B)

]
6= 0, define the conditional

distribution function of X given XJ ∈ B, denoted F (x1, x2, ..., xn|XJ ∈ B)
by:

F (x1, x2, ..., xn|XJ ∈ B) ≡ λ
[
X−1

(∏n

i=1
(−∞, xi]

)
| X−1

J (B)
]
,

and so by 1.27 (book 2):

F (x1, x2, ..., xn|XJ ∈ B) = λ
[
X−1

(∏n

i=1
(−∞, xi]

)
∩X−1

J (B)
]
/λ
[
X−1
J (B)

]
.

(2.17)

Example 2.19 A very important example for extreme value theory is the
1-dimensional case and B = {X > t}. Then F (x|B) = 0 for x ≤ t by 2.17
since then X−1 ((−∞, x]) ∩X−1 ((−∞, t]) = ∅, while for x ≥ t:

F (x|B) =
F (x)− F (t)

1− F (t)
.

For the next result we recall a common notion from elementary probabil-
ity theory —that of a conditional distribution function where the conditional
set B is replaced by a single point, B ≡ y0 —here applied to a bivariate dis-
tribution function F (x, y). Of course in many applications of interest it will
be the case that λ

[
Y −1(y0)

]
= 0, for example when the the marginal distri-

bution function FY (y) is continuous. However, the intuition is compelling
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that given the distribution function F (x, y) and Y = y0, there must be a
definable distribution function of x:

F (x|y0) ≡ F (x, y|y = y0),

the values of which will depend on y0. We will return to a very general
model for this notion and related ideas in book 6 in the study of condi-
tional probability measures and conditional expectations, but for
the current application it is enough to recall example 3.42 of book 2.

In that example was developed an approach to defining the distribution
function F (x|y0) from the bivariate joint distribution function F (x, y) which
is assumed to have a continuous joint density function, an assumption made
throughout this section. Dropping the subscript on y, the book 2 derivation
defined F (x|y) as the limit:

F (x|y) ≡ lim
∆y→0

F (x, y|Y ∈ [y, y + ∆y]).

Assuming that ∂F (y)
∂y ≡ f(y) 6= 0, where F (y), f(y) are the associated mar-

ginal distribution and density functions, the result derived was:

F (x|y) =
∂F (x, y)

∂y

/
∂F (y)

∂y
, f(x|y) = f(x, y) /f(y).

The goal of this section is to apply this example’s derivation to a condi-
tional density function of interest, f(i+1|i)(xi+1|xi), the density function as-
sociated with the conditional distribution function F(i+1|i)(xi+1|xi) of X(i+1)

given X(i). The same analysis can be applied to F(j|i)(xj |xi) for j > i and is
left as an exercise.

Proposition 2.20 Given the joint distribution function F(1,...,M)(x1, ..., xM )
in 2.7 and i with 1 ≤ i < M, the conditional distribution function F(i+1|i)(xi+1|xi)
is:

F(i+1|i)(xi+1|xi) = 1−
(

1− F (xi+1)

1− F (xi)

)M−i
, (2.18)

and conditional density function f(i+1|i)(xi+1|xi) is:

f(i+1|i)(xi+1|xi) = (M − i)f(xi+1)
(1− F (xi+1))M−i−1

(1− F (xi))
M−i . (2.19)

Proof. Formulaically, the marginal distribution function F(i,i+1)(xi, xi+1)
can be expressed as in 2.16 using the marginal density function f(i,i+1)(xi, xi+1)
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given in 2.13 for xi ≤ xi+1 :

F(i,i+1)(xi, xi+1) =

∫ xi

−∞

∫ xi+1

x
f(i,i+1)(x, y)dydx.

As in the derivation in example 3.42 of book 2, using the fundamental theo-
rem of calculus obtains:

F(i+1|i)(xi+1|xi) =
∂F(i,i+1)(xi, xi+1)

∂xi

/
∂F(i,i+1)(xi,∞)

∂xi

=

∫ xi+1

xi

f(i,i+1)(xi, y)dy

/∫ ∞
xi

f(i,i+1)(xi, y)dy

=

∫ xi+1

xi

f(y) [1− F (y)]M−i−1 dy

/∫ ∞
xi

f(y) [1− F (y)]M−i−1 dy ,

since the factorial constants, as well as the common factor of f(xi)F
i−1(xi),

cancel from numerator and denominator. These integrals can be evaluated
to produce 2.18.

Since xi is implicitly fixed:

F(i+1|i)(xi+1|xi) =

∫ xi+1

xi

f(i+1|i)(y|xi)dy,

the associated density function in 2.19 can be obtained by differentiation of
the above result,

f(i+1|i)(xi+1|xi) =
∂

∂xi+1
F(i+1|i)(xi+1|xi),

or directly with f(i+1|i)(xi+1|xi) = f(i,i+1)(xi, xi+1)/f(i)(xi), and using 2.13
and 2.2.

Not at all surprising is the fact that in general, F(i+1|i)(xi+1|xi) depends
on the value of xi. That is, the distribution function of X(i+1) depends
on the value of X(i) and this is logically expected because it must be the
case that X(i+1) ≥ X(i). More on this in the section below on the Rényi
representation theorem on order statistics, but in the meantime we
look at an example.

Example 2.21 Assuming that F is the exponential distribution with para-
meter λ, then 2.18 becomes:

FE(i+1|i)(xi+1|xi) = 1− e−λ(M−i)(xi+1−xi).
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Thus while the distribution function of X(i+1) depends on the value of X(i),
the distribution function of the difference, X(i+1) − X(i) does not. This
formula states that whatever the value of X(i), the value of X(i+1) is given
by:

X(i+1) = X(i) + Yi,

where Yi is exponentially distributed with parameter λ(M − i). And this is
true for all i.

The remarkable insight in the development of the Rényi representation
theorem below is that {Yi}M−1

i=0 so defined are independent exponentials.

2.5 The Rényi Representation Theorem

As will be seen below in the section Simulating Samples of Random
Variables - Examples, the standard theory for generating random samples
provides a framework for generating ordered samples of a given random
variable. However this approach is potentially costly in computer time to
generate the necessary uniformly distributed Y -samples, and even more
costly to evaluate the necessary inversions of the given distribution function
F. An alternative approach using ordered exponential variables is
developed in this section and is based on the Rényi representation
theorem on order statistics, named for Alfréd Rényi (1921 —1970).

The Rényi representation theorem derives the surprising conclusion that
if F is an exponential distribution and {X(k)}Mk=1 its kth order statistics,
soX(k) ≤ X(k+1), then {X(k+1)−X(k)}M−1

k=0 are independent, exponentially
distributed random variables. Here and below we define X(0) = 0 to simplify
notation. As it turns out, the independence of {X(k+1) −X(k)} is unique to
the exponential distribution and reflects the following insight.

Recall the definition of conditional probability of 1.27 of book 2, which
if applied to the event Pr{X ≤ x+ y|X > x} for exponential X yields:

Pr{X ≤ x+ y|X > x}
= Pr{x < X ≤ x+ y}/Pr{X > x}
=
[
FE(x+ y)− FE(x)

]
/
[
1− FE(x)

]
.

With FE(x) = 1− e−λx, a calculation obtains:[
FE(x+ y)− FE(x)

]
/
[
1− FE(x)

]
= FE(y). ((*))
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In other words, letting x denote the value of X(k), this calculation states that
the distribution function of the excess of X(k+1) over X(k), here denoted y,
is independent of X(k).

On an intuitive level it is clear that such a statement could not possibly
be true for many distribution functions. Indeed, if FU (x) = x is the uniform
distribution function, then a calculation produces:[

FU (x+ y)− FU (x)
]
/
[
1− FU (x)

]
= [min (x+ y, 1)− x] / [1− x] ,

and the distribution of allowable y values is compressed into [0, 1− x].

More formally, it is known that the exponential distribution function is
unique in this respect. First, there is a famous result proved by Augustin-
Louis Cauchy (1789 —1857) that if f is a continuous function on R that
satisfies Cauchy’s functional equation:

f(x+ y) = f(x) + f(y),

then there is a constant c so that f(x) = cx. Defining f(x) = ln [1− F (x)] ,
then Cauchy’s functional equation is equivalent to that in (∗) :

F (x+ y)− F (x) = F (y) (1− F (x)) ,

and the conclusion is then F (x) = 1 − ecx. This then proves that only the
exponential distribution satisfies (∗).

On the other hand, it is in theory possible for a given distribution func-
tion F (x) that x and y are again independent, but with:

[F (x+ y)− F (x)] / [1− F (x)] = F1(y), ((**))

where F1(y) is a different distribution function. This would then not con-
tradict Cauchy’s result, but would provide another example for which the
excess variable, y, was independent of x.

Exercise 2.22 Show that if (∗∗) was valid and F (x) is a differentiable
distribution function, then F (x) is again the exponential distribution and
thus F1 = F . Hint: By (∗∗) since independent of x, the x-derivative of
[F (x+ y)− F (x)] / [1− F (x)] is zero, and this obtains that F ′(x)/[1−F (x)]
is constant. But this expression is − d

dx ln[1− F (x)].

We now prove Rényi’s result and show that {X(k+1)−X(k)}M−1
k=0 are inde-

pendent exponential random variables with respective parameters {λ(M − k)}M−1
k=0 .
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Proposition 2.23 (Rényi Representation Theorem) Let {Xk}Mk=1 de-
note independent random variables from an exponential distribution with
parameter λ, and {X(k)}Mk=1 the associated ordered random variables. Then
with X(0) ≡ 0, {X(k+1) − X(k)}M−1

k=0 are independent, exponentially distrib-

uted random variables with respective parameters {λ(M − k)}M−1
k=0 .

Proof. For this proof we will evaluate another integral of the joint density
function, f(1,...,M)(x1, ..., xM ) in 2.10. The goal is to show that the joint dis-
tribution function G(a1, a2, ..., aM ) of (X(1), X(2)−X(1), ..., X(M)−X(M−1))
satisfies:

G(a1, a2, ..., aM ) =
∏M−1

k=0
Gk(ak+1),

where Gk(x) is the distribution function of an exponential with parameter
λ(M−k). This then proves that {X(k+1)−X(k)}M−1

k=0 are independent random
variables by proposition 3.53 of book 2.

Consider the first step in the integration, recalling the constraint that
xk ≥ xk−1 for all k :

G(a1, a2, ..., aM )

≡ Pr
[
X(M) −X(M−1) ≤ aM , ..., X(2) −X(1) ≤ a2, X(1) ≤ a1

]
= M !

∫ a1

−∞
· · ·
∫ xM−2+aM−1

xM−2

(∫ xM−1+aM

xM−1

f(xM )dxM

)
f(xM−1)dxM−1 · · · f(x1)dx1

= M !

∫ a1

−∞
..

∫ xM−2+aM−1

xM−2

[F (xM−1 + aM )− F (xM−1)] f(xM−1)dxM−1..f(x1)dx1.

Because F is exponential with parameter λ :

[F (xM−1 + aM )− F (xM−1)] f(xM−1) =
[
e−λxM−1 − e−λ(xM−1+aM )

]
λe−λxM−1

=
[
1− e−λaM

]
λe−2λxM−1

=
1

2

[
1− e−λaM

]
f2(xM−1),

where f2(xM−1) is the exponential density with parameter 2λ. Repeating this
calculation, letting fk(xM−1) denote the exponential density with parameter



2.5 THE RÉNYI REPRESENTATION THEOREM 55

kλ:

G(a1, a2, ..., aM )

=
M !

2

[
1− e−λaM

] ∫ a1

−∞

[
· · ·
[∫ xM−2+aM−1

xM−2

f2(xM−1)dxM−1

]
· · ·
]
f(x1)dx1

=
M !

2

[
1− e−λaM

] ∫ a1

−∞

[
· · ·
[

1

3

[
1− e−2λaM−1

]
f3(xM−2)

]
· · ·
]
f(x1)dx1

=
M !

3!

[
1− e−λaM

] [
1− e−2λaM−1

]
×∫ a1

−∞

[
· · ·
∫ xM−3+aM−2

−∞
f3(xM−2)dxM−2 · · ·

]
f(x1)dx1

...

=
M !

(M − 1)!

∏M−2

k=0

[
1− e−(M−k)λak+1

] ∫ a1

−∞
fM−1(x1)dx1

=
∏M−1

k=0

[
1− e−(M−k)λak+1

]
.

The essence of this representation theorem is that each of the kth order
statistics, or any sequential grouping of kth order statistics, can be generated
sequentially as a sum of independent exponential random variables. This
is in contrast to the definitional procedure whereby the entire collection
{Xj}Mj=1 must be generated, then reordered to {X(j)}Mj=1 to identify each

variate. To generate a larger collection requires more variates, {Xj}M
′

j=M+1,

and then a complete reordering of the entire collection {Xj}M
′

j=1.
With Rényi’s result we can directly generateX(1), thenX(2), and so forth.

For example, X(1) is exponential with parameterMλ, while X(2) is a sum of
X(1) and an independent exponential variate with parameter (M − 1)λ, and
so forth. The following corollary simplifies this insight further, to allow the
use of identically distributed exponentials with λ = 1, which are also called
"standard" exponentials.

Exercise 2.24 Prove that if E is an exponential variable with parameter
λ = 1, then E/α is an exponential variable with parameter λ = α.

Corollary 2.25 (Rényi Representation Theorem) Let {Xk}Mk=1 denote
independent random variables from an exponential distribution with para-
meter λ, and {X(k)}Mk=1 the associated ordered random variables. Then in
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distribution,

X(k) =
∑k

j=1

Ej
λ(M − j + 1)

, (2.20)

where {Ej}Mj=1 are independent standard exponential random variables, λ =
1.
Proof. By definition:

X(k) =
∑k

j=1

(
X(j) −X(j−1)

)
.

The result then follows from the prior proposition, and exercise 2.24.

The final result requires the results of the next section, Expectations of
Random Variables 1, but is included here for completeness. If unfamiliar
with these notions the reader should read ahead and come back to this result.

Corollary 2.26 (Rényi Representation Theorem) Let {Xk}Mk=1 denote
independent random variables from an exponential distribution with parame-
ter λ, and {X(k)}Mk=1 the associated ordered random variables. Then denoting
by µ(k) and σ

2
(k) the mean and variance of X(k):

µ(k) =
1

λ

∑k−1

j=0

1

M − j =
1

λ

∑M

j=M−k+1

1

j
, (2.21)

σ2
(k) =

1

λ2

∑k−1

j=0

1

(M − j)2 =
1

λ2

∑M

j=M−k+1

1

j2
. (2.22)

Further, with M(k)(t) denoting the moment generating function of X(k):

M(k)(t) =
∏k−1

j=0

(
1− t

λ (M − j)

)−1

, |t| < λ (M − k + 1) . (2.23)

Proof. By the prior proposition X(k) is the sum of k independent exponen-
tials with parameters λ (M − j) for j = 0 to k− 1. Thus these results follow
from the section Moments of Sums of RVs, using 3.58 and 3.59 below.

Remark 2.27 1. Because
∑N

j=1
1
j ≈ lnN as N → ∞, we have that for

M large:

µ(M) ≈
1

λ
lnM.

More generally, by comparing the series to the integral of 1/x:

lnN + 1/N <
∑N

j=1

1

j
< lnN + 1.
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Thus:
1

λ
[lnM + 1/M ] < µ(M) <

1

λ
[lnM + 1] ,

and for k < M :

1

λ

[
ln

(
M

M − k

)
− M − 1

M

]
< µ(k) <

1

λ

[
ln

(
M

M − k

)
+
M − k − 1

M − k

]
.

2. The power of the Rényi representation theorem can be appreciated
by attempting to derive the formulas in 2.21, 2.22 and 2.23 directly
from the density function of X(k) in 2.2 and the formulas of the next
section.

3. This representation also plays an important role in generating ran-
dom samples of ordered exponentials variates in the section, Simulating
Samples of Random Variables - Examples, as well as in the continued
development in Extreme Value Theory II.

Exercise 2.28 Derive bounds for σ2
(k) as was done for µ(k) by estimating

bounds for
∑N

j=1 1/j2.





Chapter 3

Expectations of Random
Variables 1

In this section we begin the study of "expectations" of random variables
and introduce some of their important properties. These properties can be
fully realized with the current state of our theoretical development in the
special cases of absolutely continuous and discrete distribution functions.
But as will be reviewed below, even this development requires a small
"leap of faith" regarding the fundamental definitions. This definitional
ambiguity, as well as generalizations to general distribution functions can
only be fully resolved with the more advanced integration theory of book 5.

3.1 General Definitions

We begin by introducing the definition of "expectation" of a random
variable in the general case, and also in the special case of absolutely
continuous and discrete distribution functions which will undoubtedly look
familiar. It is then both necessary and important to identify an inherent
ambiguity in this definition, and review the forthcoming mathematical
tools of book 5 that will ultimately be used to put this definition on a
solid, unambiguous footing in book 6.

For the following definition recall the development in chapter 4 of book
3 of the Riemann-Stieltjes integral. The next section discusses inherent but
temporary ambiguities in this definition.

Definition 3.1 (Expectation) Let X : S → R be a random variable de-
fined on a probability space (S,E,λ), and F (x) the associated distribution

59
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function. If g(x) is a Borel measurable function, the expectation of g(X),
denoted E([g(X)], is defined by the Riemann-Stieltjes integral:

E[g(X)] =

∫
g(x)dF, (3.1)

when ∫
|g(x)| dF <∞. (3.2)

Remark 3.2 1. On the matter of existence, since F (x) is increasing and
bounded, proposition 4.24 of book 3 assures that this integral exists for
g(x) continuous and bounded, or, of bounded variation as long is any
discontinuity points of g(x) are then continuity points of F (x). The
existence theory applies to |g(x)| by proposition 4.26. Of course bound-
edness of g(x) is a big restriction, but we also know that at least in the
special cases of integrators addressed in proposition 4.30 of book 3, that
this integral will also exist for unbounded integrands under conditions
discussed below.

2. Note that the above definition is equally applicable when X : S →
Rn is a random vector defined on a probability space (S,E,λ), F (x)
the associated joint distribution function, and g : Rn → R a Borel
measurable function using the theory and results from section 4.2 of
book 3.

By 1.1 any such distribution function can be decomposed:

F (x) = FSLT (x) + FAC(x) + FSN (x).

At least in the case of g(x) continuous and bounded, the book 3 existence
theory of proposition 4.24 applies to each of the Riemann-Stieltjes integrals
defined with respect to the three component functions, and then proposition
4.26 assures that for such g(x):∫

g(x)dF =

∫
g(x)dFSLT +

∫
g(x)dFAC +

∫
g(x)dFSN .

Further,
FSLT (x) ≡

∑
xn≤x

fSLT (xn),

with fSLT (xn) ≡ F (xn)−F (x−n ) and defined on the at most countably many
discontinuities {xn} of F (x), while FAC(x) is absolutely continuous and thus
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fAC(x) ≡ F ′AC(x) exists almost everywhere, is measurable, and:

FAC(x) = (L)

∫ x

−∞
fAC(y)dy.

In the special case when F ′AC(x) exists everywhere and is continuous, the
integral representation for FAC(x) is valid as a Riemann integral. For these
special component functions in the decomposition of F (x), the Riemann-
Stieltjes integral can be recast by proposition 4.30 of book 3.

Definition 3.3 (Expectation - Special Cases) Let X : S → R be a ran-
dom variable defined on a probability space (S,E,λ) and F (x) the associated
distribution function assumed to be of the form

F (x) = FSLT (x) + FAC(x),

where fAC(x) ≡ F ′AC(x) is continuous, and the collection {xn} which define
fSLT (x) have no accumulation points. If g(x) is a continuous function, the
expectation of g(X), denoted E([g(X)], is defined by:

E[g(X)] =
∑

n
g(xn)fSLT (xn) + (R)

∫ ∞
−∞

g(x)fAC(x)dx, (3.3)

when ∑
n
|g(xn)| fSLT (xn) + (R)

∫ ∞
−∞
|g(x)| fAC(x)dx <∞. (3.4)

In many applications using the distribution functions such as those de-
fined above, only one of FSLT (x) or FAC(x) will be present and thus E[g(X)]
will be defined in terms of only one of the components in 3.3.

The following result is an immediate application of proposition 4.26 of
book 3.

Proposition 3.4 If X : S → R is a random variable defined on a probability
space (S,E,λ) with associated distribution function F (x), and g and h Borel
measurable functions for which E[g(x)] and E[h(x)] are well defined in the
sense of 3.4, then for any real constants a, b, we have that E[ag(x) + bh(x)]
exists and:

E[ag(x) + bh(x)] = aE[g(x)] + bE[h(x)]. (3.5)

Proof. Once we prove that |ag(x) + bh(x)| is integrable and thus E[ag(x) +
bh(x)] exists, the equality in 3.5 follows from proposition 4.26 of book 3. For
existence we have by the triangle inequality that:

|ag(x) + bh(x)| ≤ |a| |g(x)|+ |b| |h(x)| ,
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and hence linearity of the integral and integrability of |g(x)| and |h(x)| im-
plies the result.

3.1.1 Is Expectation Well Defined?

Undoubtedly the definition of E[g(x)] in the special cases of definition 3.3
is quite familiar to students of probability theory, even if the more unified
Riemann-Stieltjes approach of definition 3.1 is perhaps new. However, a
closer examination of the above definitions reveals a definitional ambiguity,
and potential concern that E[g(X)] may not be well defined. This
ambiguity is sometimes ignored by authors of introductory texts because
as we will see below, the resolution involves advanced notions that would
likely be outside such texts’mathematical tool kits. The ambiguity
identified below is equally applicable whether X is a random variable or
random vector, but equally resolvable with the integration theory of book
5. In this book we focus on results for random variables and defer the
more general discussion to book 6.

Here is the problem. Note that if X is a random variable on S then so
too is Y ≡ g ◦ X as the composition of measurable X : S → R and Borel
measurable g : R→ R. Let FY (y) denote the distribution function of Y, so

FY (y) = λ[(g ◦X)−1 (−∞, y]] = λ[X−1[g−1(−∞, y]]].

Of course, FY (y) is well defined because g−1(−∞, y] ∈ B(R) soX−1[g−1(−∞, y]] ∈
E . Also, FY (y) is an increasing, right continuous function, as was FX(x).

We now have two approaches to the definition of expectation of Y ≡
g(X) :

1. As a function of X :

E[g(X)] =

∫
g(x)dFX .

2. As the random variable Y :

E[Y ] =

∫
ydFY .

Of course the outstanding question is, must it be the case that both
integrals exist or don’t exist together, and furthermore, when they both
exist, must ∫

g(x)dFX =

∫
ydFY ? (3.6)
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For the special cases of definition 3.3, we can derive insights to the va-
lidity of 3.6.

• FX(x) = FXSLT (x) a Saltus Function, and g(x) monotonic.

Assume that FX(x) is defined by {xn} and probabilities {fX(xn)} and
define yn ≡ g(xn). If g(x) is increasing then {yn} is an increasing
sequence and so:

FY (yn) ≡ λ[X−1[g−1(−∞, g(xn)]]] = λ[X−1[(−∞, xn]]] = FX(xn).

Thus
fY (yn) ≡ FY (yn)− FY (yn−1) = fX(xn),

When g(x) is decreasing then {yn} is a decreasing sequence and so:

1−FY (yn) ≡ λ[X−1[g−1(g(xn),∞)]] = λ[X−1[(−∞, xn)]] = FX(xn−1).

But now

fX(xn) = FX(xn)− FX(xn−1) = FY (yn)− FY (yn+1) = fY (yn).

In either case by 3.3:∫
g(x)dFX =

∑
n
g(xn)fX(xn) =

∑
n
ynfY (yn) =

∫
ydFY .

• FX(x) = FXAC(x) a Continuously Differentiable Function and
so fAC(x) is continuous, and g(x) monotonic and continuously
differentiable with g′(x) 6= 0 for all x.

Both cases can be accommodated with the aid of 1.42, that:

fY (y) = fX(g−1 (y))

∣∣∣∣dg−1(y)

dy

∣∣∣∣ .
Thus as Riemann integrals with substitution x = g−1(y), noting that

for decreasing g(x) the use of
∣∣∣dg−1(y)

dy

∣∣∣ eliminates the need to reverse
the limits of integration:

E[g(X)] =

∫
g(x)fX(x)dx

=

∫
yfX(g−1(y))

∣∣∣∣dg−1(y)

dy

∣∣∣∣ dy
=

∫
yfY (y)dy = E[Y ].
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Exercise 3.5 Show that with FX(x) a given general distribution function,
and g(x) monotonically increasing and continuously differentiable with g′(x) 6=
0 for all x, then 3.6 is satisfied with Y ≡ g(X). Hint: From 1.38 FY (y) =
FX(g−1 (y)). Investigate the Riemann-Stieltjes summations for

∫
ydFY , ap-

proximating ∆FY with ∆FX and noting that if {yj} is a partition for the
dFY -integral, then by continuity of g−1 (y) it follows that {g−1 (yj)} is a par-
tition for the dFX-integral, and mesh sizes go to zero together. To simplify
first investigate

∫
ydFY defined over [a, b] rather than R, and determine the

limits of integration of the dFX integral, then generalize.

3.1.2 Formal Resolution of Well-Definedness

While the well-definedness question has been partially answered by the
results of the prior section, it is clear that we are still a long way from a
statement for general FX(x) and general Borel measurable g(x), the
minimal requirement needed to ensure that Y = g(X) is a random variable
on (S,E ,λ). The resolution will be formalized in book 6 using the following
results that will be developed in book 5.

1. General Definition:

If X : S → R is a random variable defined on a probability space
(S,E ,λ) we will formally define:

E[X] =

∫
S
X(s)dλ(s), (3.7)

when ∫
S
|X(s)| dλ(s) <∞. (3.8)

This definition requires the development of an integration theory on
the measure space (S,E ,λ) which will be addressed in the second chap-
ter of book 5. But once done, the above ambiguities disappear. Defin-
ing the new random variable Y ≡ g(X) with Borel measurable g(x):

E[Y ] ≡
∫
S
Y (s)dλ(s)

≡
∫
S
g(X(s))dλ(s) ≡ E[g(X)].

Because the general definition does not even mention the distribution
function of the variable we are integrating, it matters not whether we
consider Y as the random variable, or X as the random variable which
is then composed with g(x). On S, Y (s) ≡ g(X(s)).
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2. Change of Variables I - Transformation from S to R:

While this approach circumvents the apparent definitional problem,
it raises the question of how in any given application one actually
evaluates such an integral on S. If F (x) is the distribution function
associated with X, and µFX the associated Borel measure on R as
developed in chapter 5 of book 1, we will show that for any measurable
function g, ∫

S
g(X(s))dλ(s) =

∫
R
g(x)dµFX , (3.9)

where the integral on the right is a Lebesgue-Stieltjes integral.
This integral was briefly discussed in chapter 4 of book 3, and is
named for Henri Lebesgue (1875 — 1941) and Thomas Stieltjes
(1856 —1894). That such a Lebesgue-Stieltjes integral is well defined
will follow from the general theory of integration applied to the Borel
measure space (R,B(R), µFX ). This integral will be well defined for
any distribution function F (x).

Applying 3.9 to the Y -integral obtains:∫
S
Y (s)dλ(s) =

∫
R
ydµFY ,

and thus as integrals on R this implies a change of variables result that
for y = g(x); ∫

R
g(x)dµFX =

∫
R
ydµFY .

When g(x) is continuous it will turn out that Lebesgue-Stieltjes and
Riemann-Stieltjes integrals agree, and thus for example:∫

R
g(x)dµF =

∫
R
g(x)dF,

with the integral on the right defined as a Riemann-Stieltjes integral
of book 3.

3. Change of Variables II - Transformation from dµF to dx for
Special Distributions:

In this last step we derive the above formulas for E[g(x)] in the special
case where F (x) has no singular component.
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(a) In the special case where F (x) = FAC(x) is absolutely continuous,
then with fAC(x) ≡ F ′AC(x) and Lebesgue measurable g(x),∫

R
g(x)dµF = (L)

∫
R
g(x)fAC(x)dx,

where the integral on the right is defined as a Lebesgue integral.
Then from proposition 2.64 of book 3 it will follow that if fAC(x)
and g(x) are continuous, then the integral on the right can also be
defined as a Riemann integral, which is the usual set-up in "con-
tinuous" probability theory. In this case the integral on the left
is the Riemann-Stieltjes integral

∫
R g(x)dF as noted above,

and 3.10 is proposition 4.30 of book 3:∫
R
g(x)dF = (R)

∫
R
g(x)fAC(x)dx. (3.10)

(b) In the special case where F (x) = FSLT (x) is discrete with dis-
continuity set {xn}, then with fSLT (xn) ≡ F (xn) − F (x−n ) and
continuous g(x) :∫

R
g(x)dµF =

∫
R
g(x)dF =

∑
n
g(xn)fSLT (xn), (3.11)

and 3.11 is proposition 4.30 of book 3.

(c) Consequently, when F (x) = FSLT (x)+ FAC(x), the formula in
3.3 is produced by proposition 4.26 of book 3.

Remark 3.6 The above program of study will also apply when X : S →
Rn is a random vector defined on a probability space (S,E,λ), F (x) is the
associated joint distribution function, and g : Rn → R a Borel measurable
function. In the section Moments of Sums of RVs below, we will review the
multivariate version of steps 2 and 3..

3.2 Moments of Distributions

As may be recalled from past experiences in probability theory, there are a
number of special expectation values which are commonly defined relative
to the functions g(x) = xn and g(x) = (x− a)n for positive integer n, and
for a special value of a. It is common to then refer to these expectations as
the moments of the distribution, and sometimes, the moments of
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the random variable. Since such functions are not bounded there is in
general no applicable existence theory from book 3 and thus it is
important to note that such moments need not exist. We will present these
definitions in the general form of the above Riemann-Stieltjes integral in
3.1 to simplify notation, and note that in the special but common cases of
continuously differentiable and/or discrete distribution functions, these
definitions transform to the familiar results involving Riemann integrals
and/or summations as in 3.3.

3.2.1 Common Types of Moments

There are three types of moments commonly defined. The first two are
more common and with well established notational conventions, while the
third is more specialized and used primarily for moment inequalities.

1. Moments About the Origin
Sometimes referred to as the raw moments or simply the moments,

these are the expectations defined relative to the function g(x) = xn.

Definition 3.7 If X : S → R is a random variable defined on a probability
space (S,E,λ) with associated distribution function F (x), the nth moment,
denoted µ′n, is defined by:

µ′n ≡
∫
R
xndF, (3.12)

when 3.2 is satisfied, and undefined otherwise.
When n = 1, µ′1 is called the mean of the distribution F and denoted

by µ :

µ ≡ µ′1. (3.13)

2. Central Moments
The central moments are defined with g(x) = (x−µ)n, where µ denotes

the mean of the distribution.

Definition 3.8 If X : S → R is a random variable defined on a probability
space (S,E,λ) with associated distribution function F (x), the nth central
moment, denoted µn, is defined by:

µn ≡
∫
R

(x− µ)ndF, (3.14)

when 3.2 is satisfied, and undefined otherwise.
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When n = 2, µ2 is called the variance of the distribution F, and
denoted by σ2,

σ2 ≡ µ2, (3.15)

and σ ≡ √µ2, the positive square root, is called the standard deviation of
the distribution F.

3. Absolute Moments
There are both absolute moments and absolute central moments

defined respectively in terms of g(x) = |x|n and g(x) = |x− µ|n . Of course,
the absolute value is redundant when n is an even integer. By definition,
these moments exist whenever the associated moments and central moments
exist due to the constraint in 3.2. There is no standard notation for these
moments, but µ′|n| and µ|n| seem self-explanatory and will be used in this
text.

3.2.2 Moment Generating Function

In contrast to the above moment definitions which produce numerical
values, the moment generating function is defined as an expectation which
produces a function. This is accomplished by choosing g(x) to have the
form, g(x) = etx, and thus the moment generating function is parametrized
in t.

Definition 3.9 If X : S → R is a random variable defined on a probabil-
ity space (S,E,λ) with associated distribution function F (x), the moment
generating function of X, denoted MX(t), is defined by:

MX(t) ≡
∫
R
etxdF (x), (3.16)

for any t for which the integral is finite.

Notation 3.10 It is common is probability theory to abbreviate moment
generating function by m.g.f. in the same way as p.d.f. and d.f. are used as
abbreviations for the probability density function and distribution function.

It is also common to denote MX(t) by M(t) when the random variable
is obvious from the context, or by MF (t) when one wants to highlight the
distribution function.

Remark 3.11 When written as a Lebesgue-Stieltjes integral as in 3.9, the
integral in 3.16 is related to the bilateral or two-sided Laplace trans-
form of the induced Borel measure µF , and named for Pierre-Simon
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Laplace (1749 —1827). However, it is common to use the exponential e−tx

in this definition and then define this function on complex t = a+ ib. Thus
the moment generating function is the two-sided Laplace transform of the
Borel measure µF restricted to the real numbers, and with reversed orienta-
tion.

Written as a Riemann-Stieltjes integral with F continuously differ-
entiable and thus with a continuous density function f, 3.16 can be expressed
as in 3.3 with the familiar formula:

MX(t) ≡ (R)

∫
R
etxf(x)dx. (3.17)

When F is a discrete distribution function with discontinuities on {xi}∞i=1,
then in the most common case where these points have no accumulation
point 3.16 can again be expressed as in 3.3 with the familiar formula:

MX(t) ≡
∑∞

i=1
etxif(xi). (3.18)

By splitting the integral in 3.16 as follows:

MX(t) =

∫ 0

−∞
etxdF (x) +

∫ ∞
0

etxdF (x),

it is apparent that the first integral exists for all t ≥ 0 since
∫ 0
−∞ dF (x) =

F (0) and 0 < etx < 1, and similarly the second integral exists for all t ≤ 0.
But for the general case, it is not at all obvious that MX(t) exists for some
interval about the origin, (−t0, t0), which is essential for important results
in the next section. While MX(0) exists for any F (x):

MX(0) =

∫
R
dF (x) = 1,

it is possible that MX(t) exists only for t = 0.

Exercise 3.12 Using 3.17 and the continuous density function for the log-
normal distribution in 1.34 defined on [0,∞), show that MLN (t) exists only
for t = 0. See also remark 3.30

Proposition 3.13 Recalling the above splitting of the integral definingMX(t)
into negative and positive domains of integration, if the first integral exists
for some t′0 < 0 and the second exists for some t′′0 > 0, then MX(t) is well
defined on (−t0, t0) for t0 = min[|t′0| , t′′0].
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Proof. Note that if
∫ 0
−∞ e

t′0xdF (x) <∞, then for t′0 < t ≤ 0 it follows from

etx ≤ et′0x for x ≤ 0 and proposition 4.26 of book 3 that
∫ 0
−∞ e

txdF (x) <∞.
And as noted above, the second integral automatically exists for all t ≤ 0,
and so MX(t) exists on (t′0, 0]. Similarly, if the second integral exists for
some t′′0 > 0 it follows that MX(t) exists on [0, t′′0), and the result follows.

Finally, we note a simple but useful result which is an application of 3.5.

Proposition 3.14 If MX(t) exists for t ∈ (−t0, t0), then with Y ≡ aX + b
for a, b ∈ R, MY (t) exists for t ∈ (−t0/ |a| , t0/ |a|), and:

MY (t) = ebtMX(at). (3.19)

Proof. By definition and 3.5:

MY (t) = E
[
e(aX+b)t

]
= ebtE

[
eXat

]
,

and the result follows.

3.2.3 Moments of Sums of RVs

Theory

If Xi : S → R are random variables defined on a probability space (S,E ,λ)
for i = 1, 2, ..., n, we are interested in the moments of

∑n
i=1Xi. More

generally, if g : Rn → R is a Borel measurable function, we are interested in
the expectation of g(X1, X2, ..., Xn). For such general situations we again
require the tools of book 5 and specifically, the multivariate version of the
development of E[g(X)] above. We summarize here to provide an intuitive
context for the calculations below.

1. Definition:

There is no change to the general definition given above. On the
probability space (S,E , λ), if the random vector X : S −→ Rn is
defined by:

X(s) = (X1(s), X2(s), ..., Xn(s)),

then for Borel measurable g : Rn → R it follows that g(X) : S −→ R
is a random variable. Thus by 3.3:

E[g(X)] ≡
∫
S
g(X(s))dλ
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when ∫
S
|g(X(s))| dλ <∞,

and E[g(X)] is undefined when this constraint is not satisfied.

Remark 3.15 In the special case when g(X) is a summation:

g(X) =
∑n

i=1
Xi,

the linearity property of integrals on S will obtain that for all random
variables:

E
[∑n

i=1
Xi

]
=
∑n

i=1
E [Xi] . (3.20)

2. Change of Variables I - Transformation from S to Rn:
In order to evaluate such expectations it is necessary to move this
integral to Rn. Using the same mathematical result as in the one di-
mensional case, it will turn out that with F (x1, x2, ..., xn) defined as
the joint distribution function of (X1, X2, ..., Xn), that:∫

S
g(X(s))dλ =

∫
Rn
g(x1, x2, ..., xn)dµnF , (3.21)

where µnF is the Borel measure on Rn induced by F. The integral over
Rn is again a Lebesgue-Stieltjes integral as was the case for the
one dimensional result.

Recall from chapter 8 of book 1 that the measure µnF is defined on
rectangles of the form

∏n
j=1(−∞, xj ] by:

µnF

[∏n

j=1
(−∞, xj ]

]
≡ F (x1, x2, ..., xn),

while the measure of a bounded measurable rectangle is given as in
8.7 of book 1:

µF

[∏n

i=1
(ai, bi]

]
=
∑

x
sgn(x)F (x). (3.22)

Each x = (x1, ..., xn) in the summation is one of the 2n vertices of∏n
i=1(ai, bi], so each xi = ai or xi = bi, and sgn(x) is defined as −1

if the number of ai-components of x is odd and +1 otherwise. This
basic set function then extends to a product measure µnF on the Borel
sigma algebra B (Rn) as well as to a complete sigma algebra denoted
MF (Rn) .
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3. Change of Variables II - Transformation from dµnF to
∏n
j=1 dxi

for Special Distributions:

Similar to 3.10, in the special case where there exists a measurable
multivariate density function f(x1, x2, ..., xn) so that

F (x1, x2, ..., xn) = (L)

∫ xn

−∞
· · ·
∫ x1

−∞
f(y1, y2, ..., yn)dy,

where dy denotes the Lebesgue product measure on Rn, then∫
Rn
g(x1, x2, ..., xn)dµnF = (L)

∫
Rn
g(x1, x2, ..., xn)f(x1, x2, ..., xn)dx.

(3.23)
A similar transformation is valid when F (x) is a discrete multivariate
distribution function, replacing the Lebesgue integral with a summa-
tion.

When f(x) and g(x) are continuous, the integral on the right in 3.23 is
definable as a Riemann integral, and thus by proposition 4.75 of book
3: ∫

Rn
g(x1, x2, ..., xn)dµnF =

∫
Rn
g(x1, x2, ..., xn)dF,

defined as a Riemann-Stieltjes integral.

4. Iterated Integrals and Independent Random Variables:

There is one additional step needed to evaluate multivariate integrals.
The Lebesgue integral in 3.23 can be expressed as an "iterated" inte-
gral: ∫

Rn
g(x1, x2, ..., xn)f(x1, x2, ..., xn)dx (3.24)

=

∫
R
· · ·
∫
R
g(x1, x2, ..., xn)f(x1, x2, ..., xn)dx1dx2...dxn.

This important result from book 5 is Fubini’s theorem, and named
for Guido Fubini (1879 —1943). It states that given the constraint
in 3.4, this integral over Rn can be evaluated in an iterated fashion,
one variable at a time, and in any order. This is especially useful in
the case of independent random variables.

Recall from book 2 that the distribution function of independent {Xi}ni=1

is given in proposition 3.53 by:

F (x1, x2, ..., xn) =
∏n

j=1
Fj(xj),
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and in the case of discrete or absolutely continuous distribution func-
tions, this identity extends to an identity in probability density func-
tions:

f(x1, x2, ..., xn) =
∏n
j=1 f(xj).

Thus given g(x1, x2, ..., xn) and continuous densities:

E [g(X1, X2, ..., Xn)] =

∫
R
· · ·
∫
R
g(x1, x2, ..., xn)

∏n
j=1 f(xj)dx1dx2...dxn.

(3.25)

Applications

For independent random variables the evaluation of moments is now
relatively simple in theory using 3.20 or more generally 3.25, though some
calculations may be complicated from a combinatorial point of view. We
provide more detail on the application of this result to the calculation of
the mean of a sum and the variance of an independent sum. In the case of
variance, we also derive the general formula without the assumption of
independence.

Notation 3.16 In an attempt at notational clarity we denote by E(n) the
expectation of a multivariate function relative to the joint distribution func-
tion as defined in 3.24 or its discrete counterpart, and by E an expectation
of any one of the individual random variables relative to its marginal dis-
tribution function as in 3.10 or its discrete counterpart. Many books avoid
this detail.

1. Mean:

Let X =
∑n

i=1Xi where {Xi} are random variables defined on (S,E ,λ)
for i = 1, 2, ..., n. Using 3.20 obtains that E(n)[X] =

∑n
i=1E

(n)[Xi].
In the case of independent variates, from 3.25 and

∫
R f(xj)dxj = 1

obtains:

E(n)[Xi] =

∫
R
xif(xi)dxi

∏
j 6=i

∫
R
f(xj)dxj

= µi,

where µi = E[Xi] denotes the mean of Xi as a random variable on S.
Hence, for independent random variables:

E(n)
[∑n

i=1
Xi

]
=
∑n

i=1
E [Xi] =

∑n

i=1
µi. (3.26)
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This same formula applies for variates which are not independent,
but requires the notion of a marginal density function defined above.
Applying 3.24:

E(n)[Xi] =

∫
R
· · ·
∫
R
xif(x1, x2, ..., xn)dx1dx2...dxn

=

∫
R
xif(xi)dxi

as before. This calculation follows because the density for Xi is the
ith marginal density function of f(x1, x2, ..., xn) as in 2.12:

f(xi) =

∫
R
· · ·
∫
R
f(x1, x2, ..., xn)

∏
j 6=i

dxj .

2. mth Moment:

Using the so-called multinomial theorem, which is to be proved in
exercise 3.17,(∑n

i=1
Xi

)m
=
∑

m1,m2,..mn

m!

m1!m2!...mn!
Xm1

1 Xm2
2 ...Xmn

n , (3.27)

where this summation is over all distinct n-tuples (m1,m2, ..mn) with
mj ≥ 0 and

∑n
j=1mj = m. Hence, using the same approach as for the

mean, it follows that for independent variates,

E(n)
[(∑n

i=1
Xi

)m]
=
∑

m1,m2,..mn

m!

m1!m2!...mn!
µ(1)′
m1
µ(2)′
m2
· · ·µ(n)′

mn ,

(3.28)
where µ(i)′

mi is the mith moment of Xi, with µ
(i)′
0 = 1.

Exercise 3.17 Prove the formula in 3.27 using induction on m.

3. mth Central Moment:

Exactly as for the mth moments:

E(n)
[(∑n

i=1
(Xi − µi)

)m]
=
∑

m1,m2,..mn

m!

m1!m2!...mn!
µ(1)
m1
µ(2)
m2
· · ·µ(n)

mn ,

(3.29)
where this summation is over all distinct n-tuples (m1,m2, ..mn) with
mj ≥ 0 and

∑n
j=1mj = m. Here µ(i)

mi is the mith central moment of

Xi,with µ
(i)
0 = 1 and µ(i)

1 = 0.
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4. Variance for Independent Variates:

With X =
∑n

i=1Xi, it follows that X−E(n)[X] =
∑n

i=1 (Xi − µi) and
so:(
X − E(n)[X]

)2
=
∑n

i=1
(Xi − µi)2 + 2

∑
j<i

(
Xj − µj

)
(Xi − µi) .

By 3.25 applied to independent random variables, the variance of a
sum of independent random variables is given:

V ar
[∑n

i=1
Xi

]
=
∑n

i=1
σ2
i . (3.30)

This follows by iterating integrals because for i < j, after integrating
the densities f(xk) to 1 for k 6= i, j :∫ (

Xj − µj
)

(Xi − µi) f(xi)f(xj)dxidxj

=

∫ (
Xj − µj

)
f(xj)dxj

∫
(Xi − µi) f(xi)dxi = 0,

while ∫
(Xi − µi)2 f(xi)dxi = σ2

i ,

the variance of Xi.

Notation 3.18 It is common in probability to use V ar to denote the
variance of a complicated expression. In this application, one will also
see σ2.

5. Variance for Dependent Variates:

Note that when {Xi} are not independent, we obtain as above:

V ar
[∑n

i=1
Xi

]
=
∑n

i=1
σ2
i + 2

∑
j<i

E(n)
[(
Xj − µj

)
(Xi − µi)

]
,

where by 3.24:

E(n)
[(
Xj − µj

)
(Xi − µi)

]
=

∫
R
· · ·
∫
R

(
Xj − µj

)
(Xi − µi) f(x1, x2, ..., xn)dx1dx2...dxn.

This again involves the marginal density function of 2.12:

f(xi, xj) =

∫
R
· · ·
∫
R
f(x1, x2, ..., xn)

∏
k 6=i,j

dxk,
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and so:

E(n)
[(
Xj − µj

)
(Xi − µi)

]
=

∫
R

∫
R

(
Xj − µj

)
(Xi − µi) f(xi, xj)dxidxj

= E(2)
[(
Xj − µj

)
(Xi − µi)

]
.

Definition 3.19 Given random variables X, Y on a probability space
(S,E,λ), the covariance of X and Y, denoted cov(X,Y ), is defined
by:

cov(X,Y ) ≡ E(2)[(X − µX) (Y − µY )] = E(2)[XY ]− µXµY , (3.31)

and the correlation between X and Y, denoted corr(X,Y ) and often
ρ(X,Y ) or ρXY , is defined by:

corr(X,Y ) ≡ cov(X,Y )

σXσY
. (3.32)

Hence, the general formula for the variance of a summation can be
expressed:

V ar
[∑n

i=1
Xi

]
=
∑n

i=1
σ2
i + 2

∑
j<i

cov(Xi, Xj), (3.33)

or equivalently:

V ar
[∑n

i=1
Xi

]
=
∑n

i=1
σ2
i + 2

∑
j<i

ρijσiσj . (3.34)

6. Moment Generating Function:

By the definition in 3.16 applied to a sum of independent variates
X =

∑n
i=1Xi:

MX(t) = E(n)
[
exp

(∑n

i=1
tXi

)]
=
∏n

i=1

∫
exp (txi) f (xi) dxi,

and so:
MX(t) =

∏n

i=1
MXi(t). (3.35)

In other words, if MXi(t) exists for t ∈ (−t(i)0 , t
(i)
0 ), then MX(t) exists

on (−t0, t0) ≡
⋂n
i=1(−t(i)0 , t

(i)
0 ) and on this interval 3.28 is satisfied.
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3.2.4 Properties of Moments and the M.G.F.

Note that for m ≤ n :

(x− a)m ≤ (x− a)n + 1,

and so the existence of an nth moment assures the existence of the
respective mth moments for all m ≤ n. Hence, one is usually interested in
whether moments exist for all n, and if not, determining the largest n for
which moments exist.

The following result assures that if one nth moment exists, so too do
all the others. Of course, the absolute versions of the moments exist by
definition of expectation, so we only need to consider µ′n and µn.

Proposition 3.20 For any n, µn exists if and only if µ′n exists, and:

µn =
∑n

j=0
(−1)n−j

(
n

j

)
µ′jµ

n−j , µ′n =
∑n

j=0

(
n

j

)
µjµ

n−j . (3.36)

Proof. Left as an exercise. Hint: Recall the binomial theorem in 1.8.

Corollary 3.21
σ2 = µ′2 − µ2. (3.37)

Proof. This follows from the first identity in 3.36 with n = 2.

The next result shows that in order for MX(t) to exist for some interval
about the origin, (−t0, t0) with t0 > 0, it is necessary that µ′n and hence
µn exist for all n. In other words, the existence of the moment generating
function is at least as restrictive on a distribution as is the existence of all
finite moments. As will be seen below by example, it is even more restrictive.
Specifically, there are distributions for which µ′n exists for all n but for which
MX(t) exists only for t = 0.

Proposition 3.22 IfMX(t) exists for some interval about the origin, (−t0, t0) with
t0 > 0, then µ′n exists for all n.
Proof. Choose t with 0 < t < t0. Then since et|x| ≤ etx+e−tx, the existence
of MX(t) and MX(−t) implies that∫

R
et|x|dF ≤MX(t) +MX(−t) <∞.
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Given n, note that et|x| ≥ |x|n for |x| / ln |x| ≥ n/t, and since |x| / ln |x| is
increasing and unbounded, choose {xn} with xn > 0 and |xn| / ln |xn| ≥ n/t.
Then: ∫

R
|x|n dµF (x) =

∫
|x|<xn

|x|n dF +

∫
|x|≥xn

|x|n dF

≤ c |xn|n +

∫
|x|≥xn

et|x|dF

≤ c |xn|n +MX(t) +MX(−t),

and so µ′n exists for every n.

Remark 3.23 In the above proof,

c =

∫
|x|<xn

dF

= F
(
x−n
)
− F (−xn) ≤ 1.

The name "moment generating" function for MX(t) is justified next, in
that when MX(t) exists it not only assures the existence of all moments,
but can also be used to generate these moments. To make this proof rigor-
ous, one needs the Lebesgue dominated convergence theorem for Lebesgue-
Stieltjes integrals, a result that will be proved in book 5. More specifically,
we need the corollary to this result as stated in corollary 2.63 in book 3 in
the Lebesgue case, that addresses when the integral of a infinite summation
equals the summation of the integrals. Standard results on absolutely con-
vergent double series and the book 3 result are adequate for the special cases
of this proposition where dF reflects a discrete or continuously differentiable
distribution function. In these cases the Lebesgue-Stieltjes integrals reduce
to summations or Lebesgue integrals, respectively. In the latter case these
integrals are actually Riemann, but by proposition 2.64 of book 3 they equal
their Lebesgue integral counterparts.

For a generalization of 3.39 see the proof of proposition 6.6, which derives
a Riemann-Stieltjes formula for M (n)

X (t). See 6.9.

Proposition 3.24 IfMX(t) exists for some interval about the origin, (−t0, t0)
with t0 > 0, then

MX(t) =
∑∞

n=0
µ′nt

n/n!, (3.38)

and hence
µ′n = M

(n)
X (0), (3.39)
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where M (n)(0) denotes the nth derivative of MX(t) evaluated at t = 0.
Proof. Because e|tx| ≤ etx+e−tx, the existence of MX(t) for |t| < t0 assures
that

∫
e|tx|dF <∞. Recall from calculus that the exponential Taylor series:

etx ≡
∑∞

n=0
(tx)n /n! (3.40)

is absolutely convergent in x for all t. Thus the following partial sums:∑N

n=0
|tx|n /n! ≤ e|tx|,

are bounded by an integrable function and this then implies by the triangle
inequality that for all N :∣∣∣∣∑N

n=0
(tx)n /n!

∣∣∣∣ ≤ e|tx|.
Thus the corollary to the Lebesgue dominated convergence theorem of book
5 applies to state that for |t| < t0 :

MX(t) =
∑∞

n=0
(tn/n!)

∫
xndF

=
∑∞

n=0
µ′nt

n/n!.

Hence, MX(t) has a Taylor series expansion for |t| < t and 3.39 follows by
a direct calculation. See for example proposition 9.111 in Reitano.

For the purpose of calculating only the mean, variance and third central
moment of a distribution, the following corollary is often useful.

Corollary 3.25 IfMX(t) exists for some interval about the origin, (−t0, t0)
with t0 > 0, then with gX(t) ≡ lnMX(t), the cumulant generating func-
tion: :

µ = g′X(0), σ2 = g′′X(0), µ3 = g
(3)
X (0). (3.41)

Proof. Left as an exercise.

Remark 3.26 Note that if MX(t) exists as a Taylor series for t ∈ (−t0, t0),
then gX(t) ≡ lnMX(t) exists as a Taylor series for all such t since MX(t) >
0 by definition. The cumulants of X are then defined in terms of this
Taylor series:

lnMX(t) =
∑∞

n=0
(tn/n!)κn,

where κn denotes the nth cumulant of X, and as above, κn = g
(n)
X (0).
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Corollary 3.27 IfMX(t) exists for some interval about the origin, (−t0, t0) with
t0 > 0, then MX(t) is convex on on this interval, That is, if [t1, t2] ⊂
(−t0, t0), then for any α, 0 ≤ α ≤ 1 :

MX(αt1 + (1− α)t2) ≤ αMX(t1) + (1− α)MX(t2). (3.42)

Proof. Left as an exercise. Hint: Note that ext is a convex in t for any x.

Remark 3.28 While the existence of MX(t) on the interval (−t0, t0) as-
sures the existence of moments of all orders, this result is not reversible as
noted above. As will be seen in remark 3.30 below, the lognormal distribu-
tion provides an example for which moments of all orders exist, yet MX(t)
is only defined for t = 0. The "problem" with this distribution is that µ′n
grows exponentially fast with n, and hence far too fast for the MX(t) series
to converge if t 6= 0. See also example 3.53 in the section Uniqueness of
Moments and the M.G.F., as well as proposition 3.55 which addresses the
question of when the existence of all moments implies the existence of the
moment generating function.

3.2.5 Examples of Moments and M.G.F.s

In this section we present various results related to moments of the
discrete and continuous distributions presented in section 1.2. For the
various results, which are largely assigned as exercises, we recall the
equations 3.10 and 3.11 in the discussion above.

Discrete Distributions

1. Discrete Rectangular Distribution on [0, 1] :

Recalling 1.4:
fR (j/n) = 1/n, j = 1, 2, .., n,

a calculation obtains:

µR = (n+ 1) / (2n) , σ2
R =

(
n2 − 1

)
/
(
12n2

)
, (3.43)

and

MR(t) =
exp[(1 + 1/n)t]− exp[t/n]

n(exp[t/n]− 1)
. (3.44)

These results can be generalized to a discrete rectangular distribution
on [a, b],

fR (j(b− a)/n+ a) = 1/n, j = 1, 2, .., n, (3.45)
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by defining Y = (b−a)X+a and utilizing linearity of the expectations
in 3.5 to obtain:

µRa,b = (b− a)µR + a, σ2
Ra,b

= (b− a)2σ2
R, (3.46)

and

MRa,b(t) = eatMR([b− a]t). (3.47)

2. Binomial Distribution:

From 1.6, let fBn(j) denote the probability density function of the sum
of n independent standard binomials:

fBn(j) =

(
n

j

)
pj(1− p)n−j , j = 0, 1, .., n.

For the standard binomial random variable, XB
1 , we have from 1.5 and

a simple calculation that:

E[
(
XB

1

)m
] = p, E[

(
XB

1 − p
)m

] = p(1− p)m + (1− p)(−p)m,

and MXB
1

(t) = pet+(1−p). Hence from the section Moments of Sums
of RVs:

µBn = np, σ2
Bn = np(1− p), (3.48)

MBn(t) =
(
1 + p(et − 1)

)n
. (3.49)

Note that while the moment generating function of fBn(j) has a simple
form, the mth moment of B, µ′Bn,m, is a messy polynomial in p of de-

gree m since in 3.28, µ′(1)
m1 µ

′(2)
m2 · · ·µ

′(n)
mn = pr where r equals the number

of subscripts with mj > 0. The derivation of µ′Bn,m is not simplified
by using 3.39.

3. Geometric Distribution::

From 1.9:
fG(j) = p(1− p)j , j = 0, 1, 2, ...

and for this distribution it is easiest to first calculate MG(t), then
evaluate some of the moments using the formula in 3.39. To this end:

MG(t) = p
∑∞

j=0

[
(1− p)et

]j
,
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and as a geometric summation this series is convergent if (1−p)et < 1,
with:

MG(t) = p/
[
1− (1− p)et

]
. (3.50)

Derivatives can now be evaluated using 3.41 to produce:

µG = (1− p) /p, σ2
G = (1− p) /p2. (3.51)

4. Negative Binomial Distribution::

This is another distribution for which it is easiest to evaluate MNB(t)
first, and using 1.12:

fNB(j) =

(
j + k − 1

k − 1

)
pk(1− p)j , j = 0, 1, 2, ...,

it follows that for (1− p)et < 1 the resulting series is convergent and:

MNB(t) =
(
p/
[
1− (1− p)et

])k
. (3.52)

Calculating two derivatives with 3.41 produces:

µNB = k(1− p)/p, σ2
NB = k(1− p)/p2. (3.53)

Remark 3.29 Note that by 3.35, MNB(t) is also the moment gener-
ating function of the sum of k independent geometric variables, Using
the tools of section 3.2.7, we will conclude that the negative binomial
is uniquely defined by its moments and moment generating function,
and hence conclude that a negative binomial variate equals the sum of
k independent geometric variates. See example 3.59.

5. Poisson Distribution::

Recalling 1.13:

fP (j) = e−λλj/j!, j = 0, 1, 2, ...,

the moment generating function is calculated directly as:

MP (t) = exp[λ(et − 1)], (3.54)

and mean and variance follow from 3.41:

µP = λ, σ2
P = λ. (3.55)
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Continuous Distributions

1. Continuous Uniform Distribution:

From 1.18:
fU (x) = 1/(b− a), x ∈ [a, b],

and fU (x) = 0 otherwise, it follows that:

µU = (b+ a)/2, σ2
U = (b− a)2/12, (3.56)

and

MU (t) =
(
ebt − eat

)
/ (t [b− a]) , t ∈ R. (3.57)

Note that MU (t) is well defined at t = 0 despite the apparent singu-
larity as justified using the exponential Taylor series in 3.40.

2. Exponential Distribution and Gamma Distribution:

The exponential density is defined with a single scale parameter λ > 0
in 1.20:

fE(x) = λe−λx, x ≥ 0,

and is a special case of the more general gamma density defined with
a shape parameter α and scale parameter λ > 0 in 1.22 by:

fΓ(x) = λαxα−1e−λx/Γ(α), x ≥ 0,

with the gamma function, Γ(α), defined by:

Γ(α) =

∫ ∞
0

xα−1e−xdx.

Moments of the gamma are derived by integration by parts and 1.24,
that for c > 1:

Γ(c) = (c− 1)Γ(c− 1),

which produces Γ(n) = (n − 1)! for integer n as in 1.25. This is then
used to derive:

µ′Γ,n = α
[∏n−1

j=1 (α+ j)
]
/λn, µΓ = α/λ, σ2

Γ = α/λ2. (3.58)

The moment generating function can also be calculated:

MΓ(t) = (1− t/λ)−α , t < λ. (3.59)
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These formulas produce results for the exponential distribution
with parameter λ by setting α = 1, and by notation 1.15 provide results
for the Chi-squared distribution with n-degrees of freedom by
setting λ = 1/2 and α = n/2.

3. Beta Distribution

The beta density contains two shape parameters, v > 0, w > 0, and
is defined on the interval [0, 1] by the density function in 1.27:

fβ(x) = xv−1(1− x)w−1/B(v, w),

where the beta function B(v, w) is defined by a definite integral as
in 1.28:

B(v, w) =

∫ 1

0
yv−1(1− y)w−1dy.

For any positive integer n it follows by definition that:

E[xn] =
B(v + n,w)

B(v, w)
.

Also, the beta function B(v, w) satisfies an important identity which
is useful in evaluating these moments:

B(v + 1, w) =
v

v + w
B(v, w), (3.60)

as can be derived using 1.30 and 1.24. Applying the iterative formula
in 3.60 and B(1, 1) = 1 produces:

µβ =
v

v + w
, µ′β,n =

∏n−1

j=0

(
v + j

v + w + j

)
, (3.61)

σ2
β =

vw

(v + w)2 (v + w + 1)
.

Thus µ′β,n → 0 as n→∞.
Next, note that Mβ(t) exists for all t since for x ∈ [0, 1], ext ≤
max[1, et], and so:

|Mβ(t)| ≤ max[1, et].

Thus Mβ(t) can be expressed in terms of its moments:

Mβ(t) = 1 +
∑∞

n=1

∏n−1

i=0

(
v + i

v + w + i

)
tn

n!
. (3.62)
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4. Cauchy Distribution

The Cauchy distribution, named for Augustin Louis Cauchy
(1789 — 1857), is of interest as an example of a p.d.f. that has no
finite moments. This density function is defined on R as a function of
a location parameter, x0 ∈ R, and a scale parameter γ > 0, by:

fC(x) =
1

πγ

1

1 + ([x− x0] /γ)2 , (3.63)

while the standard Cauchy distribution is parameterized with
x0 = 0 and γ = 1 to

fC(x) =
1

π

1

1 + x2
. (3.64)

A substitution into the integral of tan z = (x− x0) /γ shows this prob-
ability function integrates to 1, as it should. While by a symmetry
argument one would derive that

1

π

∫ ∞
−∞

xdx

1 + x2
= 0,

it is not the case that E[X] = 0 since E[|X|] is unbounded:

1

π

∫ N

−N

|x| dx
1 + x2

=
1

π

∫ N

0

2xdx

1 + x2
=

1

π
lnN,

and hence the Cauchy distribution has no finite moments.

5. Normal Distribution

The normal distribution is defined on (−∞,∞), depends on a location
parameter µ ∈ R and a scale parameter σ > 0, and is defined in 1.32
by:

fN (x) =
1

σ
√

2π
exp

(
− (x− µ)2 /

(
2σ2
))
,

with the associated unit normal distribution, denoted φ(x), defined in
1.33 with µ = 0 and σ = 1 :

φ(x) =
1√
2π

exp
(
−x2/2

)
.

There is no elementary derivation of the fact that φ(x), and hence
fN (x), integrate to 1. As above, the powerful results of book 5 are
required. However, all central moments exist because exp

(
−x2/2

)
<
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x−n for all n as x→∞. In addition, all odd central moments are 0 by
symmetry, and for even moments an integration by parts shows that∫ ∞

−∞
x2mφ(x)dx = (2m− 1)

∫ ∞
−∞

x2m−2φ(x)dx,

and this plus mathematical induction obtains that:∫ ∞
−∞

x2mφ(x)dy =
(2m)!

2mm!
.

Hence, justifying the notational convention of parameterizing the nor-
mal with µ and σ2, we have that:

µ′N,1 = µ, µN,2 = σ2, µN,2m =
σ2m (2m)!

2mm!
, µN,2m+1 = 0.

(3.65)

Finally, the moment generating function is derived by completing the
square in the exponential function, and a substitution to produce:

MN (t) = exp
(
µt+ σ2t2/2

)
, t ∈ R, (3.66)

which obtains for the unit normal:

MΦ(t) = exp
(
t2/2

)
. (3.67)

6. Lognormal Distribution:

The lognormal distribution is defined on [0,∞), depends on a lo-
cation parameter µ ∈ R and a shape parameter σ > 0, and has prob-
ability density function given in 1.34:

fL(x) =
1

σx
√

2π
exp

(
− (lnx− µ)2 /

(
2σ2
))
.

The substitution y = (lnx− µ) /σ into the integral of fL(x) produces
the integral of the unit normal φ(y), and moments of all orders exist
for the lognormal and are calculated using the same substitution:

µ′L,n = enµMΦ(nσ).

In other words, the moments of the lognormal can be calculated from
the moment generating function of the unit normal. Specifically, using
3.67 obtains:

µ′L,n = enµ+(nσ)2/2, µL = eµ+σ2/2, σ2
L = e2µ+σ2

(
eσ

2 − 1
)
.

(3.68)
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Remark 3.30 As noted above in remark 3.28, while the existence of
MX(t) on an open interval (−t0, t0) assures that all moments of the
distribution function exists, it is not the case that the existence of all
moments assures the existence of MX(t) on an open interval (−t0, t0).
The lognormal distribution provides the classical counterexample, in
that while µ′nL exists for all n by 3.68, the series

∑∞
n=0 t

nµ′n/n! cannot
converge for any t 6= 0, and so MLN (t) cannot exist except for t = 0.

To see this, recall that the ratio test states that for a positive series, if
lim sup cn+1

cn
< 1 then

∑∞
n=0 cn converges, while if lim inf cn+1

cn
> 1 then∑∞

n=0 cn diverges. A calculation shows that for this series and t > 0:

cn+1

cn
=
eµ+(n+1/2)σ2

n+ 1
t,

which is unbounded. When t < 0 this series alternates, and by the al-

ternating series theorem this series converges if and only if
∣∣∣tnenµ+(nσ)2/2/n!

∣∣∣→
0 as n→∞. By Stirling’s formula in 3.91 below, n!/

(√
2πnn+1/2e−n

)
→

1 as n→∞ and thus we can investigate if:∣∣∣∣∣ tnenµ+(nσ)2/2

√
2πnn+1/2e−n

∣∣∣∣∣→ 0.

As the log of this expression is unbounded, it is apparent that so too is
this ratio and thus the alternating series does not converge.

In summary, MLN (t) does not exist except for t = 0.

3.2.6 Moments and Inequalities

In this section is developed a number of important inequalities related to
moments.

Chebyshev’s Inequality

Chebyshev’s inequality, sometimes spelled as Chebychev or
Tchebysheff, applies to any distribution function that has a mean and
variance, and hence it is quite generally applicable. It is named for its
discoverer, Pafnuty Chebyshev (1821 —1894), who was a Russian
mathematician and hence the many transliterations of his name in English.
This inequality can be stated in many ways, and Chebyshev is actually a
name now given to a family of inequalities as will be seen below. But it is



88CHAPTER 3 EXPECTATIONS OF RANDOM VARIABLES 1

often applied as stated in the first proposition when we are interested in an
upper bound for the probability that a random variable is far from its
mean, where "far" can be defined in absolute units, or units relative to the
variance.

Notation 3.31 For these results, if X is a random variable defined on a
probability space (S,E,λ) with distribution function F, recall that we use the
simplified notation such as Pr[|X − µ| ≥ tσ] as shorthand for:

Pr [|X − µ| ≥ tσ] ≡ λ [{s ∈ S|X(s) ≤ µ− tσ} ∪ {s ∈ S|X(s) ≥ µ+ tσ}]
= F (µ− tσ) + 1− F ([µ+ tσ]−),

where F ([µ+ tσ]−) denotes the left limit of F (x) as x→ µ+ tσ.

Proposition 3.32 (Chebyshev’s inequality) If F (x) is a distribution func-
tion of a random variable X with mean µ and variance σ2, then for any real
number t > 0 :

Pr[|X − µ| ≥ tσ] ≤ 1/t2. (3.69)

Equivalently, for any s > 0 :

Pr[|X − µ| ≥ s] ≤ σ2/s2. (3.70)

Proof. By definition,

σ2 ≡
∫
R

(x− µ)2dF

≥
∫
|x−µ|≥tσ

(x− µ)2dF

≥ (tσ)2 Pr [|X − µ| ≥ tσ] .

The second result is implied by the first with the substitution: t = s/σ.

With the same proof as above, we can extend the above result.

Proposition 3.33 (Generalized Chebyshev inequalities) If F (x) is a
distribution function of a random variable X for which the nth moment
exists, then for any real number t > 0:

Pr[|X| ≥ t] ≤ µ′|n|/t
n (3.71)

Pr[|X − µ| ≥ t] ≤ µ|n|/tn, (3.72)
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where µ′|n| ≡ E[|X|n] and µ|n| ≡ E[|X − µ|n] denote absolute moments. If
the moment generating function exists for all t, then

Pr[X ≥ t] ≤MX(t)e−t
2
. (3.73)

If the moment generating function exists for all t′ ∈ (−t0, t0) with t0 > 0,
then

Pr[|X| ≥ t] ≤ e−t′t
[
M(t′) +M(−t′)

]
. (3.74)

Proof. Left as exercises. Hint for 3.74: Consider t′ > 0 and t′ < 0 sepa-
rately.

Corollary 3.34 (Generalized Chebyshev inequalities) If A ∈ E, then
3.71 generalizes to:

Pr[{|X| ≥ t} ∩A] ≤ E[|X|n χA]/tn, (3.75)

where χA : S → R is the characteristic function defined as χA ≡ 1 for s ∈ A
and is 0 otherwise. A similar statement holds for other inequalities.
Proof. Left as exercises.

Remark 3.35 1. Note that the statement and proof of the generalized
Chebyshev result make sense for real numbers n > 0, and not just
integer values.

2. Note also that when n = 1, the inequality in 3.71 as restated in terms
of µ′|1| ≡ E[|X|] is known as Markov’s inequality, named for An-
drey Markov (1856 —1922), a student of Chebyshev. This inequality
states:

Pr[|X| ≥ t] ≤ E[|X|]/t. (3.76)

In some texts, all inequalities of the type in 3.71 are called Markov
inequalities.

Jensen’s Inequality

In corollary 3.27 the notion of convexity was introduced. Here we formalize
and expand this definition. Define the secant line of g(x) over an interval
[x, y] as the line segment between (x, g(x)) and (y, g(y)). A convex function
is one for which the secant line is always above the graph of the function
over this interval, while for concave function the secant line is always below
the graph of the function on this interval. More formally:



90CHAPTER 3 EXPECTATIONS OF RANDOM VARIABLES 1

Definition 3.36 A function g(x) is concave on an interval I = (a, b),
which may be infinite, if for any x, y ∈ I:

g(tx+ (1− t)y) ≥ tg(x) + (1− t)g(y) for t ∈ [0, 1]. (3.77)

A function g(x) is convex on such I if for any x, y ∈ I:

g(tx+ (1− t)y) ≤ tg(x) + (1− t)g(y) for t ∈ [0, 1]. (3.78)

When the inequalities are strict for t ∈ (0, 1), such functions are referred to
as strictly concave and strictly convex, respectively.

An important result from calculus, which we do not prove but can be
found in section 9.6 of Reitano and elsewhere, is the following.

Proposition 3.37 If g(x) is differentiable, then:

1. g(x) is concave on an interval if and only if g′(x) is a decreasing
function on that interval.

2. g(x) is convex on an interval if and only if g′(x) is an increasing
function on that interval.

3. g(x) is strictly concave iff g′(x) is strictly monotonically decreasing,
and strictly convex iff g′(x) is strictly monotonically increasing.

The next proposition states that the graph of the tangent line domi-
nates the graph of a concave function from above, and supports the graph
of a convex function from below. To simplify the proof we assume differ-
entiability. But this result is true without this assumption but where g′(a)
is replaced by a one-sided derivative related to the derivates introduced in
book 3 in section 3.2.1. If the right upper and lower derivates agree, this
common value is called the right derivative, and similarly for the definition
of left derivative. It turns out that for concave and convex functions, both of
these one-sided derivatives exist at every point, and that they agree except
perhaps on a countable collection of points. In other words, a concave or
convex function g(x) is differentiable except at most on a countable collec-
tion of points. However, we have no further use for this generalization, so
we simply assume differentiability.

Proposition 3.38 If g(x) is differentiable, then for any a:
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1. If g(x) is concave:

g(x) ≤ g(a) + g′(a)(x− a),

2. If g(x) is convex:

g(x) ≥ g(a) + g′(a)(x− a).

In addition, if g(x) is strictly concave or strictly convex, then these
inequalities are strict.

Proof. By the Mean Value theorem of calculus we have that for any a :

g(x) = g(a) + g′(θx)(x− a),

where either x > θx > a or a < θx < x. By the above proposition 3.37, if g(x)
is concave then g′(x) is a decreasing function and hence, g′(θx) ≤ g(a) if
x > a, and g′(θx) ≥ g(a) if x < a. In either case, g′(θx)(x−a) ≤ g′(a)(x−a).
If g(x) is convex, the inequalities reverse. For strictly concave or strictly
convex functions, the first derivative inequalities are sharp and so too are
the inequalities in the conclusion.

We now turn to an important result related to concave and convex func-
tions known as Jensen’s inequality, and named for its discoverer, Johan
Jensen (1859 —1925). We assume differentiability of g(x) to be consistent,
but as noted, this is not necessary.

Proposition 3.39 (Jensen’s Inequality) Let g(x) be a differentiable func-
tion and X a random variable with range contained in the domain of g, i.e.,
Rng(X) ⊂ Dmn(g). Then:

1. If g(x) is concave:
E[g(X)] ≤ g(E[X]). (3.79)

2. If g(x) is convex:
E[g(X)] ≥ g(E[X]). (3.80)

If g is strictly concave or strictly convex, the inequalities are strict.

Proof. Let a = E[X] in the above proposition, then since E[g′(a)(X−a)] =
g′(a)E[(X − a)] = 0, the result follows.
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Kolmogorov’s Inequality

Andrey Kolmogorov (1903 —1987) was responsible for introducing an
axiomatic framework for probability theory, and a large number of
important results bear his name. Extending Chebyshev’s inequality,
Kolmogorov’s inequality addresses a collection of random variables,
{Xi}ni=1 , and provides a probability statement regarding the maximum of
the associated partial summations. It is stated for simplicity under the
assumption that E[Xj ] = 0 for all j. However, this is not a true restriction
since if we are given {Yj}nj=1 with E[Yj ] = µj we can apply the result to
Xj ≡ Yj − µj with no change in variance since since V ar[Xj ] = V ar[Yj ].
Also note that while this result requires that {Xj}nj=1 be independent
random variables, it does not require that they be "identically distributed,"
meaning it does not require that they have the same distribution function.

Proposition 3.40 (Kolmogorov’s Inequality) Let {Xi}ni=1 be indepen-
dent random variables with E[Xj ] = 0 and V ar[Xj ] = σ2

j . Then for t > 0:

Pr

{
max

1≤k≤n

∣∣∣∣∑k

j=1
Xj

∣∣∣∣ ≥ t} ≤∑n

j=1
σ2
j/t

2. (3.81)

Remark 3.41 Note that Kolmogorov’s inequality is considerably stronger
than is Chebyshev’s inequality applied to this probability statement. The
Chebyshev inequality would state that for any k with 1 ≤ k ≤ n :

Pr

{∣∣∣∣∑k

j=1
Xj

∣∣∣∣ ≥ t} ≤∑k

j=1
σ2
j/t

2,

since as independent random variables, V ar
(∑k

j=1Xj

)
=
∑k

j=1 σ
2
j . Of

course for any k ≤ n,
∑k

j=1 σ
2
j/t

2 ≤
∑n

j=1 σ
2
j/t

2, so at first these inequalities
appear similar.

However, Chebyshev’s inequality provides probability statements on n
separate events, and is silent on the question of the simultaneous occur-
rence of these n events. Kolmogorov’s inequality says that the largest of the
n Chebyshev probability bounds is suffi cient to bound the probability of the
worst case of these n events. Alternatively, Kolmogorov’s inequality says
that the largest of the n Chebyshev probability bounds is suffi cient to bound
the probability that all inequalities are satisfied simultaneously.

Proof. With Sk ≡
∑k

j=1Xj , define Ak = {s ∈ S| |Sk| ≥ t and |Sj | < t
for j < k} with S0 ≡ 0 for A1. Then {Ak}nk=1 are disjoint measurable sets
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and
∑n

k=1 χAk(s) ≤ 1 since if |Sn(s)| < t then s /∈
⋃n
k=1Ak. Recall that

χAk(s) is the characteristic function of Ak and defined as 1 for s ∈ Ak and
0 otherwise. Thus:

E
[
S2
n

]
≥
∑n

k=1
E
[
χAkS

2
n

]
.

Now S2
n = S2

k + 2Sk(Sn − Sk) + (Sn − Sk)2, and so:

E
[
S2
n

]
≥
∑n

k=1

(
E
[
χAkS

2
k

]
+ 2E

[
χAkSk(Sn − Sk)

]
+ E

[
χAk(Sn − Sk)2

])
≥
∑n

k=1
E
[
χAkS

2
k

]
.

The last step follows since E
[
χAk(Sn − Sk)2

]
≥ 0, and 2E

[
χAkSk(Sn − Sk)

]
=

0 because the random variables χAkSk =
∑k

j=1 χAkXj and Sn − Sk =∑n
j=k+1Xj are independent by section 3.4.4 of book 2 (see also remark 3.42

below) and E[Sn − Sk] =
∑n

j=k+1E[Xj ] = 0.

Now E
[
χAkS

2
k

]
≥ t2 Pr [Ak] by 3.75, and so

E
[
S2
n

]
≥ t2

∑n

k=1
Pr [Ak]

= t2 Pr

[
max

1≤k≤n
|Sk| ≥ t

]
.

From independence of {Xi}ni=1, E
[
S2
n

]
=
∑n

j=1 σ
2
j by 3.30.

Remark 3.42 In a little more detail with all references to book 2, inde-
pendence of {Xi}ni=1 implies independence of {Yi}

n
i=1 with Yi ≡ χAkXi for

i ≤ k and Yi ≡ Xi otherwise, since as noted in remark 3.57, σ (Yi) ⊂ σ (Xi) .
The random vectors (Y1, ..., Yk) and (Yk+1, ..., Yn) are then independent by
exercise 3.50. Then using the Borel measurable functions g1(y1, ..., yk) ≡∑k

j=1 yj and g2(yk+1, ..., yn) ≡
∑n

j=k+1 yj obtains that S1 ≡ g1(Y1, ..., Yk)
and S2 ≡ g2(Yk+1, ..., Yn) are independent random variables by proposition
3.56, and thus F (S1, S2) = F (S1)F (S2) by proposition 3.53. Recalling no-
tation 3.16 of this book:

E(2)[S1S2] = E[S1]E[S2],

by an application of Fubini’s theorem (book 5) to justify iterated integrals,
and finally E(2)[S1S2] = 0 since E[S2] = 0.

Hölder’s and Related Inequalities

Hölder’s inequality was derived by Otto Hölder (1859 —1937) in 1884.
It generalizes the Cauchy-Schwarz inequality which was originally
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proved by Augustin-Louis Cauchy (1759-1857) in 1821 in the context of
the n-dimensional real Euclidean space Rn, and generalized 25 years later
to all so-called "inner product spaces" by Hermann Schwarz
(1843-1921).

To derive Hölder’s inequality we require Young’s inequality, which
was derived byW. H. Young (1863-1942) in 1912, and who was the father
of L. C. Young (1905 —2000) noted in chapter 4 of book 3 in relation to
Riemann-Stieltjes integration.

Proposition 3.43 (Young’s Inequality) Given p, q so that 1 < p, q <
∞, and 1

p + 1
q = 1, then for all a, b > 0:

ab ≤ ap/p+ bq/q. (3.82)

Proof. Note that g(x) = lnx is concave on (0,∞) by proposition 3.37 since
g′(x) = 1/x is a decreasing function. Applying 3.77 with t = 1/p:

ln(ab) ≡ (ln ap) /p+ (ln bq) /q

≤ ln (ap/p+ bq/q) ,

and the result in 3.82 follows by exponentiation.

Remark 3.44 When p, q satisfy 1 < p, q < ∞ and 1
p + 1

q = 1, they are

called conjugate indexes. By defining 1
∞ = 0, the pair (1,∞) is also

called conjugate, and many results on conjugate indexes can be extended to
this special case, including Hölder’s inequality below.

To set the stage for Hölder’s inequality, assume that X,Y are random
variables defined on a probability space (S,E ,λ). Then of course XY as well
as |XY | are also random variables and hence their expectations are defined
by 3.7 when 3.8 is satisfied. For example, while

E[|XY |] ≡
∫
S
|X(s)Y (s)| dλ(s),

even the integrability of X and Y does not imply the integrability of XY.
The expectation of |X(s)Y (s)| can also be expressed in terms of a Riemann-
Stieltjes integral over R2 reflecting the distribution function F (x, y) and
defined as in 3.23, but we do not need this here.
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Example 3.45 With (S,E,λ) = ([0, 1),B([0, 1]),m), the random variables
X(s) = s−a and Y (s) = sa−1 are both integrable for 0 < a < 1, but XY =
s−1 is not. Jumping ahead to 3.83, not surprisingly it is also the case that
for any such a there is no 1 < p, q < ∞ with 1/p + 1/q = 1 so that both
E[|X|p] <∞ and E[|Y |q] <∞, as can be verified as an exercise.

Proposition 3.46 (Hölder’s Inequality) Given p, q with 1 < p, q < ∞
and 1/p + 1/q = 1, assume that E[|X|p] and E[|Y |q] exist. Then E[|XY |]
exists and:

E[|XY |] ≤ (E[|X|p])1/p (E[|Y |q])1/q . (3.83)

If p = 1 and E[|X|] and sup[|Y |] exist, then E[|XY |] exists and:

E[|XY |] ≤ E[|X|] sup[|Y |]. (3.84)

Proof. By Young’s inequality with a = |X| / (E[|X|p])1/p and b = |Y | / (E[|Y |q])1/q:

|XY |
(E[|X|p])1/p (E[|Y |q])1/q

≤ 1

p

|X|p

E[|X|p] +
1

q

|Y |q

E[|Y |q] .

So the existence of E[|X|p] and E[|Y |q] assures the existence of E[|XY |].
Taking expectations, the right hand side reduces to 1 for conjugate indexes,
and the inequality follows.

If p = 1 and q =∞, the result follows directly from |Y | ≤ sup |Y | :

E[|XY |] ≤ sup |Y |E[|X|].

Remark 3.47 1. Note that when p = 1, it is not only logical to define
q = ∞ to retain the identity 1/p + 1/q = 1, but as will be seen in
book 5 in the study of Lp-spaces, as q → ∞ it will be seen that when
sup[|Y |] < ∞ that (E[|Y |q])1/q → sup[|Y |], and thus 3.84 generalizes
3.83 in a natural way.

2. Hölder’s inequality also provides an upper bound for |E[XY ]| once the
triangle inequality in propositions 2.60 and 4.26 of book 3 is proved
for general Lebesgue-Stieltjes integrals in book 5. In other words, once
it is proved that |E[XY ]| ≤ E[|XY |], then Hölder’s inequality implies
that:

|E[XY ]| ≤ (E[|X|p])1/p (E[|Y |q])1/q , (3.85)

and similarly for the Cauchy-Schwarz inequality below.
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There are two important results which are now corollaries of Hölder’s
inequality. The first is the Cauchy-Schwarz inequality, which can now
be seen as a special case of Hölder’s inequality, but this result was proved
much earlier as noted above. The second is Lyapunov’s inequality, named
for Aleksandr Lyapunov (1857 —1918).

Corollary 3.48 (Cauchy-Schwarz Inequality) Assume that E[|X|2] and
E[|Y |2] exist. Then E[|XY |] exists and:

E[|XY |] ≤
(
E[|X|2]

)1/2 (
E[|Y |2]

)1/2
. (3.86)

Proof. Apply 3.83 with p = q = 2.

The Cauchy-Schwarz inequality provides an upper bound for the odd
absolute moments of a random variable in terms of its even moments, and
also provides a familiar estimate for the first moment of the product of two
random variables.

Example 3.49 1. Let Z be a random variable defined on a probability
space (S,E,λ), and for integer k let X = Zk and Y = Zk+1. Then:

E[|XY |] = E[|Z|2k+1] ≡ µ′|2k+1|,

and so by 3.86:
µ′|2k+1| ≤

(
µ′2kµ

′
2k+2

)1/2
,

and similarly for central moments defining X = (Z − µZ)k and Y =
(Z − µZ)k+1:

µ|2k+1| ≤
(
µ2kµ2k+2

)1/2
.

Using 3.85, these inequalities then provide upper bounds for the ab-
solute value of the odd moments µ′2k+1 and µ2k+1. Thus:∣∣µ′2k+1

∣∣ ≤ (µ′2kµ′2k+2

)1/2
,

∣∣µ2k+1

∣∣ ≤ (µ2kµ2k+2

)1/2
. (3.87)

2. Applying the Cauchy-Schwarz inequality to random variables X − µX
and Y − µY , we derive that with transparent notation,

E[|(X − µX) (Y − µY )|] ≤ σXσY ,

which implies as noted above in 3.85 that:

−σXσY ≤ E[(X − µX) (Y − µY )] ≤ σXσY . (3.88)

Recalling definition 3.19 we obtain:
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Corollary 3.50 Given random variables X,Y, with finite second mo-
ments, the covariance cov(X,Y ) exists and satisfies:

|cov(X,Y )| ≤ σXσY .

Hence, the correlation corr(X,Y ) is bounded:

|corr(X,Y )| ≤ 1. (3.89)

Finally, we present Lyapunov’s inequality, which provides a lower
bound on the growth rate of moments.

Corollary 3.51 (Lyapunov’s Inequality) Given a random variable X,
then for 0 < α < β, assuming all moments exist:

(E[|X|α])1/α ≤
(
E[|X|β]

)1/β
. (3.90)

Proof. Let p = β/α, then apply Hölder’s inequality to |X|α and Y ≡ 1.

Example 3.52 Lyapunov’s inequality implies that absolute moments must
grow at least geometrically, so that for any 1 ≤ m :

1.
(
µ′|m|

)1/m
and

(
µ|m|

)1/m
are increasing sequences.

2. For m < n (
µ′|m|

)n/m
≤ µ′|n|.

For example, with m = 1 :

µn ≤ µ′|n|.

3.2.7 Uniqueness of Moments and the M.G.F.

It would be interesting to know if distributions were uniquely determined
by their moments, {µ′n}∞n=1, assuming all existed. Since 3.36 provides a
unique mapping between {µ′n}∞n=1 and {µn}∞n=1, the answer to this
question is independent of which set of moments are used. For example, is
the normal distribution the only such distribution for which central
moments are given by 3.65 as:

µ2m = σ2m (2m)!/ (2mm!) , µ2m+1 = 0?

Is the lognormal distribution the only such distribution for which moments
are given by 3.68 as: µ′nL = enµ+(nσ)2/2?
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It turns out that not all moment collections uniquely identify the under-
lying distribution functions. As will be seen, the moment collection for the
normal distribution is unique to the normal, but there are infinitely many
distribution functions with moments equal to those of the lognormal distri-
bution. The following example was introduced in 1963 by C. C. Heyde
(1939 —2008).

Example 3.53 (Heyde) Recall the lognormal distribution in 1.34 with µ =
0 and σ = 1 :

fL(x) =
1

x
√

2π
exp

(
− (lnx)2 /2

)
, x ≥ 0,

and define for −1 ≤ a ≤ 1 :

fa(x) = fL(x) [1 + a sin(2π lnx)] .

Then f0(x) = fL(x) and fa(x) ≥ 0 on x ≥ 0 because sinx ≥ −1.
To see that fa(x) is a density function and has the same moments as

fL(x) we show that for n = 0, 1, 2, ...,

In ≡
∫ ∞
−∞

xnfL(x) sin(2π lnx)dx = 0.

To this end, the substitution x = exp(y + n) produces:

In = (2π)−1/2
∫ ∞
−∞

exp(yn+ n2) exp
(
− (y + n)2 /2

)
sin(2π(y + n))dy

= (2π)−1/2 exp(n2/2)

∫ ∞
−∞

exp
(
−y2/2

)
sin(2πy)dy

= 0.

This follows because the integrand g(y) = exp
(
−y2/2

)
sin(2πy) is absolutely

integrable, and is an odd function meaning that g(−y) = −g(y).
Consequently, for any such a, fa(x) is a density function with the same

moments as the lognormal fL(x).

The next proposition states that given the distribution function F (x),
if all moments exist and the power series

∑∞
n=0 µ

′
nt
n/n! converges for t ∈

(−t0, t0) with t0 > 0, then MF (t) exists and by proposition 3.24 is given by
this power series. The subscript X is suppressed in this notation since this
is really a statement about distribution functions, F (x), and the particular
probability space and random variable that gives rise to F (x) is not relevant.
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Remark 3.54 It should be noted that we will not then be able to conclude
that F (x) is the only distribution function with these moments. That is, it
could well be possible that there exists a second distribution function G(x)
so that MF (t) = MG(t) on (−t0, t0) and thus F (x) and G(x) have the same
moments, yet F (x) 6= G(x). But see proposition 3.57.

Proposition 3.55 (Existence of M.G.F.) Given the distribution func-
tion F (x), assume that µ′n ≡

∫∞
−∞ x

ndF exists for all n and the power series∑∞
n=0 µ

′
nt
n/n! converges absolutely on (−t0, t0) with t0 > 0. Then the mo-

ment generating function MF (t) of F (x) exists on (−t0, t0), and is given by
this series.
Proof. Note that for t ∈ (−t0, t0) the triangle inequality of proposition 4.26
of book 3 obtains:∣∣∣∣∫
R

∑n

j=0
(tx)j /j!dF (x)

∣∣∣∣ ≤∑n

j=0

∫
R

∣∣∣(tx)j /j!
∣∣∣ dF (x) =

∑n

j=0
|t|j µ′|j|/j!,

where µ′|j| denotes the absolute jth moment, µ
′
|j| = E

[
|X|j

]
.We show below

that this upper limit is bounded for all n for any such t.
Assuming that:∣∣∣∣∫
R
etxdF (x)−

∑n

j=0
µ′jt

j/j!

∣∣∣∣ =

∣∣∣∣∫
R
etxdF (x)−

∫
R

∑n

j=0
(tx)j /j!dF (x)

∣∣∣∣
≤
∫
R

∣∣∣∑∞

j=n+1
(tx)j /j!

∣∣∣ dF (x)

≤
∑∞

j=n+1
|t|j µ′|j|/j!.

For this last inequality, by the triangle inequality and linearity of the integral:∫
R

∣∣∣∑m

j=n+1
(tx)j /j!

∣∣∣ dF (x) ≤
∑m

j=n+1
|t|j µ′|j|/j! ≤

∑∞

j=n+1
|t|j µ′|j|/j!,

((*))
and this is true for all m, and thus is true for the limit superior of the
left hand side. Thus if

∑n
j=0 |t|

j µ′|j|/j! is bounded for all n, then the upper
bound in (∗) can be made arbitrarily small for n large and hence MF (t) ≡∫
R e

txdµF (x) exists and is given by this series.
To this end, by example 3.49:

µ′|2n+1| ≤
(
µ′2nµ

′
2n+2

)1/2 ≤ max[µ′2n, µ
′
2n+2] ≡ µ′2n+ .
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In other words, the index 2n+ is defined:

2n+ ≡

 2n, µ′2n ≥ µ′2n+2,

2n+ 2, µ′2n < µ′2n+2.

Now let s = λt where λ < 1, then:

µ′|2n+1| |s|
2n+1

(2n+ 1)!
≤ cn

µ′2n+ |t|2n
+

(2n+)!
,

where:

cn ≡

 |t|λ2n+1/(2n+ 1), 2n+ = 2n,

(2n+ 2)λ2n+1/ |t| , 2n+ = 2n+ 2,

and in either case cn → 0 as n → ∞. Now for each n, if 2n+ = 2n define
d−n = cn and d+

n = 0, while if 2n+ = 2n + 2 define d−n = 0 and d+
n = cn.

Then since µ′|2n| = µ′2n by definition, by splitting the summation into even
and odd indexes obtains:∑2n

j=0
|s|j µ′|j|/j! ≤

∑n

j=0
|t|2j µ′2j

(
1 + d−j+1 + d+

j

)
/ (2j)!.

Because d−j+1+d+
j → 0, this partial sum in s converges as n→∞ for |s| < t0

because
∑∞

j=0 t
jµ′j/ (j)! is absolutely convergent for |t| < t0 by assumption.

The following result provides an alternative test for the existence of
MF (t) given {µ′n}∞n=1, stated in terms of a growth bound on even moments.

Corollary 3.56 (Existence of M.G.F.) Given the distribution function
F (x), assume that µ′n ≡

∫∞
−∞ x

ndF exists for all n and:

lim sup
(
µ′2n
)1/2n

/2n = r <∞.

Then MF (t) exists for |t| < 1/r, and by proposition 3.24 is given by the
series in 3.38 on this interval.
Proof. The assumed bounded limit superior implies that for all but at most
finitely many n that:

µ′2n ≤ (2nr)2n ,
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and hence by 3.87 for all but at most finitely many n :∣∣µ′2n+1

∣∣ ≤ (
µ′2nµ

′
2n+2

)1/2
≤ (2 (n+ 1) r)2n+1 .

Hence in all cases of even or odd m, with at most finitely many exceptions:∣∣µ′m∣∣ ≤ ((m+ 1) r)m ,

and so
∞∑
m=0

∣∣µ′m∣∣ tm/m! ≤
∞∑
m=0

(t (m+ 1) r)m /m!

=
∞∑
m=0

(tr)m
(m+ 1)m

m!
.

Using the ratio test, it follows that this series is convergent if |t| < 1/r, and
the result follows from proposition 3.55.

The following proposition, to be proved in book 6 using the properties
of the characteristic function of F (x), provides a key test for when a
moment collection uniquely defines a distribution function. Namely and
in response to remark 3.54, the absolute convergence of

∑∞
n=0 µ

′
nt
n/n! on

(−t0, t0) with t0 > 0 assures that F (x) is the only distribution function with
these moments. Corollary 3.58 below provides another test that uses this
result.

Proposition 3.57 (Uniqueness of Moments) Given the distribution func-
tion F (x), assume that µ′n ≡

∫∞
−∞ x

ndF exists for all n and that
∑∞

n=0 µ
′
nt
n/n!

converges absolutely on (−t0, t0) with t0 > 0. Then F (x) is the only distrib-
ution function with these moments.
Proof. See the section on the uniqueness of moments in the book 6 section,
The Characteristic Function.

The following corollary provides a converse to the results of propositions
3.22 and 3.24 in section 3.2.4. These stated that if MX(t) exists on t ∈
(−t0, t0) with t0 > 0, then so too do all moments of X, and for t ∈ (−t0, t0):

MX(t) =
∑∞

n=0
µ′nt

n/n!,

and thus µ′n = M
(n)
X (0).
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Corollary 3.58 (Uniqueness of the M.G.F.) Given the distribution func-
tion F (x), assume that MF (t) ≡

∫∞
−∞ e

txdF exists on (−t0, t0) with t0 > 0.
Then F (x) is the only distribution function with this moment generating
function.
Proof. If F (x) has moment generating function MF (t) which converges
on the interval (−t0, t0) with t0 > 0, then by proposition 3.24 F (x) has
moments of all orders defined by µ′n = M (n)(0) and the associated power
series

∑∞
n=0 µ

′
nt
n/n! converges absolutely on (−t0, t0). If G(x) is another

distribution function with moment generating function MF (t) convergent on
(−t0, t0), then by the same argument G(x) would have the same moments as
F (x), contradicting proposition 3.57.

Hence, F (x) is the only distribution function with this moment generat-
ing function.

Example 3.59 In this example we apply the above uniqueness results to
resolve statements made earlier in this book.

1. Normal vs. Lognormal: We can now readily verify the statements
in the introduction to this section concerning the normal and lognormal
distributions.

The normal distribution is uniquely defined by the moments, µ2m =
σ2m (2m)!/ (2mm!) and µ2m+1 = 0. To see this, note that the moment
generating function, MN (t) exists for all t, and hence the series expres-
sion in 3.38 is convergent for all t and so by proposition 3.57 above,
this distribution function is uniquely determined by these moments.
One can also check that the even moments satisfy the growth bound
in corollary 3.56 using Stirling’s formula. Stirling’s formula, also
known as Stirling’s approximation, is named for James Stirling
(1692 —1770) and states that as n→∞ :

n!/
(√

2πnn+1/2e−n
)
≈ e1/12n → 1. (3.91)

See for example Reitano.

On the other hand, the moments of the lognormal distribution,
µ′n = enµ+(nσ)2/2, do not provide a power series

∑∞
n=0 µ

′
nt
n/n! that

is convergent on an interval (−t0, t0) with t0 > 0 as demonstrated in
remark 3.30. Alternatively, looking to the the even moments,(

µ′2n
)1/2n

/2n = eµ+nσ2
/2n,
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is unbounded in n. These results are not conclusive in verifying that
there are other distributions with these moments, only that the above
theory cannot be applied to assure uniqueness. That said, the proof of
nonuniqueness is obtained with example 3.53 of C. C. Heyde above.

2. Sums of Geometric are Negative Binomial: It was noted in
remark 3.29 that for the geometric distribution that when (1−p)et < 1
or equivalently t < − ln(1−p), thatMG(t) = p/

[
1− (1− p)et

]
by 3.50,

while for the negative binomial and the same range of t that MNB(t) =(
p/
[
1− (1− p)et

])k by 3.52. This latter moment generating function
is also recognized to be the moment generating function of a sum of
k independent geometric random variables by 3.35. But by corollary
3.58 the negative binomial is the only distribution with this moment
generating function, and thus a sum of independent geometric random
variables is a negative binomial random variable.

3. Sums of Gamma are Gamma: It was demonstrated in example
1.18 that a sum of independent exponentials are gamma, and then
noted in exercise 1.19 that in fact the sum of independent gammas with
common λ is also gamma. To see this, let {Xi}ni=1 be independent gam-
mas with parameters λ and {αi}ni=1. By 3.59 Mi(t) = (1− t/λ)−αi for
t < λ, and thus by 3.35 the moment generating function of X ≡∑n

i=1Xi is M(t) = (1− t/λ)−α for t < λ with α ≡
∑n

i=1 αi. Again
by corollary 3.58 the gamma is the only distribution with this moment
generating function, and thus a sum of independent gamma random
variables with common λ is a gamma random variable with parame-
ters λ and α =

∑n
i=1 αi.

4. Student T Distribution: Recall the discussion in example 1.22 of
the Student T distribution. Simplifying notation, we had concluded
that there were random variables A, B, and C with A+B = C, where
A and B were independent and both A and C where Chi-squared with
1 and n degrees of freedom, respectively. The claim there was that this
assures that B is also Chi-squared, and with n− 1 degrees of freedom.
To see this, first note that the moment generating functions of A and
C are given in 3.59 with λA = λC = 1/2, αA = 1/2 and αC = n/2.
An application of 3.35 and corollary 3.58 then obtains that B is also
Chi-squared with n−1 degrees of freedom, but this application must be
justified by first proving that B does indeed have a moment generating
function. This is proved by noting that the moments of A and B sum
to the moments of C, and thus the convergence of the moment series
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for A and C assures the convergence of the moment series for B, and
thus by proposition 3.55 the moment generating function of B exists.

3.2.8 Weak Convergence and Moment Limits

Assume that a distribution function F is uniquely determined by its
moment collection, {µ′n}∞n=1. Given a sequence of distribution functions
{Fm}∞m=1 with moment collections {µ′m,n}∞n=1 where µ

′
m,n → µ′n for each n,

are we then able to conclude that Fm ⇒ F, that Fm converges weakly
to the distribution function F? Recalling the definitions in section 8.1
of book 2 this means that Fm(x)→ F (x) for every continuity point of F.
Equivalently, the notion Fm ⇒ F can be stated other ways:

1. Given random variables {Xm}∞m=1 underlying these {Fm}∞m=1, Fm ⇒
F is equivalent to Xm ⇒ X, which is to say that Xm converges in
distribution to a random variable X underlying F.

2. Given the Borel measures induced by these Fm, {µFm}∞m=1, Fm ⇒ F is
equivalent to µFm ⇒ µF , which is to say that µFm converges weakly
to the Borel measure µF induced by F.

The method of moments in probability theory is the name sometimes
given to the framework within which one can assert the conclusion that
Fm ⇒ F by demonstrating that that µ′m,n → µ′n for each n, or conversely.
The term "method of moments" is also the name given to the process
whereby one estimates the parameters of a given distribution function
based on the moments of a sample, by equating the distribution’s
parametric moment formulas to the numerical values calculated.

Remark 3.60 In the book 6 section, Weak Convergence and Expectations,
the analysis of this section will be reversed and generalized with the aid
of the integration theory of book 5. Specifically, we will investigate when
Fm ⇒ F assures the convergence of expectations, E[g(Xn)] → E[g(X)],
for certain measurable functions g. A more limited result in this direction
is found below and also seen in book 5 in the section A Result on Weak
Convergence of Measures.

Any method of moments must certainly require that the distribution
function F be uniquely determined by its moment collection, {µ′n}∞n=1. For
example, if {Fm}∞m=1 are given and µ

′
m,n → enµ+(nσ)2/2 for each n, even

though these limits are recognizable as the moments of the lognormal dis-
tribution, it was shown in example 3.53 that these are also the moments of
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an infinite number of other distribution functions. So certainly there can be
no statement concerning Fm ⇒ F.

The main result of this section in proposition 3.73 states that in the
case where F is uniquely defined by its moments, and if µ′m,n → µ′n for
each n then Fm ⇒ F. Corollary 3.73 provides the same conclusion based on
convergence of moment generating functions. For these results we will first
need a positive result in the opposite direction. Namely, if Fm ⇒ F with
moment collections {{µ′m,n}∞n=1}∞m=1 and {µ′n}∞n=1, must it be the case that
µ′m,n → µ′n for each n? Perhaps surprisingly, the answer is in the negative
as illustrated in the following examples and discussion.

For this discussion recall the notion of tightness of a family of measures
as defined in definition 8.16 in book 2.

Definition 3.61 A sequence of probability measures {µn} is said to be tight
if for any ε > 0 there is a finite interval (a, b] so that µn ((a, b]) > 1− ε for
all n. A sequence of distribution functions {Fn} is said to be tight if for any
ε > 0 there is a finite interval (a, b] so that Fn(b)− Fn(a) > 1− ε for all n,
or equivalently Fn(b) > 1− ε and Fn(a) < ε for all n.

Example 3.62 We provide an example of a sequence of measures which
is not tight, then one that is tight, and see that in neither case does weak
convergence imply the convergence of moment sequences. Hence, a property
stronger than tightness will be needed for a positive conclusion.

1. {Fm}∞m=1 is not tight:

Define discrete density functions {fm} by fm(m) = 1, fm(x) = 0 for
x 6= m, and thus Fm(x) = χ[m,∞)(x). Clearly, Fm(x) → F (x) for all
x with F defined by F (x) = 0, but by definition it is not the case that
Fm ⇒ F since F is not even a distribution function. That F is not a
distribution function is not a surprise from the fact that the associated
Borel measures, {µFm}∞m=1 are not tight, and the result assigned in
exercise 8.21 of book 2. In such a case, there is always a subsequence
of measures in the Helly selection process of proposition 8.14 of book
2 which converge to function which is not a distribution function.

In this case µ′n = 0 for all n and µ′m,n = mn and so it is not that case
that µ′m,n → µ′n for any n.

Conjecture: It is natural to hypothesize that if Fm ⇒ F and F is a
distribution function, that we will obtain the positive result that µ′m,n →
µ′n for all n. By proposition 8.18 of book 2, if F is a distribution
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function and Fm ⇒ F then {Fm}∞m=1 is tight, so we next look at such
an example.

2. {Fm}∞m=1 is tight:

Define discrete density functions {fm} by fm(0) = 1− 1/m, fm(m) =
1/m, and fm(x) = 0 for x 6= 0,m. Then the associated distribution
functions are defined:

Fm(x) =


0, x < 0,

1− 1/m, 0 ≤ x < m,

1, m ≤ x.

The associated collection of Borel measures {µFm}∞m=1 is tight since
given ε > 0 and 1/m0 < ε, then if a < 0, µFm [(a,m0]] > 1−ε for all m.
Not surprisingly, Fm ⇒ F with distribution function F (x) = χ[0,∞)(x).
However, µ′m,n = mn−1 and µ′n = 0 and so it is not the case that
µ′m,n → µ′n for any n.

Conclusion: If Fm ⇒ F and F is a distribution function, an addi-
tional restriction is needed on the sequence beyond tightness to assure
convergence of moments.

Before proceeding we investigate the second example further and more
generally, and demonstrate why the desired conclusion is not achieved even
with tightness. To this end, assume that {Fm}∞m=1 is tight and Fm ⇒ F for a
distribution function F . Recall that by Skorokhod’s representation the-
orem in proposition 8.30 of book 2 that we can then define random variables
{Xm}∞m=1 and X on the Lebesgue measure space ((0, 1),B(0, 1),mL), with
respective distribution functions {Fm}∞m=1 and F, and for which Xm → X
for all t ∈ (0, 1). We then have as in 3.7 but now as Lebesgue integrals:

µ′m,n =

∫ 1

0
[Xm(t)]n dmL, µ′n =

∫ 1

0
[X(t)]n dmL. ((*))

In the second example an application of the Skorokhod construction yields
that Xm(t) ≡ 0 for t ∈ (0, 1 − 1/m] and Xm(t) ≡ m for t ∈ (1 − 1/m, 1),
while X(t) ≡ 0. As assured by the Skorokhod representation theorem, since
Fm ⇒ F it follows that Xm → X for all t ∈ (0, 1). Not surprisingly, µ′m,n =
mn−1 and µ′n = 0 as before, but now calculated as in (∗).
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The assumption that {µFm}∞m=1 is tight implies that for any ε > 0 there
is an interval, say (−Nε, Nε], such that for all m :

µFm [(−Nε, Nε]] ≡ mL

[
X−1
m (−Nε, Nε]

]
≥ 1− ε.

Hence mL

[
X−1
m [(−∞,−Nε] ∪ (Nε,∞)]

]
≤ ε. We can replace (−Nε, Nε] by

a slightly larger open interval for notational simplicity, and then have with
the same notation:

µ′m,n =

∫
|Xm|<Nε

[Xm(t)]n dmL +

∫
|Xm|≥Nε

[Xm(t)]n dmL.

With a bit of care in the general case as seen in proposition 3.66 be-
low, we expect that the first integral will convergence as m → ∞ by the
bounded convergence theorem of book 3. This is because for any Nε,
mL [|Xm| < Nε] ≤ mL [(0, 1)] = 1, while by definition |Xm(t)| ≤ Nε on this
set for all m, and Xm → X for all t ∈ (0, 1). Thus the bounded convergence
theorem applies and obtains that the first integral will converge:∫

|Xm|<Nε
[Xm(t)]n dmL →

∫
|X|<Nε

[X(t)]n dmL.

Hence given tightness the real challenge to achieving the desired result,
that µ′m,n → µ′n for each n, is the convergence of the second integral with
unbounded integrands. In other words, the outstanding question is, how can
it be assured that:∫

|Xm|≥Nε
[Xm(t)]n dmL →

∫
|Xm|≥Nε

[X(t)]n dmL,

knowing only that Xm(t)→ X(t) for all t and that mL{t| |Xm(t)| ≥ Nε} ≤
ε?

The answer is that we can not be so assured, and the second example
above illustrates why. Namely, knowing that mL{t| |Xm(t)| ≥ Nε} ≤ ε does
not assure that the integrals of [Xm(t)]n over this set even remain bounded.

Returning to book 2, pointwise convergence assures convergence of the
associated Lebesgue integrals in 3 cases:

1. Bounded convergence theorem: This is not applicable since [Xm(t)]n

need not be bounded;

2. Lebesgue’s monotone convergence theorem: Applicable only if
we assume {Xm(t)} are nonnegative and the convergence Xm(t) →
X(t) is monotonically increasing for all t;
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3. Lebesgue’s dominated convergence theorem: Applicable only if
we assume |Xm(t)| ≤ Y (t) for Lebesgue integrable Y.

Since it is undesirable to assume that {Xm(t)} are nonnegative and
monotonically increasing, the desired result can best be achieved by an
assumption such as |Xm(t)| ≤ Y (t) for some Lebesgue integrable Y. As it
turns out there is a somewhat weaker assumption, called uniform
integrability, which will serve the same purpose. We introduce this
definition next in the context of a general probability space even though
we only require this notion for Lebesgue integrals. The general integrals in
this definition will be developed in book 5.

Definition 3.63 Given a probability space (S,E,λ), a sequence of random
variables {Xm}∞m=1 is said to be uniformly integrable if:

lim
N→∞

sup
m

∫
|Xm|≥N

|Xm(s)| dλ(s) = 0. (3.92)

Remark 3.64 1. Note that if N ≥ N ′ then for all m :∫
|Xm|≥N

|Xm(s)| dλ(s) ≤
∫
|Xm|≥N ′

|Xm(s)| dλ(s),

and thus the same is true of the associated suprema. Consequently, the
limit N → ∞ in the definition of uniform integrability can be inter-
preted quite generally, for example with N denoting all real numbers,
or integers, or any increasing collection of reals.

2. Given uniformly integrable {Xm}∞m=1, the terminology reflects the fact
that if N is large enough to ensure that the above supremum is less
that 1, then∫

S
|Xm(s)| dλ(s) ≤ Nλ

[
X−1
m [(−N,N)]

]
+ 1 ≤ N + 1,

and thus {Xm}∞m=1 are all integrable, and these integrals are uni-
formly bounded.

3. Also note that uniform integrability is assured if {Xm}∞m=1 are dom-
inated by integrable Y, meaning that |Xm(s)| ≤ |Y (s)| for all m and∫
S |Y (s)| dλ(s) <∞. And this result is true in a general measure space,
not just a probability space which is a finite measure space. But uni-
form integrability is weaker than the assumption that |Xm(s)| ≤ |Y (s)|
for such Y, and exercise 3.65 below assigns the development of an ex-
ample.
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4. Finally, if {Xm}∞m=1 are integrable and uniformly bounded, so |Xm(s)| ≤
c for all m, this also implies uniform integrability in a probability space,
but not in a general measure space as the example of Xm ≡ χ[m.m+1](x)
defined on (R,B(R),m) exemplifies.

Exercise 3.65 On the Lebesgue probability space ((0, 1),B(0, 1),mL), de-
velop an example of uniformly integrable random variables {Xn} for which
there is no integrable Y with |Xn| ≤ |Y | . Hint: {Xn} must be unbounded
and uniformly integrable, so for example, make them tightly bounded by
Y (s) = 1/s which is not integrable.

We now have the tools needed to make a statement about what Fm ⇒ F
says about the convergence of moments. This result will be critical for the
main proposition on the method of moments, which will be followed by a
corollary result on the convergence of moment generating functions.

Proposition 3.66 Let {Fm}∞m=1 and F be distribution functions with re-
spective moment collections {{µ′m,n}∞n=1}∞m=1 and {µ′n}∞n=1. If Fm ⇒ F and
{µ′m,2n}∞m=1 is bounded for every n then µ

′
m,n → µ′n for all n.

Proof. By Skorokhod’s representation theorem of proposition 8.30 of book 2
we can define random variables {Xm}∞m=1 and X on the Lebesgue measure
space ((0, 1),B(0, 1),mL) with respective distribution functions {Fm}∞m=1 and
F, and for which Xm → X for all t ∈ (0, 1). For given N define:

X(N)
m =

 Xm, |Xm| < N,

0, |Xm| ≥ N,
X(N) =

 X, |X| < N,

0, |X| ≥ N.

Then for each N,
[
X

(N)
m

]n
→
[
X(N)

]n
for all t ∈ (0, 1), and so by the

bounded convergence theorem of proposition 2.37 of book 3:∫
(0,1)

[
X(N)
m (t)

]n
dmL →

∫
(0,1)

[
X(N)

]n
dmL.

Also:∫
(0,1)

[Xm(t)]n dmL −
∫

(0,1)

[
X(N)
m (t)

]n
dmL =

∫
|Xm(t)|≥N

[Xm(t)]n dmL,∫
(0,1)

[X(t)]n dmL −
∫

(0,1)

[
X(N)(t)

]n
dmL =

∫
|X(t)|≥N

[X(t)]n dmL,
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and from the bounded convergence result we conclude that

lim sup
m

∣∣∣∣∣
∫

(0,1)
[Xm(t)]n dmL −

∫
(0,1)

[X(t)]n dmL

∣∣∣∣∣
≤ sup

m

∫
|Xm(t)|≥N

|Xm(t)|n dmL +

∫
|X(t)|≥N

|X(t)|n dmL.

The existence of µ′n assures that the second integral on the right can be made
arbitrarily small as N → ∞. To complete the proof, we show that the as-
sumption on boundedness of moments assures that {[Xm(t)]n} are uniformly
integrable for any n, and thus the first term on the right converges to zero
as N →∞ by definition.

To this end, the assumed boundedness of {µ′m,2n}∞m=1 implies that

sup
m

∫
(0,1)
|Xm(t)|2n dmL = Kn <∞.

Thus,

sup
m

∫
|Xm(t)|≥N

|Xm(t)|n dmL ≤ sup
m

∫
|Xm(t)|≥N

|Xm(t)|2n dmL/N
n

≤ Kn/N
n,

and so {[Xm(t)]n}∞m=1 are uniformly integrable.

Remark 3.67 Note that for the above proposition, the existence of all mo-
ments for F was assumed but could have been part of the conclusion.

Corollary 3.68 Let {Fm}∞m=1 be distribution functions with moment col-
lections {{µ′m,n}∞n=1}∞m=1. If Fm ⇒ F and {µ′m,2n}∞m=1 is bounded for every
n then F has moments of all orders, {µ′n}∞n=1, and µ

′
m,n → µ′n for all n.

Proof. Once the existence of moments for F is demonstrated, the above
proof applies. To this end, let {Xm}∞m=1 and X be defined as above. Then
since Xm → X for all t ∈ (0, 1), Fatou’s lemma of proposition 2.46 of book
3 obtains:

E
[
|X|2n

]
≤ lim inf E

[
|Xm|2n

]
= lim inf

[
µ′m,2n

]
<∞.

For odd moments recall example 3.49:

E
[
|Xm|2n+1

]
≤
(
E
[
|Xm|2n

]
E
[
|Xm|2n+2

])1/2
.
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Proposition 3.69 Let {Fm}∞m=1 and F be distribution functions with with
respective moment generating functions {Mm(t)}∞m=1 and M(t) convergent
on a common interval (−t0,t0) with t0 > 0. If Fm ⇒ F and {Mm(t)}∞m=1 is
bounded on this interval for each t, then Mm(t)→M(t) for t ∈ (−t0,t0).
Proof. Using the notation of the prior proof:∫

(0,1)
exp

[
tX(N)

m (s)
]
dmL(s)→

∫
(0,1)

exp
[
tX(N)(s)

]
dmL(s)

by the bounded convergence theorem, and hence:

lim sup
m

∣∣∣∣∣
∫

(0,1)
exp [tXm(s)] dmL(s)−

∫
(0,1)

exp [tX(s)] dmL(s)

∣∣∣∣∣
≤ sup

m

∫
|Xm(s)|≥N

exp [tXm(s)] dmL(s) +

∫
|X(s)|≥N

exp [tX(s)] dmL(s).

The second integral converges to 0 for all t ∈ (−t0,t0) by the existence of
M(t). To complete the proof we show that the first term will also have limit
0 as N →∞ by proving that {exp [tXm(s)]}∞m=1 are uniformly integrable for
t ∈ (−t0,t0).

To this end we use exercise 3.70 below which states that uniform inte-
grability will follow if for some ε > 0,

sup
m

∫
(0,1)

(exp [tXm(s)])1+ε dmL(s) = K <∞.

Note however, that∫
(0,1)

(exp [tXm(s)])1+ε dmL(t) = Mm(t [1 + ε]),

and hence is bounded by assumption when t [1 + ε] ∈ (−t0,t0). This completes
the proof since for any t ∈ (−t0,t0) there exists ε > 0 for which t [1 + ε] ∈
(−t0,t0).

Exercise 3.70 Prove that if for some ε > 0 :

sup
m

∫
(0,1)
|Ym(t)|n+ε dmL(t) = K <∞,

then {[Ym(t)]n} are uniformly integrable. Hint: Consider moment inequali-
ties.
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Remark 3.71 Once again, the existence of M(t) could have been part of
the conclusion.

Corollary 3.72 Let {Fm}∞m=1 be distribution functions with moment gen-
erating functions {Mm(t)}∞m=1 convergent on a common interval (−t0,t0)
with t0 > 0. If Fm ⇒ F and {Mm(t)}∞m=1 is bounded on this interval for
each t, then F has a moment generating function M(t) with Mm(t)→M(t)
for t ∈ (−t0,t0).

Proof. As for corollary 3.68, the existence of M(t) for each t ∈ (−t0,t0)
follows from Fatou’s lemma.

We are now ready for the main results on method of moments. The
corollary below will provide the result in the form most commonly used in
applications, and that is in the context of the associated moment generating
functions.

Proposition 3.73 (Method of Moments) Assume that a distribution func-
tion F is uniquely determined by its moment collection, {µ′n}∞n=1, for exam-
ple by proposition 3.57. If {Fm}∞m=1 is a sequence of distribution functions
with moment collections {{µ′m,n}∞n=1}∞m=1 and µ

′
m,n → µ′n for each n, then

Fm ⇒ F.

Proof. First note that since µ′m,2 → µ′2, the collection {µ′m,2}∞m=1 is bounded,
say by K. If Xm is a random variable with distribution Fm, constructed for
example using Skorokhod’s representation theorem of proposition 8.3 of book
2, then by Chebyshev’s inequality in 3.71:

Pr[|Xm| ≥ t] ≤ K/t2,

for all m. This implies by definition 3.61 that the collection of distribution
functions, {Fm}∞m=1, is tight.

By Helly’s selection theorem of proposition 8.14 of book 2, there exists
a subsequence {Fmk}∞k=1, and a right continuous, increasing function, F̃ , so
that Fmk(x) → F̃ (x) at all continuity points of F̃ . By proposition 8.20 of
book 2, F̃ is a distribution function because {Fm}∞m=1 is tight and so Fmk ⇒
F̃ . Now since µ′m,n → µ′n for each n it follows that for this subsequence
µ′mk,n → µ′n for each n. If it could be proved that µ

′
n is the nth moment

of F̃ , then by the assumption that F is uniquely determined by its moment
collection we could conclude that F̃ = F. Then by corollary 8.22 to Helly’s
selection theorem, since every such Helly subsequence satisfies Fmk ⇒ F, it
follows that Fm ⇒ F.
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To prove that µ′n is the nth moment of F̃ , note that the convergence
assumption µ′m,n → µ′n for each n assures that {µ′mk,2n}

∞
m=1 is bounded for

all n. Thus from corollary 3.68, Fmk ⇒ F̃ obtains that F̃ has moments
{µ̃′n}∞n=1, and µ

′
mk,n

→ µ̃′n for each n. But since µ
′
m,n → µ′n for each n we

conclude that µ̃′n = µ′n.

Corollary 3.74 (Method of Moments) Assume that a distribution func-
tion F has moment generating function M(t) which converges on (−t0,t0)
with t0 > 0. Assume also {Fm}∞m=1 is a sequence of distribution functions
with respective moment generating functions {Mm(t)}∞m=1, convergent on the
same interval. If Mm(t)→M(t) for t ∈ (−t0,t0), then Fm ⇒ F.
Proof. The existence of M(t) on (−t0,t0) assures that F is uniquely deter-
mined by its moments by proposition 3.57, and also that its moments are
derived by µ′n = M (n)(0) by proposition 3.24. If Xm is a random variable un-
derlying Fm, again using Skorokhod’s representation theorem, then by 3.74,
for any t′ ∈ (−t0,t0) :

Pr[|Xm| ≥ t] ≤ e−tt
′ [
Mm(t′) +Mm(−t′)

]
≤ c(t′)e−tt′ ,

since Mm(±t′) → M(±t′) for all t′. Letting t → ∞ obtains that the col-
lection of distribution functions, {Fm}∞m=1, is tight. Hence as in the above
proof there is a subsequence, {Fmk}∞k=1 and a distribution function F̃ so that
Fmk ⇒ F̃ .

The proof that M̃(t) exists and Mmk(t) → M̃(t) for t ∈ (−t0,t0), and
thus that M̃(t) = M(t) follows from corollary 3.72 exactly as for the proof
above. Corollary 3.58 on the uniqueness of the moment generating function
now assures that F̃ = F and thus Fmk ⇒ F. As this conclusion is true
for any Helly subsequence we conclude by corollary 8.22 to Helly’s selection
theorem that Fm ⇒ F.

Remark 3.75 Many important results will be derived based on corollary
3.74 in the section below on Limit Theorems.





Chapter 4

Simulating Samples of RVs -
Examples

Recall proposition 4.9 of book 2 which proved the following result:

Let (S,E,λ) be given, and X : (S, E , λ) → (R,B(R),m) a random vari-
able with distribution function F (x) and left continuous inverse F ∗(y) given
in 1.19 by:

F ∗(y) = inf{x|F (x) ≥ y}.

If {Yj}Mj=1 are independent, continuous uniformly distributed random vari-
ables, then {Xj}Mj=1 ≡ {F ∗ (Yj)}Mj=1 are independent random variables with
distribution function F (x). If F is continuous and {Xj}Mj=1 are indepen-
dent random variables with distribution function F (x), then {Yj}Mj=1 ≡
{F (Xj)}Mj=1 are independent, continuous uniformly distributed random vari-
ables.

In the next section we apply this result to develop random samples for a
number of the distributions introduced above. Following that, we
investigate the generation of ordered samples.

We assume throughout these sections that one has access to computer
software for generating collections {Yj}Mj=1, of independent, continuous uni-
formly distributed random variables. Fortunately, generating samples of Y is
now very easy as most mathematical software has a built-in function which
does exactly this. For example, in Microsoft Excel this function is called

RAND(), while in MathWorks
R©
MATLAB it is rand, and so forth.
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See book 2 for the theoretical framework for random samples, or the
introduction to chapter 5 on Limit Theorems for a review of the book 2
results.

4.1 Random Samples

4.1.1 Discrete Distributions

Here of necessity, random variates are calculated directly from the
definition of F ∗(y). Recall that every distribution function F is right
continuous, and in almost all applications a discrete distribution function
will be be defined relative to:

1. Finite collection: {[ai, bi)}Ni=1, or,

2. One-sided infinite collection:{[ai, bi)}∞i=1 or {[ai, bi)}−∞i=−1, or,

3. Doubly infinite collection: {[ai, bi)}∞i=−∞,

where in all cases if ai = −∞ then [ai, bi) ≡ (−∞, bi). Such intervals
partition R into left semi-closed intervals, {[ai, bi)} so that F ([ai, bi)) = ci,
and in the most frequently encountered cases:

• Either for some i, [ai, bi) ≡ (−∞, bi) with ci = 0, or, all ai > −∞ and
ci > 0 for all i;

• Either for some i, [ai, bi) ≡ [ai,∞) with ci = 1, or all bi < ∞ and
ci < 1 for all i.

It is also possible for a discrete distribution function to have no such
parametrization, for example by defining:

F (x) =
∑

rn≤x
2−n,

where {rn}∞n=1 ⊂ R is an arbitrary ordering of the rationals. But this type
of saltus function is rarely encountered in applications, so will be ignored.

1. Discrete Rectangular Distribution on [0, 1], parameter n, defined
in 1.4:

Given independent continuous uniform {Yj}Mj=1, define:

{XR
j }Mj=1 = {(bnYjc+ 1) /n}Mj=1 ,
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where bxc denotes the greatest integer function, also called the
floor function, defined by:

bxc ≡ max{m ∈ N|m ≤ x}.

2. Standard Binomial Distribution, parameter p, defined in 1.5:

Given independent continuous uniform {Yj}Mj=1, define:

{XB
1,j}Mj=1 =

{
χ[0,p](Yj)

}M
j=1

,

where χ[0,p](y) is the characteristic function of [0, p], defined to be 1 if
y ∈ [0, p] and 0 otherwise.

3. General Binomial Distribution, parameters p, n, defined in 1.6:

First, XB
n,j can be defined directly in terms of characteristic functions

of the intervals defined by {FB(j)}nj=0. To this end, define:

ak ≡ F (k) =
∑k

j=0

(
n

j

)
pj(1− p)n−j , k = 0, 1, ..., n,

and let χk(x) denote the characteristic function of [ak−1, ak) where for
notational convenience let a−1 ≡ 0. Then given {Yj}Mj=1 define:

{XB
n,j}Mj=1 =

{∑n

k=0
kχk(Yj)

}M
j=1

Alternatively, using the fact that XB
n,j is the sum of n independent

standard binomials, then given independent continuous uniform {Yj}nMj=1,
define:

{XB
n,j}Mj=1 =

{∑jn

k=(j−1)n+1
χ[0,p](Yk)

}M
j=1

.

4. Geometric Distribution, parameter p, defined in 1.9:

Here we define XG
j directly in terms of characteristic functions of the

intervals defined by {FG(j)}∞j=0 as noted in 3, but this calculation is
simplified by the fact that F ∗G(y) can be explicitly calculated. With
FG(j) defined in 1.10 by FG(j) = 1−(1−p)j+1, a calculation produces:

F ∗G(y) = inf{j| ln(1− y)/ ln(1− p) ≤ j + 1}.
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Since the goal is to have F ∗G [(0, p]] = F ∗G [(0, FG(0)]] = 0 and otherwise
for n ≥ 0 :

F ∗G((FG(n), FG(n+ 1)]) = n+ 1,

we can define F ∗G in terms of the ceiling function dye:

F ∗G(y) = dln(1− y)/ ln(1− p)e − 1,

where
dye = min{m ∈ N|m ≥ y}.

Hence given independent continuous uniform {Yj}Mj=1, define:

{XG
j }Mj=1 = {dln(1− Yj)/ ln(1− p)e − 1}Mj=1

= {dln(Yj)/ ln(1− p)e − 1}Mj=1

since Yj has the same distribution as 1− Yj .

5. Negative Binomial Distribution, parameters p, k, defined in 1.12:

In addition to defining XNB
j directly in terms of characteristic func-

tions of the intervals defined by {FNB(j)}∞j=0, recall example 3.59
which proved that the negative binomial is the sum of k independent
geometric random variables. Hence given independent continuous uni-
form {Yj}kMj=1 we can define {XNB

j }Mj=1 in terms of k-sums of geometric
variables as in 3 for the general binomial XB

n,j :

{XNB
j }Mj=1 =

{∑jk

k=(j−1)k+1
(dlnYj/ ln(1− p)e − 1)

}M
j=1

.

6. Poisson Distribution, parameter λ, defined in 1.13:

In addition to defining XP
j directly in terms of characteristic functions

of the intervals defined by {FP (j)}∞j=0, we can use the development in
part 2 of example 1.18. It was there shown that with XE

j denoting
independent exponential random variables with parameter λ, and

N ≡ max
{
n|
∑n

j=1
XE
j ≤ 1

}
,

then N = XP is a Poisson random variable with parameter λ. As
noted below, from independent continuous uniform {Yj}Mj=1 such ex-
ponentials are generated by:

XE
j = − lnYj/λ.
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Thus independent Poisson random variables can be produced by:

XP = max
{
n|
∑n

j=1
lnYj ≥ −λ

}
= max

{
n|
∏n

j=1
Yj ≥ e−λ

}
.

4.1.2 Continuous Distributions

For many continuous distributions, F (x) is strictly increasing and one can
algebraically determine F ∗ by inverting F (x) = y. In other words,
F ∗ = F−1 in such cases.

1. Continuous Uniform Distribution on [a, b] :

Recalling 1.18, F (x) = (x− a)/(b− a) for a ≤ x ≤ b and hence given
independent continuous uniform {Yj}Mj=1 :

{
XU
j

}M
j=1

= {a+ (b− a)Yj}Mj=1 .

2. Exponential Distribution, parameter λ, in 1.20:

Since FE(x) = 1− e−λx it follows that F ∗E(y) = − ln(1− y)/λ, and so
given independent continuous uniform {Yj}Mj=1 :

{
XE
j

}M
j=1

= {− ln(1− Yj)/λ}Mj=1

= {− lnYj/λ}Mj=1

since Yj has the same distribution as 1− Yj .

3. Gamma Distribution, parameters λ, α, in 1.22:

The Gamma distribution function is not explicitly invertible for gen-
eral α, but for α = k ∈ N a positive integer, exercise 1.19 proves that
this Gamma random variable is the sum of k independent exponential
random variables with parameter λ. Hence, given independent contin-
uous uniform {Yj}kMj=1, we can define {XΓ

j }Mj=1 in terms of k-sums of
exponential variables:

{XΓ
j }Mj=1 =

{
−
∑jk

k=(j−1)k+1
lnYj/λ

}M
j=1

.
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4. Beta Distribution, parameters, v, w, in 1.27:

The Beta distribution is also not explicitly invertible, but an impor-
tant connection between the Beta and Gamma distributions makes
generating Beta samples feasible when v, w are positive integers. Re-
calling proposition 1.25, that if XΓ1 and XΓ2 are independent Gamma
random variables with parameters v, λ and w, λ, then the random vari-
able XΓ1

XΓ1+XΓ2
is Beta with parameters v, w, and this is independent of

λ. Hence when v, w ∈ N are positive integers, two such Gammas can
be generated as above with a total of v + w independent continuous
uniform random variables, taking λ = 1 for simplicity, and so {Xβ

j }Mj=1

can then be generated from {Yj}(v+w)M
j=1 .

5. Cauchy Distribution, parameters x0, γ, in 3.63:

Because the substitution (y − x0) /γ = tan z produces:

FC(x) =
1

πγ

∫ x

−∞

dy

1 + ((y − x0) /γ)2

=
1

π

∫ arctan((y−x0)/γ)

−π/2
dz

=
1

π
[arctan ((y − x0) /γ) + π/2] ,

we can invert FC(x). Hence, given independent continuous uniform
{Yj}Mj=1, define {XC

j }Mj=1 by:

{XC
j }Mj=1 = {x0 + γ tan [π (Yj − 1/2)]}Mj=1 .

6. Extreme Value Distributions, parameter γ, in 6.15 and 6.16:

Here G−1
γ (y) is readily determined when γ 6= 0 as:

G−1
γ (y) =

(
[ln (1/y)]−γ − 1

)
/γ,

while for γ = 0,

G−1
0 (y) = ln [1/ ln (1/y)] = − ln[− ln y].

Note that as always, the result forG−1
0 equals the result for limγ→0G

−1
γ

since this limit is seen to be f ′(0) with f(x) = [ln (1/y)]−x . Hence,
given independent continuous uniform {Yj}Mj=1, define {XEV

j }Mj=1 by:

{XEV
j }Mj=1 =

{
G−1
γ (Yj)

}M
j=1

.
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7. Normal and Lognormal Distributions, parameters µ, σ2, in 1.32
and 1.34:

Since LN = exp[N ], the ability to simulate one immediately provides
the ability to simulate the other. Unfortunately, the most common
approaches to simulation for N, say, is numerical estimation using two
approaches:

• Numerical estimates of FN (x) for discrete x values, then approx-
imating F−1

N (y) with interpolation,

• Applying the Central Limit theorem below, which states that for
n large, if {Yj}Mj=1 are independent and identically distributed,
then [∑n

j=1
Yj − nE [Y1]

]/√
nV ar [Y1]

is approximately standard normal. If Yj is continuous uniform on
[0, 1], then by 3.56, E [Y1] = 1/2 and V ar [Y1] = 1/12. Choosing
n ≥ 20 or so, we conclude that given independent continuous
uniform {Yj}Mn

j=1, we can define {XΦ
j }Mj=1 by:

{XΦ
j }Mj=1 =

{[∑jn

k=(j−1)n+1
Yj − n/2

]/√
n/12

}M
j=1

.

4.2 Ordered Random Samples

Because any random sample {Xj}Mj=1 can be re-ordered into {X(k)}Mk=1

where X(k) ≤ X(k+1), an ordered random sample can always be created by
first generating a random M -sample as in the prior section, then
reordering. However, there are applications in which we are primarily
interested in generating a collection such as {X(k)j

}Nj=1, a random sample
of kth order statistics, meaning random variates which would each be
the kth largest of a random M -sample. An example of this from finance is
the estimation of so-called value at risk at a given percentile where we
are interested in financial losses in what would be the worst one year
event say, with 95% or 99% confidence. In this case we are interested in
various M and then generating samples with k ' 0.95M or k ' 0.99M ,
respectively. While simply generating N such M -samples, reordering, and
choosing the appropriate variates is one feasible approach, it is apparent
that this is not an effi cient approach as it results in discarding most of the
generated variates.
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There are also situations in which we are interested in properties of the
conditional distribution, when X ≥ X(k), such as the average value of vari-
ates equal to or worse than the identified X(k) variate. For example, in the
above finance application the average of such losses is called the expected
shortfall, or conditional tail loss. In this case, we are interested in gen-
erating the collections: {X(k)j

, X(k+1)j
, ..., X(M)j

}Nj=1. Again, in theory we
can generate full samples and select those of interest, though in practice this
is not an attractive option.

4.2.1 Direct Approaches

Given a random variable X with distribution function F, assume that our
goal is to generate {X(k)j

}Nj=1, a random sample of N kth order
statistics. Thus each random variate represents the kth largest of a
random M -sample. We then have several possible approaches to achieving
this objective:

1. Complete/Partial Ordered Samples:

Beginning with MN uniformly distributed continuous random vari-
ables {Yi}MN

i=1 , generate N sets of M -samples of X variates as in the
above section: {

{F ∗ (Yi)}jMi=(j−1)M

}N
j=1

,

then reorder each M -sample of X variates, {F ∗ (Yi)}jMi=(j−1)M , to de-
termine X(k)j

,

{F ∗ (Yi)}jMi=(j−1)M → {X(k)j
}Mk=1, j = 1, ..., N,

resulting inN complete samples of ordered statistics: {{X(k)j
}Mk=1}Nj=1,

from which specific variates or ranges of variates can be selected.

Of course, it is not necessary to evaluate F ∗ (Yi) for every Yi in the var-
ious M -samples unless all order statistics are required. For example,
if we require only a sample of X(k) for a fixed k then we only need to

determine F ∗
(
Y(k)j

)
where Y(k)j

is the kth order statistic for the jth

M -sample of Y variates. This follows since F is increasing and thus
the kth order statistic for X is produced by the kth order statistic for
uniform variate Y. Even though {Yi}MN

i=1 are easily generated using a
variety of software, the potential shortcoming of this approach is that
most of the Y sample points will be discarded.
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Summary: Requires MN uniformly distributed continuous random

variables, {Yi}MN
i=1 , andKN evaluations of F ∗

(
Y(k)j

)
, where 1 ≤ K ≤

M is the number of order statistics desired in each sample, to produce
an N -sample of the range of ordered statistics: {{X(ki)j

}Ki=1}Nj=1.

2. Direct kth Order Statistics 1:

Using example 2.5, recall that the kth order statistic from an M -
sample of uniform variates Y has a Beta distribution with v = k and
w = M−k+1, and this appears promising for the generation of samples
of just the one statistic, {Y(k)j}Nj=1. But based on the prior section, to
generate a Beta random variable with v = k and w = M−k+1 requires
v+w = M + 1 uniformly distributed continuous random variables, so
in total we require {Yi}(M+1)N

i=1 . This is more than that needed for the
complete sample method above despite seeking only a sample of one
variate. Each (M + 1)-sample of Y variates then produces one such
Beta by first producing two independent Gamma random variables.
Since the λ parameter in the Gammas is irrelevant for this purpose,
we can choose λ = 1 for simplicity and then set α, the other Gamma
parameter, to k and M − k + 1, respectively.

Summary: Requires (M + 1)N uniformly distributed continuous
random variables, {Yi}(M+1)N

i=1 , with each (M + 1)-sequence used to

produce a Beta as above, and N evaluations of F ∗
(
Y(k)j

)
, to produce

an N -sample of the kth ordered statistics: {X(k)j
}Nj=1.

3. Direct kth Order Statistics 2:

Since F(k), the distribution function for X(k) in 2.1 is known, if it is
possible to determine its left continuous inverse F ∗(k), then by definition

we only need one N -sample {Yj}Nj=1 which then obtains a sample of
X(k) :

{X(k)j
}Nj=1 = {F ∗(k) (Yj)}Nj=1.

However, even the simplest such distribution function, the uniform
distribution F , produced F(k) with the complexity of the Beta distrib-
ution, it is unlikely that many examples will be encountered for which
one can calculate F ∗(k) directly. But in general, to determine F

∗
(k) (Y )

using 2.1 requires two steps, the first of which is almost surely numer-
ical:
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(a) Solve for Z:

Y =
∑M

j=k

(
M

j

)
Zj (1− Z)M−j ,

(b) Solve for X :
F (X) = Z.

Summary: Requires N uniformly distributed continuous random
variables {Yi}Ni=1, and N evaluations or estimations of {Zi}Ni=1 from
step a, then N estimates of {Xi}Ni=1 from part b to produce an N -
sample of the kth ordered statistics: {X(k)j

}Nj=1 ≡ {Xi}Ni=1.

4.2.2 Using the Rényi Representation

Given a random variable X with distribution function F, the goal of this
section to again generate {X(k)j

}Nj=1, a random sample of kth order
statistics from random M -samples. While several approaches to achieving
this objective were discussed above, in this section we provide a fourth
approach based on the Rényi representation theorem. While this
representation theorem generates ordered exponential random variables,
it is then a simple matter to convert these to ordered continuous uniform
random variables, which then provide for the ordered random variables of
interest. This will involve the following result, which is an application of
results from book 2.

Proposition 4.1 For any n, if the collection
{
Y U
j

}n
j=1

are independent,

continuous uniform random variables then
{
XE
j

}n
j=1
≡
{
− ln

(
1− Y U

j

)}n
j=1

are independent exponential random variables with parameter λ = 1. Con-

versely, given independent standard exponentials
{
XE
j

}n
j=1

, then
{
Y U
j

}n
j=1
≡{

1− exp
(
−XE

j

)}n
j=1

are independent, continuous uniform random vari-

ables.
Proof. By proposition 3.22 of book 2, if a distribution function F is con-
tinuous and strictly increasing then F ∗ = F−1. Here F (x) = 1 = e−x and
so F−1(y) = − ln(1− y) and this proposition can be stated:

1. If
{
Y U
j

}n
j=1

are independent continuous uniform random variables,

then
{
F ∗
(
Y U
j

)}n
j=1

are independent with distribution function F,
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2. If {Xj}nj=1 are independent random variables with distribution func-
tion F , then {F (Xj)}nj=1 are independent continuous uniform random
variables.

Both distributional results are from proposition 4.5 of book 2, while the
independence results are from that book’s proposition 4.9 since F is contin-
uous.

Remark 4.2 Note that because Y U and 1−Y U have the same distribution,

given
{
Y U
j

}n
j=1

we can in proposition 4.1 optionally generate independent

standard exponentials using
{
Y E
j

}n
j=1
≡
{
− ln

(
Y U
j

)}n
j=1

. By the same

argument, given
{
Y E
j

}n
j=1

, we can optionally generate independent uniform

variables using
{
Y U
j

}n
j=1
≡
{

exp
(
−Y E

j

)}n
j=1

. But in both cases, the order

statistics reverse.
For example, once we generate exponential kth order statistics using the

Rényi representation theorem,
{
Y E

(k)

}M
k=1

, then
{
Y U

(k)

}M
k=1
≡
{

1− exp
(
−Y E

(k)

)}M
k=1

will be kth order statistics of the uniform distribution, and equivalently by

the above remark,
{
Y U

(M−k+1)

}M
k=1
≡
{

exp
(
−Y E

(k)

)}M
k=1

will be uniformly

distributed kth order statistics, in the reverse order.

The practical significance of this remark can be seen by returning to the
goal of generating {X(k)j

}Nj=1, a random sample of N kth order exponential
statistics. Adding to the 3 approaches in the above section, we have the
following.

4. Rényi Representation for kth Order Exponential Statistics

By the first corollary to the Rényi representation theorem, each expo-
nential kth order statistics, Y E

(k) requires the generation of k standard
exponentials and an application of 2.20.

(a) When k is small relative to M, we implement the following N
times:

i. Generate {Ej}kj=1 independent standard exponential random
variables, λ = 1, by defining Ej = − ln(1−Yj) where {Yj}kj=1

are independent, continuous uniform variates.
ii. Define Y E

(k) as in 2.20 with λ = 1.
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iii. Define Y U
(k) = 1−exp

(
−Y E

(k)

)
, producing a kth order statistic

of the continuous uniform distribution.
iv. Evaluate X(k) = F ∗

(
Y U

(k)

)
.

(b) When k is large relative to M, we implement the following N
times:

i. Generate {Ej}M−k+1
j=1 independent standard exponential ran-

dom variables, λ = 1, by defining Ej = − ln(1 − Yj) where
{Yj}M−k+1

j=1 are independent continuous uniform variates.

ii. Define Y E
(M−k+1) as in 2.20 with λ = 1.

iii. Define Y U
(k) = exp

(
−Y E

(M−k+1)

)
, producing a uniformly dis-

tributed kth order statistic.
iv. Evaluate X(k) = F ∗

(
Y U

(k)

)
.

Summary: Requires N × min{k,M − k + 1} uniformly distributed
continuous random variables, {Yi}N min{k,M−k+1}

i=1 , and N evaluations

of F ∗
(
Y U

(k)

)
for an N -sample of kth order statistics.



Chapter 5

Limit Theorems

In this section we study limit theorems grouped by type into three
categories:

• Weak Convergence of Distributions

• Laws of Large Numbers

• Convergence of Empirical Distribution Functions

This study will be supplemented in book 6 with more general results
related to weak convergence of measures and the central limit theorem.

5.1 Introduction

Throughout this chapter we will repeatedly encounter the notion of a
collection of independent random variables, often identically distributed
but sometimes not, and often we will want to address questions related to
the summation of such variables, which is again declared to be a random
variable. This all appears intuitively plausible and yet requires some
justification to avoid building the house of emerging theories on a
foundation of sand. Among the questions that need to be addressed are:

Q1. If X : (S, E , λ)→ (R,B(R),m) is a random variable with distribution
function F (x), and {Xj}nj=1 is a sample of X, meaning independent
and identically distributed random variables defined on some proba-
bility space, how is this sample constructed and on what probability
space is this sample defined? If {Xj}nj=1 is a sample of X defined on

127
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the space identified, then an expression like
∑n

j=1Xj is again a random
variable on this same space. Thus the measure on this space provides
meaning to probability statements on such expressions, and underlies
the definition of the associated distribution functions.

Q2. If {Xj}nj=1 is a sample of X defined on the space identified in 1, what
does it mean to let n → ∞? Is this increasing collection still defined
on the same space so that probability statements regarding this sum,
or properties of its distribution function, are all defined relative to a
given probability measure?

Q3. More generally, if Xj : (Sj , Ej , λj) → (R,B(R),m) are random vari-
ables with distribution functions Fj(x), is there a common probability
space on which all can be defined, and on which these will be indepen-
dent random variables? If so, then an expression like

∑n
j=1Xj is well

defined, but in this more general context, Q2 again needs considera-
tion.

In chapter 4 of book 2 the construction sought in Q1 was developed us-
ing the infinite dimensional probability space theory of chapter 9 of book 1.
While this construction targeted the application to Q1, the book 1 theory
applied equally well to the more general construction needed for Q3 and so
we summarize the book 2 construction in this more general context. Sim-
ilarly, while the book 2 construction allowed the construction of a sample
space for either finite of infinite samples, we focus on the infinite dimensional
model to simultaneously address Q2.

To this end assume the general case notationally and that we are given
{Xj}∞j=1 defined on {(Sj , Ej , λj)}∞j=1 with distribution functions {Fj}∞j=1.
In the Q1 application we are simply starting with an infinite collection of
copies of X and (S, E , λ), and the indexing just allows a basis for referring
to members of these collections. Then by chapter 3 of book 1, each Fj is
increasing and right continuous, and by that book’s chapter 5 each gives rise
to a Borel measure µFj defined on B(R) for which

µFj ((a, b]) = Fj(b)− Fj(a) ≡ λj
(
X−1
j ((a, b])

)
,

for all right semi-closed intervals. It then follows by extension that for all
A ∈ B(R):

µFj (A) = λj

(
X−1
j (A)

)
. (5.1)

Thus µFj (R) = 1 and (R,B(R),µFj ) is a probability space for all j. There is
also a complete version of this probability space given in chapter 5 of book
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1, (R,MµFj
(R), µFj ) where B(R) ⊂MµFj

(R), but for the current purpose

the Borel space is adequate.
Applying chapter 9 of book 1 to {(Rj ,B(Rj), µFj )}

∞
j=1, where Rj and

B(Rj) are indexed only for notational purposes, we can construct the infinite
dimensional probability space, (RN,B(RN), µN) and complete counterpart
(RN, σ(RN), µN). For this probability space,

RN ≡ {(x1, x2, ...)|xj ∈ Rj},

and µN is uniquely defined on the smallest sigma algebra containing the
algebra A+ of general finite dimensional measurable rectangles or
general cylinder sets in RN. Specifically H ∈ A+ if for some positive
integer n and n-tuple of positive integers J = (j(1), j(2), ..., j(n)):

H = {x ∈ RN|(xj(1), xj(2), ...xj(n)) ∈ A},

where A ∈ B(Rn), the Borel sigma algebra on Rn. Further, µN is defined on
A+ by:

µN(H) = µ
(n)
F (A),

where µ(n)
F is the product measure on Rn induced by {µFj(k)

}nk=1. In the
specific case where A =

∏n
k=1Aj(k) for Aj(k) ∈ B(Rj(k)), then:

µN(H) =
∏n
k=1 µFj(k)

(Aj(k)). (5.2)

Now define X ′j : RN → R by

X ′j : (x1, x2, ...) = xj , (5.3)

which is the projection mapping defined on RN to the jth coordinate,
and often denoted πj .

The following result is a modest generalization of proposition 4.4 of book
2, and answers the above questions.

Proposition 5.1 Let the probability spaces {(Sj , Ej , λj)}∞j=1 and random
variables Xj : Sj −→ R with distribution functions {Fj}∞j=1 be given, and

with the notation above, let (S ′,E ′,µ′) denote (RN, σ(RN), µN) or (RN,B(RN),
µN). Then {X ′j}∞j=1 as defined in 5.3 is a sample of {Xj}∞j=1 as defined in
definition 4.1 of book 2, meaning these are independent random variables
defined on (S ′,E ′,µ′) with respective distribution functions {Fj}∞j=1.
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Proof. First, X ′j is measurable and thus a random variable on RN since

for A ∈ B(R), 5.3 yields that
(
X ′j

)−1
(A) = {x ∈ RN|xj ∈ A} ∈ A+, a

general cylinder set and thus an element of σ(RN). Further, from 5.2 with

H ≡
(
X ′j

)−1
(A) and 5.1 obtains:

µ′
[(
X ′j
)−1

(A)
]

= µFj (A) ≡ λj(X−1
j (A)),

and thus X ′j and Xj have the same distribution.
Next, let J = (j(1), j(2), ..., j(n)) and Aj(k) ∈ B(Rj(k)) be given. Note

that by 5.3:

⋂n

k=1

(
X ′j(k)

)−1
(Aj(k)) = {x ∈ RN|(xj(1), xj(2), ...xj(n)) ∈

∏n
k=1Aj(k)}.

Thus by 5.2 and 5.1:

µ′
(⋂n

k=1

(
X ′j(k)

)−1
(Aj(k))

)
=
∏n
k=1 µFj(k)

(Aj(k)) ≡
∏n
k=1 µ

′
((

X ′j(k)

)−1
(Aj(k))

)
,

and thus {X ′j(k)}
n
k=1 are independent random variables.

Notation 5.2 It is obviously a notational burden to distinguish between
{Xj}∞j=1 defined on {(Sj , Ej , λj)}∞j=1 and independent {X ′j}∞j=1 defined on
(S ′,E ′,µ′). So this formality is often suppressed and statements are made
about independent, and possibly identically distributed random variables,
{Xj}∞j=1 defined on some probability space (S,E,µ).

With the construction of proposition 5.1, the above questions can be an-
swered. If {Xj}nj=1 are random variables defined on the new space (S,E ,µ),
then

∑n
j=1Xj is a measurable function on (S,E ,µ) and thus a random vari-

able by proposition 3.30 of book 1. Thus since all probability statements
on such

∑n
j=1Xj are made in the same probability space (S,E ,µ), these

statements remain well defined as n→∞.

Remark 5.3 The above framework will not be formally mentioned again
in the next two sections on weak convergence of distributions and laws of
large numbers. In the final section on convergence of empirical distributions
functions, some additional clarifying comments will be required.
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5.2 Weak Convergence of Distributions

In this section, we will develop several important results relating to the
weak convergence of certain sequences of distribution functions. The first,
the Poisson Limit theorem, was stated and proved in proposition 1.11
of book 2 using explicit calculations and the given probability density
functions. Here we will prove this result using corollary 3.74 by showing
convergence of the associated moment generating functions. This same
approach will also be applied to a generalization of the Poisson result, the
so-called weak law of small numbers, as well as to the De
Moivre-Laplace theorem, and to a special case of the Central Limit
theorem. Using other tools we then turn to several results on order
statistics.

5.2.1 Poisson Limit Theorem

In book 2 the following result, named for Siméon-Denis Poisson (1781 —
1840), was proved using explicit calculations and limiting arguments. Here
we implement the method of moments.

Notation 5.4 Note that the variate Bn,λ/n in 5.4 can also be expressed as a
summation, Sn ≡

∑n
m=1X

B
1,m where for each n, {XB

1,m}nm=1 are independent
standard binomial variables with p = λ/n, and so µX1

= λ/n and σ2
X1

=
λ (1− λ/n) /n. Thus µSn = λ and σ2

Sn
= λ (1− λ/n) .

Proposition 5.5 (Poisson Limit theorem) Let FBn,p(j) denote the dis-
tribution function of the general binomial with parameters n, p associated
with the density function in 1.6, and FPλ(j) denote the distribution function
of the Poisson with parameter λ associated with the density function in 1.13.
For λ = np fixed, then as n→∞ :

FBn,λ/n ⇒ FPλ . (5.4)

Proof. Let MBn,λ/n(t) and MPλ(t) denote the respective moment generating
functions. It follows from 3.49 that for all t :

MBn,λ/n(t) =

(
1 +

λ

n
(et − 1)

)n
,

while from 3.54, again for all t:

MPλ(t) = exp[λ(et − 1)].
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Now for all s ∈ R :

(1− s/n)n −→ e−s as n→∞,

because:
n ln (1− s/n) −→ −s as n→∞,

which in turn follows from the definition of derivative of f(x) = ln(1− sx)
at x = 0, using ∆x = 1/n.

Hence, MBn,λ/n(t)→ MPλ(t) for all t, and by corollary 3.74, FBn,λ/n ⇒
FPλ .

Example 5.6 The Poisson Limit theorem has immediate applications in
finance in any situation in which one is modelling the binomial outcomes of a
large group of individuals, with each having the same or similar probabilities
of the event being observed. For example, in a relatively large portfolio of
bonds with similar credit ratings, or similarly rated bank loans of various
types, the event of default is fundamentally binomial with p equalling the
probability of default over the given period.

For example, with n = 200 loans with default probability p = 0.02 in one
year, one can model the number of defaults random variable N as the sum
of 200 binomials, or approximately as a Poisson random variable with λ =
np = 4. It is then true that in either model, the assumption of independence
from loan to loan is reasonable, though the assumed value of p is highly
dependent on the economic cycle. Thus the decision to increase p due to
a forthcoming recession say, if justifiable on any loan, is justifiable on all
loans since all loans are correlated with this event.

One can similarly model a variety of insurable events this way. For
example, death, disability, hospitalization, etc., can be modeled in the life
insurance industry as sums of binomials or approximately Poisson random
variables as long as the group being modeled is reasonably homogeneous and
individuals have similar values for p. In the property and casualty industry,
various automobile and homeowner insurable events can be modeled with
binomials or Poisson random variables when the groups modeled are reason-
ably homogeneous in terms of claim probabilities.

We will see next that the Poisson can also be used even in the case of
inhomogeneous binomials.

5.2.2 "Weak Law of Small Numbers"

The weak law of small numbers is the tongue-in-cheek name given to
various generalizations of Poisson’s Limit theorem which weaken the
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assumption in 5.4 that for given n, Bn,λ/n =
∑n

m=1X
B
m where {XB

m}nm=1

are independent and identically distributed standard binomial variables
with p = λ/n. Versions of the small law assume that for each n, {XB

nm}nm=1

are independent standard binomial variables with p = pnm and where for
each n we have that

∑n
m=1 pnm = λ, or more generally

∑n
m=1 pnm → λ as

n→∞. This can even be generalized further to more general "binomials"
which assume that Pr[XB

nm = 1] = pnm , Pr[XB
nm = 0] = 1− pnm − εnm and

Pr[XB
nm ≥ 2] = εnm where maxm{εnm} → 0 as n→∞. In order to ensure

that all of the probabilities pnm become small as n→∞, and thus this
remains a law of "small numbers," it is necessary to also require that
maxm{pnm} → 0 as n→∞.

We state and prove the version of intermediate generality, but first, a
definition.

Definition 5.7 A collection of random variables, {{Xn,m}nm=1}∞n=1 is called
a triangular array if for each n, the random variables {Xn,m}nm=1 are
independent.

Remark 5.8 In many texts triangular arrays are defined to allow 1 ≤ m ≤
mn where mn →∞ as n→∞. We have no need of the more general notion.

Proposition 5.9 (Weak Law of Small Numbers) Let Sn =
∑n

m=1X
B
nm

where for each n, {XB
nm}nm=1 are independent standard binomial variables

with p = pnm , and where both
∑n

m=1 pnm → λ > 0 and maxm{pnm} → 0
as n → ∞. If FPλ denotes the distribution function of the Poisson with
parameter λ, then as n→∞ :

FSn ⇒ FPλ . (5.5)

Proof. By 3.35:

MSn(t) =
∏n

m=1

(
1 + pnm(et − 1)

)
,

and

MBn,λ/n(t) =

(
1 +

λ

n
(et − 1)

)n
,

where MBn,λ/n(t) is the moment generating function of the sum of n in-
dependent, identically distributed binomials with p = λ/n. By the Poisson
Limit theorem MBn,λ/n(t) → MPλ(t) for all t, and hence 5.5 will be proven
if we show that MSn(t)/MBn,λ/n(t)→ 1 for all t. We will do this by showing
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that ln
[
MSn(t)/MBn,λ/n(t)

]
→ 0 for all t since both M(t) > 0 and both the

logarithmic and exponential functions are continuous.
To this end, fix t and for arbitrary ε < max[1, et − 1] define N so that

for all n ≥ N and all m ≤ n :∣∣pnm(et − 1)
∣∣ < ε and

∣∣∣∣λn(et − 1)

∣∣∣∣ < ε.

The first bound is possible since maxm{pnm} → 0 as n→∞, and the second
is apparent. Recall the Taylor series for ln(1 + x), that for |x| < 1 :

ln(1 + x) =
∑∞

j=1
(−1)j+1xj/j. (5.6)

Thus by the above bounds, both ln
(
1 + pnm(et − 1)

)
and ln

(
1 + λ

n(et − 1)
)

can be expanded as absolutely convergent Taylor series. With a ≡ et−1 and
An ≡MSn(t)/MBn,λ/n(t) :

lnAn =
∑n

m=1

∑∞

j=1
(−1)j+1aj

(
pjnm − (λ/n)j

)/
j

=
∞∑
j=1

(−1)j+1aj
[∑n

m=1

(
pjnm − (λ/n)j

)]/
j

= a
∑n

m=1
(pnm − λ/n) +

∑∞

j=2
(−1)j+1aj

[∑n

m=1

(
pjnm − (λ/n)j

)]/
j,

where the interchange in summations is justified by the absolute convergence
of these series for n ≥ N. Now for j ≥ 2, since pnm < ε/ |a| and λ/n < ε/ |a| ,

pjnm − (λ/n)j = [pnm − λ/n]
∑j−1

k=0
pj−k−1
nm (λ/n)k

< [pnm − λ/n]
∑j−1

k=0
(ε/ |a|)j−1

≤ j |pnm − λ/n| (ε/ |a|)j−1 .

Finally by the triangle inequality:∣∣∣lnAn − a∑n

m=1
(pnm − λ/n)

∣∣∣ ≤ ∞∑
j=2

|a|j

j

∑n

m=1
j |pnm − λ/n| (ε/ |a|)j−1

= |a|
∑n

m=1
|pnm − λ/n|

∞∑
j=2

εj−1

= |a|
∑n

m=1
|pnm − λ/n|

ε

1− ε
≤ |a|

(∑n

m=1
pnm + λ

) ε

1− ε .



5.2 WEAK CONVERGENCE OF DISTRIBUTIONS 135

Since ε was arbitrary and
∑n

m=1 pnm → λ by assumption, we conclude that
|lnAn| → 0. Hence, MSn(t) → MPλ(t) for all t, and by corollary 3.74,
FSn ⇒ FPλ .

Example 5.10 This theorem allows the examples in the above section to be
more generally applied. Specifically, a portfolio of bonds with various credit
ratings can also be modeled with a Poisson random variable. Similarly for
various insurance applications. The requirement that maxm{pnm} → 0 as
n → ∞ provides a constraint, however, that the default or insurance claim
probabilities should individually be small.

For example, given n = 400 bonds, 100 with p1 = 0.002, 200 with p2 =
0.005 and 100 with p3 = 0.01, one could reasonable model the number of
defaults in this portfolio as a Poisson random variable with λ = 100p1 +
200p2 + 100p3 = 2.2.

5.2.3 De Moivre-Laplace Theorem

The De Moivre-Laplace Theorem is a special case of a very general
result discussed below that is known as the Central Limit Theorem.
The current result addresses another question about the "limiting
distribution" of the binomial distribution as n→∞, and that is the
question of probability estimates. If XB

n ≡
∑n

j=1X
B
1 is a binomially

distributed random variable with parameters n and p, where XB
1 are

independent standard binomial variables, we have from 1.6 that for
integers a and b :

Pr[a ≤ XB
n ≤ b] =

∑b′

j=a′

(
n

j

)
pj(1− p)n−j ,

where a′ = max(a, 0) and b′ = min(b, n). In this form it makes little sense
to attempt to specify what happens to this probability as n→∞, or
indeed identify the distribution function, because the range of the random
variable is [0, n] which grows with n. Put another way, we have from 3.48
that:

E[XB
n ] = np, V ar[XB

n ] = np(1− p),

so in contrast to the Poisson limit theorem, here p is fixed and hence
np→∞ and thus both the mean and variance of XB

n grow without bound
as n→∞. So in order to investigate quantitatively the limiting
probabilities under this distribution as n→∞, some form of "scaling" is
necessary to stabilize the distribution.
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The approach used by Abraham de Moivre (1667 — 1754) in the
special case of p = 1

2 , and many years later generalized to all p, 0 < p < 1,
by Pierre-Simon Laplace (1749 — 1827), was to consider what is now
called the normalized random variable, Y B

n , defined by:

Y B
n ≡

XB
n − E[XB

n ]√
V ar[XB

n ]
=
XB
n − µB
σB

. (5.7)

Since µB = np and σB =
√
np(1− p) are constants for each n, the random

variable Y B
n has the same binomial probabilities as does XB

n in the sense
that:

Pr

[
Y B
n = j′ ≡ j − np√

np(1− p)

]
= Pr

[
XB
n = j

]
.

The range of Y B
n :

Rng
[
Y B
n

]
=

{
j − np√
np(1− p)

∣∣∣∣∣ 0 ≤ j ≤ n
}
,

is contained in [−a
√
n,
√
n/a] with a =

√
p/q, and thus this may not seem

to be a much better result than that for XB
n with range [0, n]. However, a

calculation using 3.5 yields that:

E[Y B
n ] = 0, V ar[Y B

n ] = 1.

In other words, in a certain sense the distribution of Y B
n "stays put," in

contrast the the distribution of XB
n that "wanders off."

Consequently, with mean and variance both constant and independent
of n, the question of investigating and potentially identifying the limiting
distribution of Y B

n as n → ∞ is better defined and its pursuit more com-
pelling. Recalling that the standard normal distribution has mean 0 and
variance 1, the following proposition identifies the desired result.

Notation 5.11 Note that the variate Y B
n in 5.8 can also be expressed as a

summation, Sn ≡
∑n

m=1 Y
B

1,m where for each n and independent standard
binomials {XB

1,m}nm=1 :

{Y B
1,m}nm=1 ≡

{
XB

1,m − p√
np(1− p)

}n
m=1

are independent binomial variables with fixed p, and thus µY1
= 0 and σY1 =

1/
√
n. Consequently µSn = 0 and σ2

Sn
= 1 as noted above.
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Proposition 5.12 (De Moivre-Laplace theorem) Let FY Bn (j′) denote the
distribution function of the normalized general binomial with parameters n, p
where 0 < p < 1, associated with the normalized density function in 1.6. In
other words, fY Bn (j′) ≡ fBn(j) where j′ = j−np√

np(1−p)
for 0 ≤ j ≤ n. With

Φ(x) denoting the distribution function of the standard normal associated
with the density function in 1.33, then as n→∞,

FY Bn ⇒ Φ. (5.8)

Proof. Let MBn,p(t) denote the moment generating function of the general
binomial, which from 3.49 is given for all t by:

MBn,p(t) =
(
1 + p(et − 1)

)n
.

Then from 3.19 and 3.49, the moment generating function for the standard-
ized general binomial is defined for all t as follows, denoting q ≡ 1− p :

MY Bn
(t) = exp [−npt /

√
npq ]MBn,p(t/

√
npq)

= exp [−npt /
√
npq ] [1 + p (exp [t /

√
npq ]− 1)]n

= [q exp (−pt /
√
npq ) + p exp (qt /

√
npq )]n

=
[
q exp

(
−t
√
p/q
/√

n
)

+ p exp
(
t
√
q/p
/√

n
)]n

.

The moment generating function of the standard normal MΦ(t) is given in
3.67 and defined for all t by:

MΦ(t) = exp
(
t2/2

)
.

To prove MY Bn
(t) → MΦ(t) for all t is equivalent to demonstrating that

lnMY Bn
(t)→ t2/2 for all t since both M(t) > 0 and both the logarithmic and

exponential functions are continuous. To this end:

lnMY Bn
(t) = n ln

[
q exp

[
−t
√
p/q
/√

n
]

+ p
(

exp
[
t
√
q/p
/√

n
])]

.

Now define the function

f(x) = ln
[
q exp

[
−t
√
p/q
√
x
]

+ p
(

exp
[
t
√
q/p
√
x
])]

,

and note that with ∆x = 1/n, that limn→∞ lnMY Bn
(t) = f ′(0) by defini-

tion, assuming that this derivative exists. To investigate existence note that
f(x) = ln g(x), so if g(x) > 0 for all x, f(x) is differentiable everywhere g(x)
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is differentiable. But since
√
x is not differentiable at x = 0, some analysis

is needed.
Expanding the exponentials in a Taylor series, we have here that:

g(x) ≡ q
[
1− t

√
p/q
√
x+O1(x)

]
+ p

[
1 + t

√
q/p
√
x+O2(x)

]
,

where Oj(x) denotes the absolutely convergent remainder series in powers
of t
√
x with leading terms of the form ct2x. A calculation verifies that the√

x-terms cancel out and that g(x) = 1 +O(x), and so g(x) is differentiable
at x = 0, and thus so too is f(x). Finally, a calculation of this derivative
produces f ′(0) = t2/2.

Hence, MY Bn
(t)→MΦ(t) for all t, and by corollary 3.74, FY Bn ⇒ Φ.

Remark 5.13 (On Approximations) Because Φ(x) is continuous every-
where, the De Moivre-Laplace theorem conclusion of FY Bn ⇒ Φ implies that

FY Bn (y)→ Φ(y)

for all y. Now with j′ ≡ j−µB
σB

, where µB ≡ np, σB ≡
√
npq and 0 ≤ j ≤ n,

we have for any real number w :

FBn,p(w) =
∑

j≤w
n!

j!(n− j)!p
jqn−j

=
∑

j′≤(w−µB)/σB

n!

j!(n− j)!p
jqn−j

= FY Bn ((w − µB) /σB) .

The above limiting result then states that as n→∞ :

FBn,p(w)/Φ((w − µB) /σB)→ 1.

Of course we cannot say that FBn,p(w) → Φ((w − µB) /σB) since µB and
σB are functions of n.

In applications where by definition n << ∞, this limiting result for the
binomial provides an approximation that for n "large,"

FBn,p(w) ≈ Φ((w − µB) /σB),

with corresponding approximations for expressions such as FBn,p(w)− FBn,p(v)
when w > v :

FBn,p(w)− FBn,p(v) ≈ Φ((w − µB) /σB)− Φ((v − µB) /σB). (5.9)
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In practice, "large" is often interpreted as n ≥ 30 or n ≥ 50 for most
applications.

In such applications one is typically interested in integer values of w
and/or v, and this approximation can not therefore be uniformly useful. For
example, if w = j an integer and real v < j, we would conclude that as v → j
that:

FBn,p(j)− FBn,p(v)→ FBn,p(j)− FBn,p(j−) = fBn,p(j),

while
Φ((j − µB) /σB)− Φ((v − µB) /σB)→ 0.

While not apparent from the above approach to the proof, the problem
here can be investigated with a more direct analysis of the binomial probabil-
ities using Stirling’s formula as in 3.91 above, and some careful calculations
as in Reitano, proposition 8.24. This then reveals that if j′n → y as n→∞,
where each j′n is in the range of the random variable Y B

n , then

lim
n→∞

√
npqPr{Y B

n = j′n} → e−y
2/2/
√

2π. (5.10)

This produces the approximation:

fY Bn (j′n) ≈ exp
[
−(j′n)2/2

]
/
√

2πnpq,

which for 0 ≤ j ≤ n is equivalent to:

fBn,p(j) ≈ exp

[
−1

2

(
j − µB
σB

)2
]/√

2πnpq. (5.11)

This approximation for fY Bn (j′) can be interpreted as a single term in the
Riemann summation which approximates the integral of the standard normal
density function e−

1
2
y2
/
√

2π using ∆y = 1/σB where σB =
√
npq. This

value of ∆y is seen to equal j′n(k + 1)− j′n(k) where {j′n(k)}nk=0 denote the
n+ 1 values of this variate. Hence, the discrete probability fBn,p(j) in 5.11
is approximated by the standard normal probability of an interval of length
1/σB which contains (j − µB) /σB. Alternatively, for some λ with 0 < λ < 1,
one wants to approximate fBn,p(j) by the integral of the standard normal
density over [a, b] with a = [j − µB − (1− λ)] /σB and b = [j − µB + λ] /σB.

The conventional solution is to make a half interval adjustment, or
half integer adjustment for the above approximation, producing:

fBn,p(j) ≈ Φ([j + 1/2− µB] /σB)− Φ([j − 1/2− µB] /σB), (5.12)

from which one obtains:

FBn,p(w)− FBn,p(v) ≈ Φ([w + 1/2− µB] /σB)− Φ([v − 1/2− µB] /σB).
(5.13)
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5.2.4 The Central Limit Theorem 1

There are many versions of "the" Central Limit theorem, all of which
generalize the De Moivre-Laplace theorem in one remarkable way or
another. In essence, what every version states and what makes any such
version indeed a "Central" Limit theorem is this —under a wide variety of
assumptions the distribution function of the sum of n independent random
variables, normalized as in 5.7, converges to the standard normal
distribution as n→∞. Remarkably, these random variables need not be
identically distributed, just independent, although the need for
normalization demands that these random variables have at least 2
moments: means and variances. When not identically distributed there is
a requirement that the sequence of variances does not grow too fast so as
to preclude latter terms in the random variable series from increasingly
dominating the summation, as well as a requirement that they do not
converge to 0 so quickly that the average variance converges to 0.

These theorems can be equivalently stated in terms of the sum of in-
dependent random variables or their average. This is because by 3.26 and
3.5:

E
[∑n

j=1
Xj/n

]
= E

[∑n

j=1
Xj

]/
n

and from 3.30:

V ar

[
1

n

∑n

j=1
Xj

]
= V ar

[∑n

j=1
Xj

]/
n2.

and thus normalized sums equal normalized averages:∑n
j=1Xj − E

[∑n
j=1Xj

]
√
V ar

[∑n
j=1Xj

] =

1
n

∑n
j=1Xj − E

[
1
n

∑n
j=1Xj

]
√
V ar

[
1
n

∑n
j=1Xj

] . (5.14)

So while the ranges of the sum and average of independent random variables
are quite different, the associated normalized random variables are identical.

Consequently, Central Limit theorems in general, and the De Moivre-
Laplace theorem in particular, apply to the sums of random variables if and
only if they apply to the averages of random variables. More generally, if a
given version of a Central Limit theorem applies to

∑n
j=1Xj for independent

{Xj}, then it applies to
∑n

j=1 Yj where Yj = aXj + b for constants a and b.
In this section, we provide a proof of a simplified version of the Central

limit theorem in the case of independent, identically distributed random
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variables which have moments of all orders and a convergent moment gen-
erating function. Mechanically, the proof will be quite similar to that of
the De Moivre-Laplace theorem, except that we will have to accommodate
a more general form of MX(t).

In book 6, using more powerful tools than the moment generating func-
tion, we will present more general versions of this result, with far weaker
assumptions.

Proposition 5.14 (Central Limit theorem 1) Let FX denote the dis-
tribution function of a random variable X with mean and variance denoted
µ and σ2 and moment generating functionMX(t) convergent for t ∈ (−t0, t0)
with t0 > 0. Let Yn denote the normalized random variable associated with
the sum or average of n independent values of X, defined as in 5.7:

Yn =
[∑n

j=1
Xj − nµ

]/ [√
nσ
]

=

[
1

n

∑n

j=1
Xj − µ

]/[
σ/
√
n
]
.

Then as n→∞,
FYn ⇒ Φ, (5.15)

where Φ(x) denotes the distribution function of the standard normal associ-
ated with the density function in 1.33.
Proof. Since Yn =

∑n
j=1 (Xj − µ) /

√
nσ , by 3.35 and 3.19:

MYn(t) =
[
exp

(
−µt/

[√
nσ
])
MX

(
t/
[√
nσ
])]n

,

and by 3.38,

MX

(
t/
[√
nσ
])

=
∑∞

j=0
µ′j
(
t/
[√
nσ
])j

/j!.

Recalling that µ′0 = 1, µ′1 = µ and µ′2 = σ2 + µ2:

MX

(
t/
[√
nσ
])

= 1 + tµ/
[√
nσ
]

+ t2
(
σ2 + µ2

)
/
(
2nσ2

)
+ n−

3
2E1(n),

where E1(n) =
∑∞

j=3 µ
′
j (t/σ)j n

3−j
2 /j!. Now since MX(t) is by assumption

absolutely convergent for |t| < t0, MX (t/ [
√
nσ]) and hence E1(n) are ab-

solutely convergent for |t| <
√
nσt0, and so for any t, E1(n)→ µ′3 (t/σ)3 /6

as n→∞.
Similarly, using the Taylor series in 3.40 applied to exp [−µt/

√
nσ] obtains:

exp
[
−µt/

(√
nσ
)]

=
∑∞

j=0

[
−µt/

√
nσ
]j
/j!

= 1− tµ/
√
nσ + t2µ2/

(
2nσ2

)
+ n−

3
2E2(n),
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where E2(n) =
∑∞

j=3 [−µt/σ]j n
3−j

2 /j! is absolutely convergent for all t, and

for any t, E2(n)→ −µ3 (t/σ)3 /6 as n→∞. With a bit of algebra:

exp
[
−µt/

√
nσ
]
MX

(
t/
[√
nσ
])

= 1 + t2/ (2n) + n−
3
2E3(n),

where the combined error term E3(n) is is absolutely convergent for |t| <√
nσt0, and E3(n)→ −µ3µ′3 (t/σ)6 /36 as n→∞.
This expression can now be raised to the nth power, a logarithm taken,

and the function ln(1+x) expanded in a Taylor series as in 5.6. To simplify,
we only keep track of the powers of n that are needed for the final limit,
meaning only those terms that will not converge to zero as n → ∞. This
produces:

lnMYn(t) = n ln
[
1 + t2/ (2n) + n−

3
2E3(n)

]
= n

[(
t2/ (2n) + n−

3
2E3(n)

)
− 1

2

(
t2/ (2n) + n−

3
2E3(n)

)2
+O

[
n−3

]]
= t2/2 +O

[
n−1/2

]
.

To justify the second step in which the power series expansion for ln(1 + x)

is invoked with x = t2/ (2n) + n−
3
2E3(n), we must verify for any t, that

|x| < 1 for n large. But since |x| ≤ t2/ (2n) + n−
3
2 |E3(n)| where E3(n) is

continuous and bounded, the conclusion follows.
Hence for all t,

lnMYn(t)→ t2/2

as n → ∞, and equivalently MYn(t) → MΦ(t) for all t. By corollary 3.74,
FYn ⇒ Φ.

The assumption in this version of the Central Limit theorem, thatMX(t)
exists and is convergent for all t ∈ (−t0, , t0) with t0 > 0, is quite strong
since as was proved in proposition 3.22 that this implies that the associated
distribution function of X has finite moments of all orders. In fact, in the
context of independent and identically distributed random variables, the
conclusion in 5.15 is valid under the assumption that X has only two finite
moments, a mean and variance. It is also valid more generally for sums of
independent random variables which are not identically distributed. But in
neither case will the tools of this chapter suffi ce for the demonstration. The
problem is that the moment generating function is a blunt instrument. If
it exists on an open interval (−t0, , t0) with t0 > 0, then all moments exist
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by proposition 3.24. There is no way to adapt this argument in the case of
random variables with only finitely many moments.

In book 5, once a general integration theory is developed, we will study
the Fourier transform of a measurable function. In the same way that the
moment generating function of a random variable is defined relative to the
Laplace transform of this measurable function as noted in remark 3.11, in
book 6 we will define the characteristic function of a random variable
in terms of the Fourier transform theory studied in book 5. And unlike
the moment generating function which may or may not exist, characteris-
tic functions associated with random variables always exist. Characteristic
functions will also be seen to uniquely determine the underlying distribution
function of the random variable, so they are useful in proofs the same way
that moment generating functions are useful. But more generally, the associ-
ated proofs can also be implemented for random variables with only finitely
many moments. And finally, the moments of a distribution, to the extent
they exist, will be seen to appear in the series expansion of the characteristic
function in a familiar way, reminiscent of 3.39.

5.2.5 Smirnov’s Limit Theorem on Order Statistics of the
Uniform Distribution

In this section we investigate the limiting distribution of the order
statistics of independent continuous uniform random variables on [0, 1].
This result is named for its discoverer, N. V. (NikolăıVasil’evich)
Smirnov (1900 —1966), and will be generalized in book 6 using a
generalized version of the central limit theorem introduced above.
Smirnov’s Limit Theorem addresses the limiting distribution of the kth
order statistic from a uniform sample, {Yj}nj=1, as n→∞. It requires that
both k →∞ and n− k →∞, so for example k cannot be fixed as n→∞.

Thus this result applies if k/n → q ∈ (0, 1), the qth quantile of this
distribution, since it is then true that both k →∞ and n−k →∞ as n→∞.
On the other hand, the requirement that both k → ∞ and n − k → ∞ as
n → ∞ also allows that k/n → 0, 1, by choosing k ≈

√
n, or k = n −

√
n,

respectively. Hence, this result allows k to converge in relative terms to
the tails of the distribution of order statistics. More generally, this theorem
allows k/n to not converge to any value as n → ∞, and remains valid as
long as both k →∞ and n− k →∞.

Proposition 5.15 (Smirnov’s Limit Theorem) Let {Y(k)}nk=1 be the or-
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der statistics from a continuous uniform distribution on [0, 1]. Define

bn =
k − 1

n− 1
, an =

√
bn(1− bn)

n− 1
, Y ′(k) ≡

Y(k) − bn
an

,

and F(k) the distribution function of Y ′(k).
Then if k →∞ and n− k →∞ as n→∞ :

F(k) ⇒ Φ, (5.16)

where Φ(x) is the distribution function of the standard normal.

Remark 5.16 Recall from example 2.5 that the distribution function for
Y(k) is Beta with v = k and w = n − k + 1. A calculation using 3.61 will
show that bn/E

[
Y(k)

]
→ 1 and a2

n/V ar
[
Y(k)

]
→ 1 as n → ∞ since both

k → ∞ and n − k → ∞. So Y ′(k) is effectively a normalized random
variable as defined above in 5.7. In fact, by 9.18 of proposition 9.16 of book
2, 5.16 assures that F̃(k) ⇒ Φ if F̃(k) denotes the distribution function of Y ′(k)
explicitly defined as in 5.7 in terms of the moments of Y(k). In corollary 5.18
below we find another application of proposition 9.16 of book 2.

Proof. We begin by proving convergence of the associated density functions.
By 2.4 the density function of Y(k) is defined on [0, 1] by:

g(k)(y) =
n!

(k − 1)! (n− k)!
yk−1 (1− y)n−k ,

and thus that of Y ′(k) is defined on [−bn/an, (1− bn) /an] by:

f(k)(y) =
n!

(k − 1)! (n− k)!
(any + bn)k−1 (1− any − bn)n−k

=
n!

(k − 1)! (n− k)!
anb

k−1
n (1− bn)n−k

(
1 +

any

bn

)k−1(
1− any

1− bn

)n−k
.

The constant simplifies with Stirling’s formula in 3.91:

n!

(k − 1)! (n− k)!
anb

k−1
n (1− bn)n−k

=
nn+1/2e−1

√
2π (k − 1)k−1/2 (n− k)n−k+1/2

(
k − 1

n− 1

)k−1/2(n− k
n− 1

)n−k+1/2( 1

n− 1

)1/2

=
1√
2π

(
1 +

1

n− 1

)n+1/2

e−1.
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This last expression converges to 1√
2π
as n→∞ since as in the proof of the

Poisson limit theorem,
(

1 + 1
n−1

)n+1/2
→ e.

The next step is to prove that the expression in y converges to e−y
2/2.

For this we take logs, apply the Taylor series expansion in 5.6 noting that
both any

bn
and any

1−bn have absolute value less than 1, then explicitly calculate
the first two terms to yield:

ln

[(
1 +

any

bn

)k−1(
1− any

1− bn

)n−k]

= (k − 1)

[∑∞

j=1
(−1)j+1

(
any

bn

)j/
j

]
+ (n− k)

[
−
∑∞

j=1

(
any

1− bn

)j/
j

]
.

The coeffi cient of yj/j for j ≥ 1 is:

cj ≡ (−1)j+1(k − 1)

(
an
bn

)j
− (n− k)

(
an

1− bn

)j
= (−1)j+1(k − 1)

(
n− k

(n− 1) (k − 1)

)j/2
− (n− k)

(
k − 1

(n− 1) (n− k)

)j/2
= (−1)j+1(k − 1)

(
−1

n− 1
+

1

k − 1

)j/2
− (n− k)

(
−1

n− 1
+

1

n− k

)j/2
.

From this expression it follows that c1 = 0, c2 = −1, and the coeffi cient of
yj/j converges to zero as n→∞ for j ≥ 3 since k →∞ and n− k →∞.

In summary, f(k)(y) → ϕ(y) ≡ 1√
2π
e−y

2/2 for all y as n → ∞. The
final step is to prove convergence of the associated distribution functions,
F(k)(y) → Φ(y) for all y. To this end let h(k)(y) ≡ max

[
ϕ(y)− f(k)(y), 0

]
and note that: ∣∣f(k)(y)− ϕ(y)

∣∣ = f(k)(y)− ϕ(y) + 2h(k)(y),

and since f(k)(y) and ϕ(y) are densities and integrate to 1:∫ ∣∣f(k)(y)− ϕ(y)
∣∣ dy = 2

∫
h(k)(y)dy.

Now 0 ≤ h(k)(y) ≤ ϕ(y) and h(k)(y) → 0 pointwise, so by Lebesgue’s domi-
nated convergence theorem of proposition 2.61 of book 3,

∫
h(k)(y)dy → 0:∫ ∣∣f(k)(y)− ϕ(y)

∣∣ dy → 0.
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This now implies that for any Lebesgue measurable set A:∣∣∣∣∫
A
f(k)(x)dx−

∫
A
ϕ(x)dx

∣∣∣∣ ≤ ∫
A

∣∣f(k)(x)− ϕ(x)
∣∣ dx→ 0.

In particular for A = (−∞, y], G(k)(y)→ Φ(y) and thus 5.16.

Remark 5.17 The last paragraph of the above proof is a special case of
Scheffé’s Theorem, named for a 1947 result of Henry Scheffé (1907 —
1977). This theorem states that pointwise convergence of density functions
assures pointwise convergence of distributions, and thus weak convergence of
distributions. It is generally true for density functions defined on arbitrary
measure spaces and will be proved in book 6 using the more general version of
Lebesgue’s dominated convergence theorem of book 5. Otherwise, the general
proof is identical with that above.

In the special case where kn/n → q, the qth quantile of the uniform
distribution for 0 < q < 1, Smirnov’s limit theorem can be stated in a
simpler way and with a proof that is an application of proposition 9.16 of
book 2.

Corollary 5.18 (Smirnov’s Limit Theorem) Let {Y(k)}nk=1 be the order
statistics from a continuous uniform distribution on [0, 1], and kn a sequence
so that kn/n→ q for 0 < q < 1. Define:

Y ′(kn) ≡
Y(kn) − q√
q(1− q)/n

,

and let F(kn) denote the distribution function of Y ′(kn).
Then as n→∞,

F(kn) ⇒ Φ, (5.17)

where Φ(x) is the distribution function of the standard normal.
Proof. Since kn/n → q implies that both kn → ∞ and n − kn → ∞
as n → ∞, the above proposition assures the convergence G(k)(y) ⇒ Φ(y)
where G(k)(y) is the distribution function of the normalized variable Y ′′(kn) ≡[
Y(kn) − bn

]
/an, with an and bn defined above in terms of kn. By proposition

9.16 of book 2, if cn and dn are sequences that satisfy:

cn → c, and dn → d,

then
G(k)(cny + dn)⇒ Φ(cy + d),



5.2 WEAK CONVERGENCE OF DISTRIBUTIONS 147

or equivalently:

Pr
[
Y ′′(kn) ≤ cny + dn

]
→ Pr[Z ≤ cy + d],

Define:

cn =

√
q(1− q)/n
an

, dn =
q − bn
an

,

and note that

Pr
[
Y ′′(kn) ≤ cny + dn

]
= Pr

[
Y ′(kn) ≤ y

]
= F(kn)(y),

and thus the proof is complete by showing that c = 1 and d = 0.
But kn/n − q → 0 by assumption, and thus (kn − 1) / (n− 1) → q and

(n− kn) / (n− 1)→ 1− q obtain:

cn =

√
q(1− q)/n
an

=

√
n− 1

kn − 1

n− 1

n− kn
n− 1

n
q(1− q)→ 1,

and

dn =
q − bn
an

=

(
q − kn − 1

n− 1

)(
(kn − 1) (n− kn)

(n− 1)2

)−1/2

→ 0,

Thus c = 1, d = 0 and F(kn) ⇒ Φ.

5.2.6 Limit Theorem on Quantiles of General Distribution
Functions

In this section we will see that the above corollary to Smirnov’s limit
theorem can be generalized from the uniform distribution to a statement
on the quantiles of order statistics of general distributions which have
inverse functions F−1 which are differentiable at q. With the aid of the
∆-Method of proposition 8.40 of book 2, we now apply the Smirnov
quantile result to such general distribution functions.

Proposition 5.19 Let {X(k)}nk=1 be the order statistics from a distribution
function F which is continuous and strictly increasing in a neighborhood of
F−1(q) for 0 < q < 1, and differentiable at F−1 (q) with F ′

(
F−1 (q)

)
6= 0.

Given a sequence {kn} so that kn/n→ q as n→∞, define:

X ′(kn) ≡
X(kn) − F−1 (q)[√

q(1− q)/n
]/

F ′(F−1(q))
,
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and let F(kn) denote the distribution function of X ′(kn).
Then as n→∞,

F(kn) ⇒ Φ, (5.18)

where Φ(x) is the distribution function of the standard normal.
Proof. Let {Y(k)}nk=1 be the order statistics from a uniform distribution on
[0, 1] and define X(k) = F ∗(Y(k)) where F ∗ is the left continuous inverse of
F. Then by proposition 4.8 of book 2 {X(k)}nk=1 have distribution function F,
and are by definition order statistics. If kn is a sequence as defined above,
then corollary 5.18 applies to obtain in the notation of weak convergence of
random variables:

cn
(
Y(kn) − q

)
⇒ Z,

where cn = 1/
√
q(1− q)/n and Z is a standard normal random variable.

Because cn → ∞, the ∆-Method of proposition 8.40 of book 2 states that if
F ∗(y) is differentiable at y = q, then:

cn
[
F ∗(Y(kn))− F ∗(q)

]
⇒ (F ∗)′ (q)Z.

By remark 3.24 of book 2 F ∗(q) = F−1 (q) , and since F ′
(
F−1 (q)

)
6= 0:(

F−1
)′

(q) = 1/F ′(F−1(q)).

Thus with F ∗(Y(kn)) = X(kn), the ∆-Method obtains:

cn
[
X(kn) − F−1(q)

]
⇒ Z/F ′(F−1(q)),

which is equivalent to 5.18.

Example 5.20 For n large, X ′(kn) is approximately normally distributed.

For example,
∣∣∣X ′(kn)

∣∣∣ ≤ 1.96 provides an approximation to a 95% confi-

dence interval recalling that the 95th quantile of the standard normal is
z0.95 = 1.96. Defining kn = bqnc , the greatest integer less than or equal to
n, this then yields a confidence interval for the quantile of F−1 (q) of X with
unknown distribution function F using the estimate X(kn):∣∣F−1 (q)−X(kn)

∣∣ ≤ 1.96
√
q(1− q)/n

/
F ′(F−1 (q)).

Of course, F ′ is also unknown generally, and thus F ′(F−1 (q)) ≈ f(X(kn))
would need to be estimated. Using the normal density, it is reasonable to
assume that ϕ(X(kn)) < f(X(kn)) and thus by replacing this unknown term
by ϕ(X(kn)) provides an upper bound for this inequality and a conservative
confidence interval.
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5.2.7 A Limit Theorem on Exponential Order Statistics

In this section we prove a limiting result on the average "gap" between
high order statistics of the standard exponential distribution that in
essence is a corollary of the central limit theorem and the Rényi
representation theorem. This result will be important in the section below
on extreme value theory to prove that the Hill estimator γH of the index
for a distribution function F ∈ D(Gγ) with γ > 0 converges in probability
to γ as the sample size n→∞. Given a sample {Xi}ni=1 with distribution
function F and {X(j)}nj=1 the associated order statistics, the Hill estimator
is based on the k + 1 largest variates, {X(n−j)}kj=0. The proof of the
convergence γH →P γ will require that k →∞ as n→∞, as assumed
below, but also that k/n→ 0.

For the current section let {Xi}ni=1 be a sample of standard exponen-
tial variates, so λ = 1, with order statistics {X(j)}nj=1. Define the random
variable:

Yk,n =
1

k

∑k−1

j=0

[
X(n−j) −X(n−k)

]
,

which equals the average of the k "gaps" between X(n−k) and higher order
variates X(n−j) for j = 0 to k − 1. The next results states that if properly
normalized, Yk,n is asymptotically normal as n →∞ if also k →∞. An an
example, if k ≈ qn for 0 < q < 1, then k →∞ as n→∞, though the proof
does not require that k and n increase proportionately.

Proposition 5.21 Let {X(j)}nj=1 be an ordered sample from a standard ex-
ponential distribution. With Yk,n defined above, define the normalized aver-
age variate Y ′k,n by:

Y ′k,n =
Yk,n − 1

1/
√
k
,

and let Fk,n denote the distribution function of Y ′k,n.
Then as n→∞ and k →∞,

Fk,n ⇒ Φ, (5.19)

where Φ(x) is the distribution function of the standard normal.
Proof. By 2.20 in the statement of corollary 2.25:

X(j) =
∑j

i=1

Ei
n− i+ 1

,
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where {Ei}ni=1 denotes a sample of standard exponential random variables.
Hence for j < k, and using an index substitution l = k + i− n :

X(n−j) −X(n−k) =
∑n−j

i=n−k+1

Ei
n− i+ 1

=
∑k−j

l=1

El+n−k
k − l + 1

.

Now define the sample of standard exponential random variables {E′l}kl=1 by:

{E′l}kl=1 ≡ {El+n−k}kl=1 = {Ei}ni=n−k+1,

and thus:

X(n−j) −X(n−k) =
∑k−j

l=1

E′l
k − l + 1

.

Another application of the Rényi representation theorem yields that the col-
lection: {

X ′(k−j)

}k−1

j=0
≡
{∑k−j

l=1

E′l
k − l + 1

}k−1

j=0

,

is the complete set of order statistics for the standard exponential based on
a sample of size k.

Hence,

Yk,n =
1

k

∑k−1

j=0
X ′(k−j) =

1

k

∑k

i=1
X ′i,

is the average of k standard exponentials. Since E [Zk,n] = 1 and V ar [Zk,n] =
1/k, the result follows from the central limit theorem above because k → ∞
as n→∞.

Remark 5.22 The central limit theorem of proposition 5.14 above is ade-
quate for this application because as assumed for that proof, the exponential
distribution has a moment generating function as given in 3.59 with α = 1.

5.3 Laws of Large Numbers

In this section we study convergence results for a sum of independent
random variables, {Xn}∞n=1, defined on a probability space (S, E , λ). We
begin by briefly reviewing the notion of tail event from definition 5.34 of
book 2 and recall that the convergence set for such a series is a tail event.
Further, we restate the Kolmogorov Zero-One law of proposition 5.36,
and hence conclude that the convergence sets of series have probability 0
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or probability 1. We then study laws of large numbers, extending the
results of section 5.1 of book 2. The weak laws of large numbers will
generalize Bernoulli’s theorem of proposition 5.3 and give specific
conditions which ensure that the summation,

∑∞
n=1Xn, converges in

probability, while the strong laws of large numbers generalize Borel’s
theorem of proposition 5.9 and provide conditions which ensure that this
series converges with probability 1.

5.3.1 Tail Events and the Kolmogorov 0− 1 Law
Given a random variable X defined on a probability space (S, E , λ), recall
definition 3.43 of book 2 concerning σ(X), the sigma algebra generated
by X. This is defined as the smallest sigma algebra with respect to which
X is measurable. Of course σ(X) ⊂ E for any such X by the measurability
requirement in the definition of random variable. By exercise 3.44 of book
2:

σ(X) ≡ {X−1(A)|A ∈ B(R)}.

Similarly, if {Xn} is a finite or infinite collection of random variables,
σ(X1, X2, ...), the sigma algebra generated by {Xn} is the smallest
sigma algebra with respect to which each Xn is measurable.

As in definition 3.47 of book 2, random variables {Xn}∞n=1 defined on
a probability space (S, E , λ) are said to be independent random vari-
ables if {σ (Xn)}∞n=1 are independent sigma algebras in the sense of defi-
nition 1.15 of book 2. That is, given any finite index subcollection J =
(j(1), j(2), ..., j(n)), and {Bj(i)}ni=1 with Bj(i) ∈ σ(Xj(i)) :

µ
(⋂n

i=1
Bj(i)

)
=
∏n

i=1
µ
(
Bj(i)

)
.

We now recall definition the tail sigma algebra, T , associated with an
arbitrary collection of random variables, {Xn}∞n=1.

Definition 5.23 Given a probability space (S,E,λ) and countable collection
of random variables {Xn}∞n=1, the tail sigma algebra associated with
{Xn}∞n=1, denoted T ≡ T ({Xn}∞n=1) , is defined by:

T =
⋂∞

n=1
σ(Xn, Xn+1, Xn+2, ...), (5.20)

where σ(Xn, Xn+1, Xn+2, ...) is the sigma algebra generated by {Xj}∞j=n. A
tail event is any set A ∈ T .
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Remark 5.24 Of course, T ⊂ E since σ(Xn) ⊂ E for all n.

Example 5.25 (Convergence Sets) Given a countable collection of ran-
dom variables {Xn}∞n=1, define the convergence set by:

A =
{∑∞

n=1
Xn(s) converges

}
,

where we suppress the usual s ∈ S condition in this set notation. Then
A ∈ T ≡ T ({Xn}∞n=1), and this is intuitively plausible since the convergence
of a series does not depend on any finite number of terms. More formally,
recall that a series of real numbers,

∑∞
n=1 an, converges if and only if this

series satisfies the Cauchy convergence criterion named for Augustin-
Louis Cauchy (1789 —1857).

Definition 5.26 A series
∑∞

n=1 an satisfies the Cauchy criterion if given

any ε > 0 there is an N so that
∣∣∣∑n

j=m aj

∣∣∣ < ε for all n,m ≥ N.

We can then define the convergence set as follows, using rational ε :

A =
⋂

ε∈Q

⋃
N

⋂
n≥m≥N

{∣∣∣∑n

j=m
Xj(s)

∣∣∣ < ε
}
. (5.21)

Because
{∣∣∣∑n

j=mXj(s)
∣∣∣ < ε

}
⊂ σ(Xm, Xm+1, Xm+2, ...), it follows that A ⊂

σ(Xm, Xm+1, Xm+2, ...) for all m and hence A ∈ T .

Kolmogorov’s zero-one law is named for Andrey Kolmogorov
(1903 —1987). It states that if {Xn}∞n=1 are independent random vari-
ables, then for any A ∈ T the measure of A is predictable, but not precisely.
The proof is found in book 2, proposition 5.36.

Proposition 5.27 (Kolmogorov’s zero-one law) Given a probability space
(S,E,λ) and independent random variables, {Xn}∞n=1, then for any A ∈
T ≡ T ({Xn}∞n=1),

λ(A) = 0 or λ(A) = 1. (5.22)

Corollary 5.28 (Kolmogorov’s zero-one law) Given a probability space
(S,E,λ) and independent random variables {Xn}∞n=1, then:

λ
[{∑∞

n=1
Xn(s) converges

}]
= 0 or 1. (5.23)

Proof. This follows from example 5.25 and Kolmogorov’s zero-one law.
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Remark 5.29 In the next two sections we continue the study of convergence
of series. The weak laws of large numbers will provide additional information
on the weaker notion of convergence in probability, while the strong laws
of large numbers will provide additional information on when such series
converge with probability one.

5.3.2 Weak Laws of Large Numbers (WLLNs)

Weak laws of large numbers, often abbreviated WLLNs, identify conditions
on a random variable sequence which ensure converge in probability to
a specified random variable. Recall definition 5.11 of book 2, using the
simpler set notation, for example:

Pr(|Yn − Y | ≥ ε) ≡ λ{s ∈ S| |Yn − Y | ≥ ε}.

Definition 5.30 Given a probability space (S, E , λ) and random variables
Y and {Yn}∞n=1, we say that Yn converges to Y in probability, denoted
Yn →P Y, if for every ε > 0,

lim
n→∞

Pr(|Yn − Y | ≥ ε) = 0. (5.24)

Remark 5.31 Since for all ε :

Pr(|Yn − Y | < ε) + Pr(|Yn − Y | ≥ ε) = 1,

Yn →P Y if and only if for every ε > 0:

lim
n→∞

Pr(|Yn − Y | < ε) = 1.

Weak laws are most often stated in the context of:

Yn = Sn/n ≡
∑n

j=1
Xj/n,

with {Xj}∞j=1 a sequence of independent random variables. When random
variables are assumed identically distributed we can then address conver-
gence in probability to µ ≡ E[X], though this assumption is not necessary
and there are other versions of this result. The average of the first n random
variables also denoted:

X̄n ≡
∑n

j=1
Xj/n.

We begin with the simplest version of a weak law and one with the
simplest proof. It states that when the sequence {Xj}∞j=1 is independent and
identically distributed, with finite mean and variance, then the associated
average sequence {X̄n}, converges in probability to the mean.
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Proposition 5.32 (WLLN 1) Let {Xj}∞j=1 be a sequence of independent,
identically distributed random variables with finite mean, µ, and variance,
σ2. Then ∑n

j=1
Xj/n→P µ. (5.25)

Proof. Recall Chebyshev’s inequality in 3.70, for which V ar
(∑n

j=1Xj/n
)

is required. Because:

V ar
(∑n

j=1
Xj/n

)
= σ2/n, E

[∑n

j=1
Xj/n

]
= µ,

it follows that:

Pr
(∣∣∣∑n

j=1
Xj/n− µ

∣∣∣ ≥ ε) ≤ σ2

nε2
,

and 5.25 follows from 5.24.

Example 5.33 A special case of this version of the weak law is Bernoulli’s
theorem presented in proposition 5.3 of book 2, which stated that the average
of independent, identically distributed binomial random variables {XB

j }∞j=1,

converges in probability to the binomial probability p = E[XB
j ].

Perhaps surprisingly, while the existence of σ2 provides a very simple
proof, the above proposition remains true with only the assumption of the
existence of the first moment µ. But the proof is significantly harder, prin-
cipally because of the need for the general Lebesgue dominated convergence
theorem of book 5 to be applied to integrals used in 3.7. This theorem is
needed for a technical result on "truncations" of random variables which
will appear elementary, but resists direct validation. In cases where E[X]
as defined in 3.7 can be transformed to a Lebesgue integral as in 3.10, the
Lebesgue dominated convergence theorem of proposition 2.61 of book 3 suf-
fices, but this transformation itself requires the integration theory of book
5.

Lemma 5.34 (On Truncation) Let X be a random variable on (S, E , λ)
and assume that E[X] < ∞. Given n > 0 define a random variable Y, the
truncation of X at n, by:

Y =

 X, |X| ≤ n

0, |X| > n.
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Then for any ε > 0 there exists N so that for all n ≥ N :

E [|X − Y |] < ε,

where E is defined as in 3.7.
Proof. Let Yn denote the truncation of X at n and define Zn ≡ |X − Yn|.
Then Zn → 0 pointwise on S, and |Zn| ≤ |X| with |X| integrable by defi-
nition of E[X] < ∞. Thus by the general version of Lebesgue’s dominated
convergence theorem in book 5, E [Zn]→ 0 and the result follows.

Proposition 5.35 (WLLN 2) Let {Xj}∞j=1 be a sequence of independent,
identically distributed random variables with finite mean, µ ≡ E[X]. Then
5.25 is satisfied..
Proof. We prove that given ε > 0, for any δ there exists N so that for
n ≥ N :

Pr
[∣∣∣∑n

j=1
Xj/n− E[X]

∣∣∣ ≥ ε] < δ,

and we do this by truncation. To simplify notation let X̄n ≡
∑n

j=1Xj/n.
Given λ > 0 to be specified below, by lemma 5.34 there exists M = M(λ) so
that E [|X − Y |] < λ for any truncation Y of X at m if m ≥ M(λ). Let Yj
denote the corresponding truncation of Xj and Ȳn ≡

∑n
j=1 Yj/n. Then by

the triangle inequality:∣∣X̄n − E[X]
∣∣ ≤ ∣∣X̄n − Ȳn

∣∣+
∣∣Ȳn − E[Y ]

∣∣+ |E[Y ]− E[X]| ,

and so:

Pr
[∣∣X̄n − E[X]

∣∣ ≥ ε] ≤ Pr
[∣∣X̄n − Ȳn

∣∣ ≥ ε/3]
+ Pr

[∣∣Ȳn − E[Y ]
∣∣ ≥ ε/3]+ Pr [|E[Y ]− E[X]| ≥ ε/3] .

This last statement follows by considering the defining sets in S, noting that
A ⊂ ∪Bj follows from ∩B̃j ⊂ Ã, and using subadditivity of measures.

We now prove that each of these probabilities on the right can be made
small by making λ small.

1. By the triangle inequality:

E
[∣∣X̄n − Ȳn

∣∣] ≤∑n

j=1
E [|Xj − Yj |] /n = E [|X − Y |] < λ,

and thus by the Markov inequality in 3.76, for n ≥M(λ):

Pr
[∣∣X̄n − Ȳn

∣∣ ≥ ε/3] ≤ 3λ/ε.
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2. For the second probability, {Yj} are independent because {Xj} are in-
dependent (an application of proposition 3.56 of book 2), with finite
mean and variance. The mean result follows because |Yj | ≤ |Xj | ,
while the variance result follows from σ2 = µ′2 + µ2:

V ar[Yj ] ≤ E[Y 2
j ] ≤ME[|Yj |] < ME[|X|].

Thus V ar[Ȳn] ≤ ME[|X|]/n by independence. Then by 3.70 since
E[Y ] = E[Ȳ ] :

Pr
[∣∣Ȳn − E[Y ]

∣∣ ≥ ε/3] ≤ 9ME[|X|]/nε2.

3. Finally, by the triangle inequality:

|E[Y ]− E[X]| ≤ E [|X − Y |] < λ,

and Pr [|E[Y ]− E[X]| ≥ ε/3] = 0 if λ < ε/3.

Combining, if λ < ε/3 :

Pr
[∣∣X̄n − E[X]

∣∣ ≥ ε] ≤ 3λ/ε+ 9ME[|X|]/nε2.

Choosing λ < εδ/6 satisfies this initial constraint and makes 3λ/ε < δ/2 for
n ≥M(λ). With this λ and M(λ) the second term, 9ME[|X|]/nε2, can then
be made less than δ/2 for n > 18M(λ)E[|X|]/δε2, so combining constraints
on n completes the proof.

For the final generalization of proposition 5.32, we again assume that
second moments exist, and generalize to an independent sequence of random
variables, {Xj}∞j=1,with arbitrary distributions. But we will need to make an

assumption on E
[∑n

j=1Xj

]
and V ar

(∑n
j=1Xj

)
as functions of n. Denote:

mn =
∑n

j=1
µj , s2

n =
∑n

j=1
σ2
j .

The assumption of identically distributed in the aboveWLLN 1 proposition
implies that mn/n = µ and s2

n/n
2 = σ2/n. This is generalized next.

Proposition 5.36 (WLLN 3) Let {Xj}∞j=1 be a sequence of independent
random variables with finite means, µj , and variances, σ

2
j . Then with the

above notation, if mn/n → µ for some µ, and s2
n/n

2 → 0, then 5.25 is
satisfied.
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Proof. Again simplifying notation let X̄n ≡
∑n

j=1Xj/n. Then by the tri-
angle inequality: ∣∣X̄n − µ

∣∣ ≤ ∣∣X̄n −mn/n
∣∣+ |mn/n− µ| ,

and so again by considering defining sets in S:

Pr
(∣∣X̄n − µ

∣∣ < ε
)
≥ Pr

(∣∣X̄n −mn/n
∣∣ < ε− |mn/n− µ|

)
.

By Chebyshev’s inequality with E
[
X̄n

]
= mn/n and V ar

[
X̄n

]
= s2

n/n
2 :

Pr
(∣∣X̄n −mn/n

∣∣ < ε− |mn/n− µ|
)
≥ 1− s2

n/n
2

[ε− |mn/n− µ|]2
.

But |mn/n− µ| → 0 and s2
n/n

2 → 0, and thus as n→∞,

Pr
(∣∣X̄n −mn/n

∣∣ < ε− |mn/n− µ|
)
→ 1,

and hence:
Pr
(∣∣X̄n − µ

∣∣ < ε
)
→ 1.

Remark 5.37 (Further Generalizations) We can eliminate the assump-
tion that mn/n→ µ, and then prove that:∑n

j=1

(
Xj − µj

)
/n→P 0.

Also, if it is assumed that µj = µ for all j then it is enough to assume that
σ2
n ≤ B for all n.
Similarly, we can replace the independence assumption in any version of

the weak law by the assumption that correlations satisfy ρij ≤ 0 for all i, j,

since then V ar
[∑n

j=1Xj/n
]
≤ s2

n/n
2 and so the proofs go through without

change. Even in the nonnegative correlation case, a positive result is possible
if we assume for example that for some 0 < r < 1, ρij ≤ r|i−j| and σ2

n ≤ B
for all n.

Exercise 5.38 Let {Xj}∞j=1 be a sequence of random variables with the
same finite mean, µ, and variances σ2

j with σ
2
j ≤ B for all n. Show that:

1. If independent, then 5.25 remains true.

2. If for some 0 < r < 1, ρij ≤ r|i−j|, then 5.25 remains true. Note:
There is no independence assumption here.
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5.3.3 Strong Laws of Large Numbers (SLLNs)

Strong laws of large numbers, often abbreviated SLLNs, identify conditions
on a random variable sequence which ensure converge almost
everywhere to a specified random variable. This notion is also called
convergence almost surely and convergence with probability 1.
Recall definition 5.15 of book 2:

Definition 5.39 Given a probability space (S, E , λ) and random variables
Y and {Yn}∞n=1, we say that Yn converges to Y almost everywhere,
denoted Yn →a.e. Y, if:

λ
[{

lim
n→∞

∑n

j=1
Yn = Y

}]
= 1. (5.26)

Notation 5.40 Correspondingly, convergence almost surely is denoted
Yn →a.s. Y, and convergence with probability 1 denoted Yn →1 Y.

Strong laws, as was the case for weak laws, are most often stated in the
context of:

Yn = Sn/n ≡
∑n

j=1
Xj/n,

with {Xj}∞j=1 a sequence of independent random variables. When
identically distributed we can then address convergence almost everywhere
to µ ≡ E[X], though this assumption is not necessary and there are other
versions of this result. The average of the first n random variables also
denoted X̄n as noted above.

Weak and strong laws can be related as follows. Let {Xj}∞j=1 be a
sequence of independent, identically distributed random variables defined
on a probability space (S, E , λ). Define the set An(ε) as in 5.2 of book 2,
suppressing the notation s ∈ S:

An(ε) ≡
{∣∣∣∑n

j=1
Xj/n− µ

∣∣∣ ≥ ε} .
In the first two versions of the weak law above it was proved that for such
independent and identically distributed random variables and any ε > 0 :

λ [An(ε)]→ 0 as n→∞.

But as noted in book 2, such sets are not necessarily nested and it is possible
to have both An+1(ε)−An(ε) 6= ∅ and An(ε)−An+1(ε) 6= ∅. Hence there is
no apparent limit event in S associated with weak laws.
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For the strong laws, the goal is to determine the measure of the set CS
on which this series converges as in 5.7 of book 2:

CS ≡
{∑n

j=1
Xj/n→ µ

}
=
{∑n

j=1
(Xj − µ) /n→ 0

}
.

This convergence set is a tail event as noted in example 5.25 above and
hence for independent random variable has measure 0 or 1 by Kolmogorov’s
zero-one law. The strong laws identify conditions under which the measure
of this convergence set is 1.

Note that this convergence set is closely related to the An(ε)-sets, and
generalizing 5.10 of proposition 5.8 of book 2:

Proposition 5.41 With the notation above:

λ {CS} = 1⇐⇒ λ [lim supnAn(ε)] = 0 for all ε > 0. (5.27)

Proof. The essence of the idea is similar to that used in 5.21 to define a
convergence set:

CS =
⋂∞

j=1

⋃∞
N=1

⋂∞
n=N

{∣∣∣∑n

j=1
Xj/n− µ

∣∣∣ < 1/j
}

=
⋂∞

j=1

⋃∞
N=1

⋂∞
n=N

Ãn(1/j).

Recalling the definition of limit superior in definition 2.1 of book 2, this can
be rewritten:

C̃S =
⋃∞

j=1
lim supAn(1/j).

Thus if λ [CS ] = 1, then λ [lim supnAn(ε)] = 0 for all ε = 1/j and
therefore all ε > 0 since {lim supAn(ε)} increases as ε decreases. On the
other hand, by this nested property and continuity from below of the measure
λ,

λ
[
C̃S

]
= lim

j→∞
λ [lim supnAn(1/j)] ,

and so λ [lim supnAn(1/j)] = 0 for all j implies that λ [CS ] = 1.

Remark 5.42 (SLLN Proof Strategy) To prove a strong law we must
by the above proposition show that for any ε > 0,

λ [lim supnAn(ε)] = 0.

A powerful method for proving this statement is to use the first Borel-
Cantelli theorem in proposition 2.6 of book 2, which stated:∑∞

n=1
λ(An) <∞ =⇒ λ(lim supAn) = 0.
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Consequently, if we show that for any ε > 0 the series
∑∞

n=1 λ(An(ε)) =∑∞
n=1 Pr(An(ε)) is convergent, then λ(lim supAn)(ε) = 0 for all ε > 0 and

the convergence set CS then has probability 1.

We develop two strong laws, the first will have excess assumptions to
more easily demonstrate the application of Borel-Cantelli. Much like the
assumption of the existence of σ2 in the first version of the weak law, we
will require the existence of fourth moments to facilitate the application of
Chebyshev’s inequality.

Proposition 5.43 (SLLN 1) Let {Xj}∞j=1 be a sequence of independent,
identically distributed random variables with finite fourth central moment,
µ4. Then with µ denoting the common mean,

∑n
j=1Xj/n converges to µ

with probability 1 :

Pr
{∑n

j=1
Xj/n→ µ

}
= 1. (5.28)

In other words, as n→∞ :∑n

j=1
Xj/n→a.s. µ.

Proof. The assumed existence of a fourth moment assures the existence of
all lower order moments as noted in the introduction to section 3.2.4, and
so µ is well defined. Also, with

Sn ≡
∑n

j=1
(Xj − µ) ,

a calculation produces:

E
[
S4
n

]
= E

[[∑n

j=1
(Xj − µ)

]4
]

=
∑n

j=1
E (Xj − µ)4 +

(
4

2

)∑n

i=1

∑n

j=i+1
E (Xj − µ)2E (Xi − µ)2 .

This follows because all terms with odd powers have zero expectation by in-
dependence. Now by Lyapunov’s inequality in 3.90,

E (Xj − µ)2E (Xi − µ)2 ≤ E (Xj − µ)4 ,

and hence
E
[
S4
n

]
≤
(
3n2 − 2n

)
µ4.
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Finally by Chebyshev’s inequality,

Pr [An(ε)] ≡ Pr {Sn ≥ nε}
≤
(
3n2 − 2n

)
µ4/ (nε)4 .

This implies that
∑∞

n=1 Pr [An(ε)] is a convergent series for any ε > 0 and
the result now follows by the first Borel-Cantelli theorem.

Example 5.44 A special case of this version of the strong law was Borel’s
theorem presented in proposition 5.9 of book 2, which stated that the average
of independent, identically distributed binomial random variables {XB

j }∞j=1,

converged with probability 1 to the binomial probability p = E[XB
j ]. All mo-

ments are finite for the binomial, so the above assumption that µ4 < ∞ is
readily satisfied.

Like the weak law, it is also true that the strong law is valid for in-
dependent and identically distributed random variables assuming only the
existence of a first moment. We provide a somewhat weaker version of this
result that requires a second moment. But this version is also somewhat
more general as it is also applicable to independent random variables which
need not be identically distributed. For its proof we will use Kolmogorov’s
inequality in 3.81, and modify the definition of An(ε) to a related set A′n(ε).

Proposition 5.45 (SLLN 2) Let {Xj}∞j=1 be a sequence of mutually inde-

pendent random variables with means
{
µj
}∞
j=1

and variances
{
σ2
j

}∞
j=1

with∑∞
j=1 σ

2
j/j

2 <∞. Then:

Pr
{∑n

j=1

(
Xj − µj

)
/n→ 0

}
= 1, (5.29)

or in other words, as n→∞ :∑n

j=1

(
Xj − µj

)
/n→a.s. 0.

Proof. Given ε > 0 and Yj ≡ Xj − µj , define the event A′n(ε):

A′n(ε) =

{∣∣∣∣∑k

j=1
Yj/k

∣∣∣∣ ≥ ε for at least one k with 2n−1 < k ≤ 2n
}
.

(5.30)
The first step is to prove that∑∞

n=1
Pr[A′n(ε)] <∞,
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and to this end note that Pr[A′n(ε)] ≤ Pr[A′′n(ε)] with:

A′′n(ε) =

{
max

2n−1<k≤2n

∣∣∣∣∑k

j=1
Yj

∣∣∣∣ ≥ 2n−1ε

}
.

This is because if
∣∣∣∑k

j=1 Yj/k
∣∣∣ ≥ ε for any k with 2n−1 < k ≤ 2n, then

max2n−1<k≤2n

∣∣∣∑k
j=1 Yj

∣∣∣ ≥ 2n−1ε by definition. By Kolmogorov’s inequality
in 3.81, the probability of this event is bounded:

Pr[A′′n(ε)] ≤ 1

ε222n−2

∑2n

j=1
σ2
j .

Hence since Pr[A′n(ε)] ≤ Pr[A′′n(ε)] :∑∞

n=1
Pr[A′n(ε)] ≤ 4

ε2

∑∞

n=1

1

22n

∑2n

j=1
σ2
j

=
4

ε2

∑∞

j=1
σ2
j

∑∞

2n≥j
1

22n

≤ 4

ε2

∑∞

j=1
σ2
j/j

2.

In this calculation was used that for j ≥ 4 :∑∞

2n≥j
1/22n ≤

∑∞

k=j
1/2k = 1/2j−1 ≤ 2/j2.

Hence,
∑∞

n=1 Pr[A′n(ε)] <∞.
Thus by the first Borel-Cantelli theorem the convergence of this series

implies that for all ε > 0 :

Pr[lim supnA
′
n(ε)] = 0,

or
Pr
[⋂∞

N=1

⋃∞
n=N

A′n(ε)
]

= 0.

But
⋃2n

j=2n−1+1Aj(ε) = A′n(ε), so this implies that:

Pr
[⋂∞

N=1

⋃∞
n=N

An(ε)
]

= 0,

and so Pr[lim supnAn(ε)] = 0. Proposition 5.41 then obtains 5.29.

Remark 5.46 1. If
∑n

j=1 µj/n→ µ or if µj = µ for all j, then 5.29 can
be restated as 5.28.
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2. The assumption in the Strong Law, that
∑∞

j=1 σ
2
j/j

2 < ∞, is appar-
ently an assumption about the growth rate of σ2

j as j →∞. For exam-
ple, if σ2

j = σ2, the assumption of no growth, then since
∑∞

j=1 1/j2 <
∞ the Strong Law applies. This is the case with independent, iden-
tically distributed random variables. On the other hand, if σ2

j = jσ2,
whereby the standard deviation grows like

√
j, the Strong Law does not

apply since
∑N

j=1 1/j → ∞ with N . Consequently, linear variance
growth, or equivalently, square root growth in standard deviation, is
just a bit too fast for the Strong Law to apply, but if σ2

j = jaσ2 for any
a < 1, the Strong Law applies.

5.3.4 Limit Theorem on Quantiles

In this section we present a result that is a corollary to the strong law of
large numbers and addresses a question related to the probability 1
convergence of a sequence of high quantile order statistics. Let F be a
distribution function, {Xi}ni=1 a sample with associated order statistics,
{X(j)}nj=1, where as usual, X(j) ≤ X(j+1). The quantile of the order
statistic X(j) is by definition qj ≡ j/n. In section 5.2.6 the corollary to
Smirnov’s limit theorem addressed the case where F−1 was assumed to be
differentiable at q for 0 < q < 1, and kn a sequence with kn/n→ q as
n→∞. Then with X(kn) properly normalized:

X ′(kn) ≡
X(kn) − q√
q(1− q)/n

,

the distribution function F(kn) was seen to be asymptotically standard
normal. In this section we address the case where kn/n→ 1, and address
this case in the context of the strong law. That is, we seek to prove a limit
result with probability 1.

Remark 5.47 In the context of the notational conventions of extreme value
theory below and the development of the Hill estimator, for which kn≡ n−k′n,
the assumption of this section is equivalent to the assumption there that
k′n/n→ 0.

Recall as defined in 9.6 in book 2, given a distribution function F,

x∗ ≡ inf{x|F (x) = 1}, x∗ ≡ ∞ if F (x) < 1 for all x. (5.31)

The goal of this section is to prove the following proposition. It will be
applied in the development of the Hill estimator where F (x) = 1 − 1/x for
x ≥ 1, and hence x∗ =∞.
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Proposition 5.48 Let {Xj}∞j=1 be a sequence of independent, identically
distributed random variables on a probability space (S,E,λ) with a continu-
ous distribution function F. For each n let {X(j)}nj=1 be the order statistics
associated with {Xj}nj=1, and X(kn) a given variate from this collection. If
kn/n→ 1, then X(kn) → x∗ with probability 1 :

X(kn) →a.s. x
∗. (5.32)

Proof. For r < x∗, define the random variable Zi = χ(r,∞)(Xi). Then
Zi is binomially distributed with p ≡ Pr[1] = 1 − F (r), and thus E [Zi] =
1 − F (r) and V ar [Zi] = F (r)(1 − F (r)). By version SLLN2 of the strong
law, as n→∞ :

1

n

∑n

i=1
Zi →a.s. 1− F (r).

Because F is continuous and F (r)→ 1 as r → x∗, for any r < x∗ it follows
that 1

n

∑n

i=1
Zi converges with probability 1 to a value that exceeds 0.

We now argue by contradiction. By 5.27 of proposition 5.41 above, if
x∗ <∞, 5.32 is true if and only if for any ε > 0,

λ
[
lim supn{

∣∣X(kn) − x∗
∣∣ ≥ ε}] = 0.

This is equivalent to the statement that 5.32 is true if and only if for any
r < x∗,

λ
[
lim supn{X(kn) ≤ r}

]
= 0. ((*))

We prove (∗) by contradiction, and show that this obtains the desired result
even if x∗ =∞.

To develop the contradiction, assume that for some r < x∗ that

λ

[
lim sup

n
{X(kn) ≤ r}

]
> 0.

Then for any s ∈ lim supn{X(kn) ≤ r} there are infinitely many values of n
for which:

n− kn
n

=
1

n

∑n

i=1
χ(X(kn),∞)(Xi) >

1

n

∑n

i=1
χ(r,∞)(Xi).

However, the assumption that knn → 1 obtains that the right hand summation
converges to 0, and this contradicts the above derivation that this summation
converges to 1−F (r) > 0. Thus (∗) is valid for all r < x∗ and hence if {rj}
is an enumeration of rationals with rj → x∗, where x∗ =∞ is allowed:

λ
[⋃

j lim supn{X(kn) ≤ rj}
]

= 0.
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Equivalently:

λ
[⋂

j lim infn{X(kn) > rj}
]

= 1,

and the proof of 5.32 is complete.

Corollary 5.49 Let {Xj}∞j=1 be a sequence of independent, identically dis-
tributed random variables on a probability space (S,E,λ) with a continuous
distribution function F. For each n let {X(j)}nj=1 be the order statistics as-
sociated with {Xj}nj=1, and X(kn) a given variate from this collection. If
kn/n→ 0, then X(kn) → x∗ with probability 1 :

X(kn) →a.s. x∗, (5.33)

where x∗ = sup{x|F (x) = 0}, with x∗ ≡ −∞ if F (x) > 0 for all x.
Proof. Left as an exercise. Hint: Follow the proof of proposition 5.48 but
let Z ′i = χ(−∞,r](Xi) for r > x∗. Now prove by contradiction that for all such
r, λ

[
lim supn{X(kn)(s) ≥ r}

]
= 0.

5.4 Convergence of Empirical Distribution Func-
tions

In chapter 4 was discussed the problem of generating samples from a given
distribution function F. In contrast to this exercise one may be confronted
with observations which are deemed to be an independent collection of
realizations of some event, and the question arises as to the identification
of the underlying distribution function, or at least some of its properties.
For example, such observations could be the IQs of voters, or non-voters,
or the weekly total rainfall in a given rain forest, as well as examples found
everywhere in finance. In the investment markets one finds the daily and
other period returns of a variety of investment classes or individual
securities, as well as data on financial variables such as inflation rates,
interest rates on various fixed income securities, default rates, foreign
currency exchange rates, commodity prices, and so forth. In the insurance
markets one observes mortality rates by age, as well as various morbidity
rates related to disability, hospitalization, and disability, or claims rates on
various categories of automobile, homeowners and commercial insurance
policies.

Of course any such quest to identify an underlying distribution function
or some of its properties is based on the necessary assumption that the given
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data in fact represent observations of a random variable with distribution
function that is more or less stable, or stationary, through time. This
is essentially a philosophical issue and one usually avoided by a reliance
on one’s intuitive understanding of the process underlying the given data,
rather than a formal analysis which seeks to prove that such a distribution
function must exist.

For example, if one looked at a series of observations of the month-end
value of a given equity index over the last 25 years, it would hardly seem
logical to define this as a random variable and then attempt to identify the
associated distribution function. With the exception of market corrections,
almost everyone’s expectation is that over time the value of this index will
continue to increase if for no other reason, inflation, but also as economists
would argue, productivity. So while we can formally identify a "distribution
function" for the given historical data, it is not clear that such an effort
will produce something of value, if by "of value" we mean, providing some
predictive insights for the future.

On the other hand, if we instead convert this price series into a monthly
return series, then there would seem to be more of an argument that the
distribution of returns over time had some stability, and hence some pre-
dictability, despite the fact that such observations can potentially provide
very different insights when grouped into subperiods. This observation forces
the analyst to choose between several competing interpretations:

1. There is no single underlying distribution function for the given data
because, for example, different periods have different distributions and
the timing and magnitude of the change between distributions is un-
predictable.

2. There is an underlying distribution function but no single period re-
veals all of its qualities, and more data over longer periods is needed
to reveal the ultimate truths.

3. There was an underlying distribution function, but due to a significant
event, the distribution in the future can be expected to be different.

Unfortunately, there is no universally accepted approach to resolving
which of these interpretations is correct in a given situation, or if indeed
there are other interpretations. Ultimately, such a data analysis and the as-
sumptions made to justify this analysis are part of the quantitative analyst’s
model building process, within which many other assumptions may also be
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made. Are the assumptions valid? Is the model correct? What questions
can the model answer?

Perhaps the best summary comment on this matter is one attributed to
the statistician George E. P. Box (1919 —2013), and while there are many
versions of his dictum, a commonly cited version is the quote:

"All models are wrong, but some are useful."

5.4.1 Definition and Basic Properties

Let {Xj}nj=1 denote a collection of observations, or a realization, from a
sample of a random variable X defined on a probability space (S, E , λ),
and with an unknown but assumed-to-exist distribution function F. As
detailed in this chapter’s introduction, {Xj}nj=1 can be thought of as the
first n-components of a point in the infinite dimensional space (RN, σ(RN),
µN), but importantly in this application it is assumed that all Xj are
identically distributed.

Note that the "sample" {Xj}nj=1 will have two interpretations in this sec-
tion. First, consistent with chapter 4 these are independent, identically dis-
tributed random variables defined on a probability space such as (RN, σ(RN),
µN). Second, when we are working with a realization or a given sample of
these variates we are actually working with the numerical values {Xj(s)}nj=1

for some fixed s ∈ RN. Thus the premise of this section is that we are given
such a numerical sample, but in order to evaluate properties of the empirical
distribution function developed it is necessary to take a broader view, and
that is, that the empirical distribution function is defined on {Xj(s)}nj=1

for all s ∈ RN. So we will denote the given "sample" by {Xj}nj=1, largely
dropping the ”(s), ” where this notation will represent both the random vari-
ables, as well as the numerical sample, with the interpretation obtained by
the given context.

Given a numerical sample, one approach to visualizing F learned in grade
school is through the construction of a histogram which is intended to shed
some light on the underlying density function, f, which is thereby also as-
sumed to exist. In this construction one assigns a probability of 1/n to each
observation, and this is formally justified in proposition 4.9 of book 2, and
summarized in the introduction to chapter 4. Specifically, if F is a given dis-
tribution function such a sample could be produced by {F ∗ (Yj)}nj=1, where
{Yj}nj=1 is a numerical sample from the uniform continuous distribution on
[0, 1] and F ∗ denotes the left continuous inverse of F. Since each such Yj is
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uniformly distributed in the sense that Pr{Yj ∈ [c, d]} = d− c for any inter-
val [c, d] ⊂ [0, 1], it follows that the value of each variate F ∗ (Yj) is equally
likely, and thus one logically assigns a probability of 1

n to each such value to
achieve a true density function for the sample.

A graphical depiction of this data with each observation given probability
1/n then provides some visual clues on the density function f . Specifically,
if {X(j)}nj=1 are the associated order statistics, then for each j,∫ X(j)+bj

X(j)+aj

f(x)dx = 1/n,

where {[aj , bj ]} are disjoint intervals with union equal to the assumed range
of X. In this representation, f is assumed constant on each interval, and
specifically, f(x) = 1/[n(bj − aj)] on [aj , bj ]. Thus a histogram is not a dis-
crete probability density function but a piecewise continuous approximation
to the unknown density f(x). The goal of this construction is to provide
some clues about the "shape" of f. By requiring aj = bj−1, which reflects
the assumption that the domain of f is connected, the various intervals
will have different lengths and this uniform probability assumption will get
translated into the various values for f(x).

As an alternative approach to the density function f, it is also common to
group sample variates into bins, or intervals of equal length. Specifically, we
define disjoint intervals or bins {Bk}Nk=1, with each interval having the same
length, and ∪Nk=1Bk the assumed connected range of X.We then graph f ≡
nk/n as constant over each bin Bk, where nk equals the number of variates
in bin Bk. Since these rectangles have a common base, the magnitudes of
the various nk/n are observed as the relative heights of the rectangles that
define this approximating step function. While there is no unique approach
to the determination of the best binning structure, there have been many
methods developed based on various assumptions on the underlying density
f.

A third alternative approach which we pursue here, is to work with the
so-called empirical distribution function, defined as follows.

Definition 5.50 Given a numerical sample {Xj}nj=1 of a random variable
X defined on a probability space (S, E , λ), the associated empirical distri-
bution function Fn(x) ≡ Fn(x| {Xj}) is defined by:

Fn(x) =
1

n

∑n

j=1
χ(−∞,x](Xj). (5.34)
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Given {Xj}nj=1, we can look at Fn(x) from at least two perspectives based
on comments above:

1. For fixed numerical sample {Xj}nj=1, Fn(x) ≡ Fn(x| {Xj}) is indeed a
distribution function in that it is increasing and right-continuous, and
when defined as limits: Fn(−∞) = 0 and Fn(∞) = 1. In fact, Fn(x) is
continuous as a function of x except at {Xj}nj=1 with:

Fn(Xj) = Fn(X−j ) +
1

n
,

where Fn(X−j ) denotes the left limit of Fn(x) at Xj .

2. For fixed x and {Xj}nj=1 interpreted as random variables, then {Yj}nj=1

defined by Yj ≡ χ(−∞,x](Xj) are also independent, standard bino-
mial variables defined on the sample space of the introduction:

Yj : (RN,B(RN), µN)→ (R,B(R),m),

with m Lebesgue measure. Here Yj is defined in terms of the jth
component of s ≡ (X1, X2, ...) ∈ RN. Thus Yj = 1 if Xj ≤ x and
Yj = 0 otherwise.

That each Yj(s) is a random variable is seen as follows. Given A ∈
B(R), the Borel sigma algebra, then Y −1

j (A) ⊂ RN is given by:

Y −1
j (A) =



∅, 0, 1 /∈ A,

{s|Xj ∈ (x,∞)}, 0 ∈ A, 1 /∈ A,

{s|Xj ∈ (−∞, x]}, 0 /∈ A, 1 ∈ A,

RN, 0, 1 /∈ A.

Further, since {Xj}nj=1 are identically distributed with distribution
function F, recalling 5.2 and 5.1:

λN

[
Y −1
j (A)

]
=



0, 0, 1 /∈ A,

1− F (x), 0 ∈ A, 1 /∈ A,

F (x), 0 /∈ A, 1 ∈ A,

1, 0, 1 /∈ A.

The independence of {Yj}nj=1 is assigned as an exercise.
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Thus, for each x,

Fn(x) ≡ 1

n

∑n

j=1
Yj

is a random variable on this probability space, and in fact is a general
binomial with parameters n and p = F (x).

Exercise 5.51 Prove that for fixed x, that {Yj}nj=1 defined above are

independent random variables. Note that this is true even if (RN,B(RN), µN)
is defined relative to the general model for component spaces in the in-
troduction, which does not require that Xj be identically distributed.

When {Xj}nj=1 are identically distributed random variables with distrib-
ution function F it follows that {χ(−∞,x](Xj)}nj=1 are identically distributed
standard binomials with common binomial probability p = λ

[
X−1((−∞, x])

]
=

F (x). Hence, in this case of identically distributed {Xj}nj=1, we have that
for each x:

E [Fn(x)] = F (x), V ar [Fn(x)] = F (x)(1− F (x))/n. (5.35)

Based on interpretation 2, the following proposition presents two results
which are corollaries to the earlier results of this section. For these results
we fix x and consider Fn(x) as a random variable on the probability space
(RN,B(RN), µN), and so in this context F (x) as a constant.

Proposition 5.52 Let {Xj}nj=1 be independent, identically distributed ran-
dom variables with distribution function F, and define Fn(x) as in 5.34.
Then for each x :

1. As n→∞, Fn(x) converges with probability 1 to F (x) :

Fn(x)→a.s. F (x).

In other words,
µN{Fn(x)→ F (x)} = 1.

2. Define the normalized random variable as in 5.7:

Yn =
Fn(x)− F (x)√
F (x)(1− F (x))/n

,

and let Gn denote the distribution function of Yn. Then as n→∞ :

Gn ⇒ Φ,

where Φ denotes the distribution function of the standard normal.
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Proof. The proof of 1 is an immediate consequence of the strong law of
large numbers version SLLN 1, while the proof of 2 is an application of the
central limit theorem using 5.35.

The above proposition provides the important insight that numerical
samples are informative of their underlying distributions at each x. Not only
does Fn(x) converge to F (x) with probability 1, but also we can in theory
make probability statements about F (x) based on the numerical sample
value {Xj}nj=1 and value of Fn(x). As is typical in estimating confidence
intervals about unknown binomial parameters where we also do not know
the standard deviation, we can approximate the standard deviation with the
sample value:

σ̂ ≡
√
Fn(x)(1− Fn(x))/n,

and now use a Student’s T distribution with n−1 degrees of freedom
in place of the normal as noted in part 2 of example 1.22. This distribution
is named forWilliam Sealy Gosset (1876 —1937) who used the pen name
of Student.

This then produces the familiar 100(1−α)% confidence interval for F (x):

Fn(x)+t
(n−1)
α/2

√
Fn(x)(1− Fn(x))/n ≤ F (x) ≤ Fn(x)+t

(n−1)
1−α/2

√
Fn(x)(1− Fn(x))/n,

where t(n−1)
α/2 and t

(n−1)
1−α/2 are the associated quantiles of this distribution,

and by symmetry, t(n−1)
α/2 = −t(n−1)

1−α/2 . Once n ≈ 100 or so, these quantiles
are quite close to those of the standard normal. For smaller values of n,
Student’s T has fatter tails than the normal in that as |x| → ∞, the density
function with ν degrees of freedom satisfies:

fTν (x) = O
(
|x|−(ν+1)

)
.

While for each x one can estimate individual values of F (x) from a sample
as above and be confident of probability 1 convergence: Fn(x) →a.s. F (x),
this theory does not immediately support any conclusions about the extent
to which Fn converges to F more generally. Indeed, for each x we have that
there is a measurable set Ax ⊂ RN with µN (Ax) = 0 and Fn(x) → F (x)
for s ∈ RN − Ax. But as there are uncountably many such x it is possible
that the union of exceptional sets, ∪xAx, is not measurable, and even if
measurable is it possible in theory that µN (∪xAx) > 0. Consequently, it is
in theory possible that RN − ∪xAx, the set on which Fn(x) → F (x) for all
x, is not measurable or measurable with probability less than 1.
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Remark 5.53 It is tempting to think that right continuity of distribution
functions would simplify matters. Specifically, define A = ∪x∈QAx so A
is the union of Ax for rational x. Then since Q is countable it follows that
A ⊂ RN is measurable with µN (A) = 0. And by definition, for all s ∈ RN−A,
Fn(x) → F (x) for all x ∈ Q. It then seems compelling by right continuity
that for all s ∈ RN −A that Fn(x)→ F (x) for all x ∈ R−Q as well.

What is clear is that if x ∈ R − Q and if {xm} ⊂ Q with xm > x and
xm → x, then:

• For every s ∈ RN and every n, Fn(xm)→ Fn(x) by right continuity.

• F (xm)→ F (x) by right continuity,

• Fn(xm) → F (xm) for all xm ∈ Q and s ∈ RN − A by probability 1
convergence.

Can we then conclude that Fn(x) → F (x) for such x ∈ R − Q and
s ∈ RN −A?

Unfortunately, no. In order to verify this deduction formally, it is neces-
sary to make an assumption on the uniformity of convergence in x of Fn → F
for each s ∈ RN − A. For example, if F (x) = 1 on [0, 1] and Fn(x) = x1/n

on [0, 1], then all functions are right continuous at x = 0, Fn(x)→ F (x) for
all x > 0, and yet it is apparent that Fn(0) 9 F (0).

We now turn to a positive result.

5.4.2 The Glivenko-Cantelli Theorem

While not at all apparent as noted in remark 5.53, the next result proves
that outside a set A ∈ σ(RN) with µN (A) = 0, that Fn(x)→ F (x)
uniformly in x. It is known as the Glivenko-Cantelli theorem, named
for Valery Glivenko (1896 —1940) and Francesco Paolo Cantelli
(1875 —1966), who independently derived this result and published in the
same journal in 1933. In order to state this result it is necessary to
introduce a measure of the maximum distance between Fn(x) and F (x) for
each s ∈ RN. To this end, define:

Dn(s) = supx |Fn(x)− F (x)| . (5.36)

Although |Fn(x)− F (x)| is a random variable defined on (RN,B(RN), µN)
for every x, the definition of Dn(s) requires the supremum over
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uncountably many x and hence is not necessarily a measurable function.
However, by right continuity we verify as an exercise that:

supx |Fn(x)− F (x)| = supx∈Q |Fn(x)− F (x)| , ((∗))

and hence as a supremum of countably many measurable functions, Dn is
a random variable on (RN,B(RN), µN).

Exercise 5.54 Verify (∗). Hint: Distribution functions are monotonic.

Fixing a sample, which is to say fixing s ∈ RN, Dn(s) defined above
is called a Kolmogorov-Smirnov statistic, named for Andrey Kol-
mogorov (1903 —1987) and Nikolai Smirnov (1900 —1966). This statis-
tic was used in the Kolmogorov-Smirnov test or K-S test, to test the
"goodness of fit" between an empirical distribution and an assumed distri-
bution, as well as to test the equivalence of two empirical distributions.

The Glivenko-Cantelli theorem states that Dn(s) → 0 outside a set in
RN of measure 0. Immediate corollaries of this result are:

1. Outside an RN-set of measure 0, Fn converges weakly to F : Fn ⇒ F.

2. Outside an RN-set of measure 0, Fn(x)→ F (x) uniformly in x.

We now state this result, suppressing the more complicated notation of
(RN,B(RN), µN) and using instead, (S, E , λ).

Proposition 5.55 (Glivenko-Cantelli theorem) Let {Xj}nj=1 be inde-
pendent, identically distributed random variables on (S, E , λ) with distribu-
tion function F, and define Dn(s) as in 5.36. Then as n → ∞, Dn(s) → 0
with probability 1 :

Dn(s)→a.s. 0. (5.37)

Proof. Define

Fn(x−) =
1

n

∑n

j=1
χ(−∞,x)(Xj(s)),

and note that Fn(x−) is again a binomial random variable but with proba-
bility p− = λ

[
X−1((−∞, x))

]
= F (x−). Another application of the strong

law of large numbers proves that for each x, Fn(x−)→ F (x−) outside a set
of measure 0, which we denote by Bx.

With F ∗ denoting the left continuous inverse of F defined in 1.19, let
xk/m = F ∗(k/m) for integer m, and 1 ≤ k ≤ m. Then by proposition 3.19
of book 2, F (F ∗(y)−) ≤ y ≤ F (F ∗(y)) for all y ∈ (0, 1). Letting y = k/m it
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follows that F
(
x−k/m

)
≤ k/m ≤ F

(
xk/m

)
for 1 ≤ k ≤ m − 1. This obtains

that:

F
(
x−(k−1)/m

)
≤ (k − 1) /m ≤ F

(
x(k−1)/m

)
≤ F

(
x−k/m

)
≤ k/m ≤ F

(
xk/m

)
,

and thus for 2 ≤ k ≤ m− 1 that F (x−k/m)−F (x(k−1)/m) ≤ 1/m. With k = 2

and k = m− 1 these inequalities also yield directly that F (x−..1/m) ≤ 1/m and

(m− 1)/m ≤ F (x(m−1)/m), and it then follows that F (xm/m) ≥ F (x−m/m) ≥
1− 1/m.

Now define

Dn,m(s) = max

[
max

1≤k≤m

∣∣Fn(xk/m)− F (xk/m)
∣∣ , max

1≤k≤m

∣∣∣Fn(x−k/m)− F (x−k/m)
∣∣∣] .

We claim that for any m :

Dn(s) ≤ Dn,m(s) + 1/m. ((*))

To see this, let (k − 1)/m ≤ x < k/m where 2 ≤ k ≤ m − 1. Then by the
above inequalities:

Fn(x)− F (x) ≤ Fn(x−k/m)− F (x(k−1)/m) ≤ Fn(x−k/m)− F (x−k/m) + 1/m,

Fn(x)− F (x) ≥ Fn(x(k−1)/m)− F (x−k/m) ≥ Fn(x(k−1)/m)− F (x(k−1)/m)− 1/m,

and so:

Fn(x(k−1)/m)−F (x(k−1)/m)−1/m ≤ Fn(x)−F (x) ≤ Fn(x−k/m)−F (x−k/m)+1/m.

The same analysis applies when k = 1,m, and the claim is proved.

Now let A =
⋃
k,m

(
Axk/m ∪Bxk/m

)
, where Axk/m ⊂ S is the exceptional

set of measure zero outside of which Fn(xk/m) → F (xk/m), and Bxk/m ⊂ S
is similarly defined relative to Fn(x−k/m)→ F (x−k/m). Then A is a countable
union of sets of measure zero and hence λ(A) = 0. Also, if s ∈ S −A, then
Dn,m(s) → 0 for any m as n → ∞ by two applications of the strong law of
large numbers, and hence by (∗), limn→∞Dn(s) ≤ 1/m for every m, proving
5.37.

5.4.3 Distributional Estimates for Dn(s)

In this section we provide some additional results on the empirical
distribution function. These results are presented without proof as the
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tools required for a formal development are deep and intricate and would
require a great deal of additional theory. As noted above, the
Glivenko-Cantelli theorem was independently derived by Valery Glivenko
and Francesco Paolo Cantelli and published in the same journal in 1933.
Also in that same journal, Andrey Kolmogorov (1903 —1987) published
what has come to be known as Kolmogorov’s theorem which gives an
asymptotic distributional result for Dn(s) as n→∞ when F is assumed to
be continuous.

Remark 5.56 It should be noted that there are a number of important re-
sults by Kolmogorov that have come to be known by his name.

Proposition 5.57 (Kolmogorov’s theorem) Let {Xj}nj=1 be independent,
identically distributed random variables on (S, E , λ) with continuous distri-
bution function F. Let FDn(t) denote the distribution function of Dn defined
as in 5.36. Then for all t > 0 :

FDn(t/
√
n)→ 1− 2

∑∞

k=1
(−1)k+1e−2k2t2 (5.38)

as n→∞, and this convergence is uniform in t.

Remark 5.58 The distribution function in 5.38 is called the Kolmogorov
distribution function and is defined to equal 0 when t < 0. When t = 0
the limit of this function is also 0 as t → 0+, and thus the Kolmogorov
distribution function is continuous.

Kolmogorov derived this result by first proving that the limiting distri-
bution in 5.38 is independent of F for continuous distributions, and then
explicitly derived the limiting distribution for the uniform distribution func-
tion on [0, 1], FU , associated with the density function defined in . This
reduction utilizes the tools already developed so we provide this detail.

Proposition 5.59 (Distribution-free property of Dn) The distribution
for Dn defined in 5.36 is the same for all continuous distribution functions
F, and thus in particular can be evaluated with F = FU , the continuous,
uniform distribution function of 1.18 defined on [0, 1].
Proof. By proposition 4.8 of book 2, if Y has a continuous uniform distri-
bution then F ∗(Y ) has distribution function F (x). Thus with x = F ∗(y):

Dn(s) = supx∈R |Fn(x)− F (x)|
= supy∈[0,1] |Fn(F ∗(y))− F (F ∗(y))| .
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From proposition 3.22 of book 2, F (F ∗(y)) = y if and only if F is continuous,
and thus:

Dn(s) = supy∈[0,1] |Fn(F ∗(y))− y| .
By 5.34:

Fn(F ∗(y)) =
1

n

∑n

j=1
χ(−∞,F ∗(y)](Xj),

and since F is increasing:

Xj ≤ F ∗(y) if and only if F (Xj) ≤ F (F ∗(y)) .

Again from proposition 3.22, F (F ∗(y)) = y and so:

Fn(F ∗(y)) =
1

n

∑n

j=1
χ(−∞,y] (F (Xj)) .

By proposition 4.9 of book 2, if F is continuous then the distribution
function of F (X) is the continuous uniform distribution:

FF (X)(y) = y = FU (y),

and with Yj ≡ F (Xj) if {Xj}nj=1 are independent then {Yj}nj=1 are indepen-
dent. Thus:

Fn(F ∗(y)) =
1

n

∑n

j=1
χ(−∞,y] (Yj)

≡ FUn (y),

and:
Dn(s) = supy∈[0,1]

∣∣FUn (y)− y
∣∣ .

Several years after Kolmogorov’s result,Nikolai Smirnov (1900 —1966)
derived in 1939 a comparable limit theorem for the one-sided measure:

D+
n (s) = supx [Fn(x)− F (x)] , (5.39)

and in the same year developed results for the difference between two em-
pirical distributions. For example, on D+

n (s) he proved:

Proposition 5.60 (Smirnov’s theorem) Let {Xj}nj=1 be independent, iden-
tically distributed random variables on (S, E , λ) with continuous distribution
function F. Let FD+

n
(t) denote the distribution function of D+

n as defined as
in 5.39. Then for all t > 0 :

FD+
n

(t/
√
n)→ 1− e−2t2 (5.40)

as n→∞, and this convergence is uniform in t.
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In 1956 this earlier work was used to develop a type of large devia-
tion estimate as discussed in the next section, but for Dn with finite n. The
first result is called the Dvoretzky—Kiefer—Wolfowitz inequality, or the
Dvoretzky—Kiefer—Wolfowitz theorem and named for Aryeh (Arie)
Dvoretzky (1916 —2008), Jack Kiefer (1924 —1981) and Jacob Wol-
fowitz (1910 — 1981). This original result stated the inequality below in
5.41 with an undefined coeffi cient C. This result was then improved in 1990
by Pascal Massart by the derivation of a sharp estimate that C = 2.

Note that the following result does not require that F be continuous.

Proposition 5.61 (Dvoretzky—Kiefer—Massart—Wolfowitz theorem)
Let {Xj}nj=1 be independent, identically distributed random variables on
(S, E , λ) with distribution function F. With Dn defined as in 5.36:

Pr [Dn > t] ≤ 2e−2nt2 t > 0. (5.41)

Equivalently,
Pr [Dn ≤ t] ≥ 1− 2e−2nt2 , t > 0.

Example 5.62 The DKMW theorem allows the estimation of a "confidence
band" about the entire empirical distribution function which will contain
the theoretical distribution function with the degree of confidence implied by
1 − 2e−2nt2 . For example, if n = 100 and a 95% confidence band for F (x)
is desired, we choose t so that 1 − 2e−200t2 = 0.95 producing t = 0.135 81.
Then with Fn(x) denoting the empirical distribution function based on the
given sample of 100, 5.41 implies the 95% confidence band:

max (Fn(x)− 0.135 81, 0) ≤ F (x) ≤ min (Fn(x) + 0.135 81, 1) .

This confidence band implies that if A ⊂ S is defined by:

A = {max (Fn(x, s)− 0.135 81, 0) ≤ F (x) ≤ min (Fn(x, s) + 0.135 81, 1)},

then
λ [A] ≥ 0.95,

and hence since the original sample point s0 is assumed random,

Pr [s0 ∈ A] ≥ 0.95.

In other words, there is a 95% probability that the given sample s0 will
produce a distributional band which contains F (x) for all x.
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Remark 5.63 Because of the theoretical bounds on F (x) of 0 and 1, the
bands for F produced with the DKMW theorem are primarily useful for in-
termediate values of x, and less useful in the tails of the distribution when
these a priori bounds will be achieved. In general, for a 100α% confidence
band the solution to 1− 2e−2nt2 = α is given by:

t =

[
1

2n
ln

(
2

1− α

)]0.5

.

If k is the largest integer with k/n ≤ t, then the lower bound of 0 is achieved
when x ≤ X(k), and the upper bound of 1 is achieved when x ≥ X(n−k).
Thus the confidence interval is informative only for X(k) < x < X(n−k), an
interval that decreases as α increases.



Chapter 6

Estimating Tail Events 2

In this chapter we continue the investigations begun in chapter 9 of book 2
using properties of expectations, and also for the first section results on the
moment generating function.

6.1 Large Deviation Theory 2

In book 2, large deviation theory was introduced and the main result
derived there can be summarized as follows:
If {Xj}nj=1 are independent and identically distributed, Sn ≡

∑n

j=1
Xj ,

and πn = πn(t) ≡ ln [Pr {Sn ≥ nt}], then for any t > 0 :

1. limn→∞ (πn/n) exists and equals supm (πm/m).

2. Denoting by π(t) = supm (πm/m) , then −∞ ≤ π(t) ≤ 0 and for all
n :

Pr {Sn ≥ nt} ≤ enπ(t).

3. When −∞ < π(t) < 0, it follows that Pr{Sn ≥ nt} → 0 exponentially
fast as n→∞.

In this section we develop additional insights on the bounding function,
π(t).

To do so, assume that the moment generating function MX(t) exists in
an interval (−t0, t0) with t0 > 0, and recall Markov’s inequality in 3.76:

Pr[|X| ≥ t] ≤ E[|X|]/t.

179
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From this it follows that for θ > 0,

Pr {Sn ≥ nt} = Pr {exp (θSn) ≥ exp (θnt)}

≤ E [exp (θSn)]

exp (θnt)
.

By 3.35:
E [exp (θSn)] = Mn

X(θ),

and so
Pr {Sn ≥ nt} ≤ exp [−n [θt− lnMX(θ)]] .

Since this inequality is true for all θ > 0,

Pr {Sn ≥ nt} ≤ infθ≥0 [exp [−n (θt− lnMX(θ))]] ,

or to better reveal the exponent function,

Pr {Sn ≥ nt} ≤ exp
[
−n supθ≥0 [θt− lnMX(θ)]

]
.

Thus in the case where the distribution function of X has a moment
generating function on (−t0, t0) with t0 > 0, a candidate can be identified
for the exponential decay function π(t) associated with Pr {Sn ≥ nt} :

π(t) = − supθ≥0 [θt− lnMX(θ)] . (6.1)

Summary 6.1 If Sn =
∑n

j=1
Xj with {Xj}nj=1 independent and identically

distributed, and MX(θ) exists on (−t0, t0) with t0 > 0, then for any t > 0,

Pr {Sn ≥ nt} ≤ exp
[
−n supθ≥0 [θt− lnMX(θ)]

]
. (6.2)

Remark 6.2 The upper bound in 6.2 is called the Chernoff bound, named
for Herman Chernoff (1923 —). This bound is of the same type as Bern-
stein’s inequality in 5.4 of book 2, there derived for a sum of independent
binomials and named for Sergei Natanovich Bernstein (1880 —1968),
who developed several specialized inequalities of this type.

There are two immediate questions that arise from theChernoffbound:

1. Is supθ≥0 (θt− lnMX(θ)) positive, so that 6.2 then provides an esti-
mate of the exponential decay rate for Pr {Sn ≥ nt}?

2. If positive, is this estimate of exponential decay at least close to the
best possible?
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Before investigating, we consider two examples.

Example 6.3 1. Binomial Xj :

From 3.49, MB(θ) =
(
1 + p(eθ − 1)

)
. With

ΓB(θ) ≡ θt− ln[MB(θ)]

= θt− ln
(

1 + p(eθ − 1)
)
,

it is an exercise to check that Γ′′B(θ) < 0 for all θ and hence ΓB(θ) is
concave and has a maximum when Γ′B(θ) = 0. A calculation shows that
this equation is solvable for any t with 0 < t < 1, and has a solution
at θ∗ ≡ θ∗(t) defined by:

θ∗ = ln

[
t(1− p)
p(1− t)

]
.

But then θ∗ > 0 if and only if t > p = E[X], and in this case it follows
that supθ≥0 ΓB(θ) = ΓB(θ∗):

ΓB(θ∗(t)) = t ln

(
t

p

)
+ (1− t) ln

(
1− t
1− p

)
. (6.3)

As a function of t, ΓB(θ∗(t)) is strictly increasing for p < t < 1 since:

dΓB(θ∗(t))

dt
= ln

t

1− t − ln
p

1− p > 0,

and since ΓB(θ∗(p)) = 0 it follows that ΓB(θ∗(t)) > 0. Hence for t
with p < t < 1 :

Pr {Sn ≥ nt} ≤ exp [−nΓB(θ∗(t))] , (6.4)

and Pr {Sn ≥ nt} decreases exponentially as n→∞.

When p < t < 1 the decay rate in 6.3 increases with t because d
dtΓB(θ∗(t)) >

0, and, ΓB(θ∗(t)) has positive second derivative and is hence a convex
function of t.

Finally, when 0 ≤ t ≤ p then θ∗(t) < 0 and so supθ≥0 ΓB(θ) = ΓB(0) =
0 and this upper bound in 6.4 is not useful.
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2. Normal Xj :

From 3.66 MN (θ) = exp
(
µθ + 1

2σ
2θ2
)
. Defining ΓN (θ) as above it

again follows that Γ′′N (θ) < 0 for all θ and hence there is a maximum
when Γ′N (θ) = 0. A calculation produces that this occurs for any t >
0 at θ∗ ≡ θ∗(t) > 0 :

θ∗ =
t− µ
σ2

.

However, as above θ∗ > 0 if and only if t > µ = E[X]. We then have
that supθ≥0 ΓN (θ) = ΓN (θ∗) where:

ΓN (θ∗(t)) =
(t− µ)2

2σ2
, (6.5)

and hence for t > µ:

Pr {Sn ≥ nt} ≤ exp [−nΓN (θ∗(t))] . (6.6)

Since ΓN (θ∗(t)) > 0, Pr {Sn ≥ nt} decreases exponentially as n→∞.
As a function of t for t > µ, it is apparent that ΓN (θ∗(t)) is increasing
and convex.

Definition 6.4 Let
Γ(θ) = θt− lnMX(θ).

If there exists θ∗(t) > 0 that satisfies

Γ(θ∗(t)) = supθ≥0 Γ(θ),

then Γ(θ∗(t)) is called the rate function for X.

Remark 6.5 When θ∗(t) > 0 exists, it follows from 6.2 that:

Pr {Sn ≥ nt} ≤ exp [−nΓ(θ∗(t))] , (6.7)

and thus decreases exponentially as n→∞.

We are now ready to address the two questions posed before the above
example. The first result is that when MX(θ) exists and t > E[X], the
bound in 6.2 or 6.7 is meaningful in the sense that it produces exponential
decay as n → ∞. To then prove concavity of Γ(θ) will require a general
version of Lebesgue’s dominated convergence theorem from book 5, and a
special case of the change of variables result found there which we derive
below. The use of Lebesgue’s result should not jeopardize the intelligibility
of this derivation since the book 5 dominated convergence theorem will seem
quite familiar after reading the book 3 version.
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Proposition 6.6 Assume that MX(θ) exists on (−θ0, θ0) with θ0 > 0. If
t > E[X] then Γ(θ) ≡ θt − lnMX(θ) > 0 for some θ > 0 and hence
supθ≥0 (θt− lnMX(θ)) > 0. In addition, Γ′′(θ) < 0 and so Γ(θ) is a concave
function.
Proof. Because MX(θ) > 0 it follows that Γ(θ) = θt− lnMX(θ) is infinitely
differentiable on the interval (−θ0, θ0) on which MX(θ) is assumed to exist,
and Γ(0) = 0. Also, Γ′(θ) = t −M ′X(θ)/MX(θ) and so Γ′(0) = t − E[X].
Hence if t > E[X] then Γ′(0) > 0 and by the definition of derivative as a
limit, there is an interval (0, θ′) ⊂ (0, θ0) so that Γ(θ) > 0 for θ ∈ (0, θ′).

To prove concavity assume that θ ∈ (−θ0, θ0) is given for whichMX(θ) is
assumed to exist and define a function Fθ by the Riemann-Stieltjes integral:

Fθ(y) =
1

MX(θ)

∫ y

−∞
eθxdF, (6.8)

where F is the distribution function of X. Since eθx is continuous and F
bounded and increasing, this integral exists for all y by proposition 4.24 of
book 3. It is an exercise to check that Fθ(y) is continuous, increasing, and
has the appropriate limits at ±∞, and thus is a distribution function.

Let Y be a random variable with distribution function Fθ, assured to exist
by proposition 3.6 of book 2. We now prove that E[Y n] exists for all n and:

E[Y n] ≡
∫ ∞
−∞

yndFθ =
M

(n)
X (θ)

MX(θ)
,

where M (n)
X (θ) is the nth derivative of MX(θ). Note that MX(θ) is infinitely

differentiable by proposition 3.24. Once proved this assures concavity of
Γ(θ):

Γ′′(θ) =

(
M ′X(θ)

MX(θ)

)2

− M ′′X(θ)

MX(θ)

= −V ar[Y ]

≤ 0,

and so Γ′(θ) is a decreasing function and Γ(θ) is a concave function by
proposition 3.37.

Now the first step toward the above formula for E[Y n] is to prove that
for all θ ∈ (−θ0, θ0):

M
(n)
X (θ) =

∫ ∞
−∞

yneθydF. (6.9)
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This would be obvious if we could assume the validity of differentiation under
the integral sign, but there is no apparent way to justify this. So we proceed
directly by proving that for n ≥ 0:

M
(n)
X (θ) =

∫ ∞
−∞

yneθydF ⇒M
(n+1)
X (θ) =

∫ ∞
−∞

yn+1eθydF,

and then noting that when n = 0 that M (0)
X (θ) ≡MX(θ).

The existence of M (n+1)
X (θ) assures by definition that as m→∞:

m
[
M

(n)
X (θ + 1/m)−MX(θ)

]
→ M

(n+1)
X (θ),

m
[
M

(n)
X (θ)−MX(θ − 1/m)

]
→ M

(n+1)
X (θ),

where we can assume m is large enough so that θ ± 1/m ∈ (−θ0, θ0). Now
define:

f+
m(y) = yneθym

[
ey/m − 1

]
, f−m(y) = yneθym

[
1− e−y/m

]
,

and note that:

m
[
M

(n)
X (θ + 1/m)−MX(θ)

]
=

∫ ∞
−∞

f+
m(y)dF,

m
[
M

(n)
X (θ)−MX(θ − 1/m)

]
=

∫ ∞
−∞

f−m(y)dF.

Both integrals on the right are well defined and bounded by definition since
θ ± 1/m ∈ (−θ0, θ0). Then from

m
[
1− e−y/m

]
≤ y ≤ m

[
ey/m − 1

]
it follows that:

min
[∣∣f+

m(y)
∣∣ , ∣∣f−m(y)

∣∣] ≤ ∣∣∣yn+1eθy
∣∣∣ ≤ max

[∣∣f+
m(y)

∣∣ , ∣∣f−m(y)
∣∣] ,

and since all bounding functions are integrable,∫ ∞
−∞

∣∣∣yn+1eθy
∣∣∣ dF <∞

for all θ ∈ (−θ0, θ0).
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Let gm(y) ≡ min [f+
m(y), f−m(y)] and note that since f±m(y)→ yn+1eθy as

m → ∞, so too gm(y) → yn+1eθy as m → ∞. Thus by the general version
of Lebesgue’s dominated convergence theorem in book 5:∫ ∞

−∞
gm(y)dF →

∫ ∞
−∞

yn+1eθydF.

If n is even then f−m(y) ≤ f+
m(y) and thus gm(y) = f−m(y) and this obtains by

the above results that M (n+1)
X (θ) =

∫∞
−∞ y

n+1eθydF. When n is odd, f−m(y) ≤
f+
m(y) for y ≥ 0 and f−m(y) ≥ f+

m(y) for y ≤ 0, but the same conclusion will
follow if it can be proved that as m→∞ :∫ ∞

0

∣∣f+
m(y)− f−m(y)

∣∣ dF → 0.

Since f+
m(y) − f−m(y) → 0 pointwise, each term converging to yn+1eθy, this

result will again follow by Lebesgue’s dominated convergence theorem if the
integrand is so dominated. A Taylor series analysis show that for m ≥ m0 :

f+
m(y)− f−m(y) ≤ 2yn+1e(θ+1/m)y ≤ 2yn+1e(θ+1/m0)y,

and this integrable as noted above if θ + 1/m0 ∈ (−θ0, θ0).
Thus 6.9 is proved and for the next step we express this result as follows,

recalling that MX(θ) > 0 :

M
(n)
X (θ)

MX(θ)
=

1

MX(θ)

∫ ∞
−∞

yneθydF. ((*))

To show that the expression in (∗) equals E[Y n], we begin by applying corol-
lary 4.22 of book 3 to the above dFθ-Riemann-Stieltjes integral representation
of E[Y n]. Specifically, for any ε > 0 there exists a partition {(yj−1, yj)}∞j=−∞
of R and so that with arbitrary tags ỹj ∈ (yj−1, yj) this integral can be ap-
proximated within ε by a Riemann-Stieltjes summation:∣∣∣∣∫ ∞

−∞
yndFθ −

∑∞
j=−∞ (ỹj)

n [Fθ (yj)− Fθ (yj−1)]

∣∣∣∣ < ε.

While corollary 4.22 applied to integrals over bounded [a, b], R is a countable
union of such intervals and corollary 4.22 can be applied to approximate the
associated integrals with an error of ε/2j and this produces the desired total
error of ε. If necessary we further refine this partition so that over each such
interval (yj−1, yj), if M and m denote the maximum and minimum values
of yn :

|M −m| ≤ εe−|θ|yjMX(θ)/2j+1. ((**))
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This is possible by corollary 4.22 since the above approximation also applies
to all refinements of the original partition.

Now:

Fθ (yj)− Fθ (yj−1) ≡ 1

MX(θ)

∫ yj

yj−1

eθydF,

and corollary 4.22 of book 3 can again be applied to produce a partition
{(yjk−1, yjk)}njk=1 of each (yj−1, yj) so that for arbitrary tags y′jk ∈ (yjk−1, yjk):∣∣∣∣[Fθ (yj)− Fθ (yj−1)]− 1

MX(θ)

∑nj
k=1 e

θy′jk [F (yjk)− F (yjk−1)]

∣∣∣∣ < ε/2j+1.

Combining obtains:∣∣∣∣∫ ∞
−∞

yndFθ −
1

MX(θ)

∑∞
j=−∞

∑nj
k=1 (ỹj)

n eθy
′
jk [F (yjk)− F (yjk−1)]

∣∣∣∣ < 2ε.

This latter summation is seen to be a Riemann-Stieltjes summation for the
integral in (∗), except the ỹj tags are generally not in the (yjk−1, yjk) inter-
vals. But by the above construction of {(yj−1, yj)}j we can replace these tags
by the above subinterval tags at a cost of at most ε :

1

MX(θ)

∣∣∣∑∞j=−∞ [∑nj
k=1

[
(ỹj)

n −
(
y′jk
)n]

eθy
′
jk [F (yjk)− F (yjk−1)]

]∣∣∣
≤ ε

∣∣∣∑∞j=−∞ [∑nj
k=1 e

−|θ|yjeθy
′
jk [F (yjk)− F (yjk−1)]

]
/2j+1

∣∣∣
≤ ε

∑∞
j=−∞ [F (yj)− F (yj−1)] /2j+1

≤ ε.

The first inequality is from (∗∗), the second since θy′jk < |θ| yj for all k, and
finally [F (yj)− F (yj−1)] ≤ 1.

Remark 6.7 It will be seen in book 5 that the above transition from the
dFθ-integral representation for E[Y n] to the dF -integral representation is a
special case of a general change of variables result. Recall from 6.8:

Fθ(y) =
1

MX(θ)

∫ y

−∞
eθxdF,

and thus as for change of variables in Riemann integrals, at least notation-
ally:

dFθ =
1

MX(θ)
eθydF.



6.1 LARGE DEVIATION THEORY 2 187

Thus:

E[Y n] ≡
∫ ∞
−∞

yndFθ =
1

MX(θ)

∫ ∞
−∞

yneθydF (6.10)

seems obvious, again at least notationally. In book 5 such change of variable
results will be justified more generally.

As an application of this general result, or derived using the approach
of the above proof, it follows that if θ ∈ (−θ0, θ0) then MY (t) exists for
t ∈ (−t0, t0) where (θ − t0, θ + t0) ∈ (−θ0, θ0), and replacing yn with ety in
6.10:

MY (t) ≡
∫ ∞
−∞

etydFθ =
MX(θ + t)

MX(θ)
. (6.11)

Notation 6.8 The distribution function Fθ in 6.8 is referred to as the
twisted distribution, or the exponentially tilted distribution, asso-
ciated with F.

This proposition assures that if t > E[X], supθ≥0 (θt− lnMX(θ)) > 0
and that Γ(θ) is a concave function. Hence since Γ(θ) is also differentiable,
if we can solve Γ′(θ) = 0 for given t with θ∗(t) > 0 then supθ≥0 Γ(θ) = Γ(θ∗).
This was the approach taken in example 6.3. Solving Γ′(θ) = 0 is equivalent
to solving the following for θ̃:

t =
M ′X(θ̃)

MX(θ̃)
, (6.12)

noting that by concavity that it then follows that θ∗(t) ≡ θ̃.
Now the above proof shows thatM ′X(θ)/MX(θ) is an increasing function

since [M ′X(θ)/MX(θ)]′ = V ar[Y ], and since M ′X(0)/MX(0) = µ we conclude
that "if" the equation in 6.12 is solvable for t > µ then it will be solvable
with θ̃ > 0 . That said, the above proposition does not assure that we can
always determine the value of θ∗(t) which achieves this supremum using this
approach because M ′X(θ)/MX(θ) may be bounded and hence 6.12 will be
unsolvable for t > max[M ′X(θ)/MX(θ)].

Example 6.9 With density function f(x) = Cx−3e−x on x ≥ 1, where C
is chosen so that f integrates to 1, note that MX(θ) exists when θ ≤ 1.
Further, M ′X(θ)/MX(θ) is increasing but bounded when θ ≤ 1, since

M ′X(θ)

MX(θ)
≤ M ′X(1)

MX(1)

=

∫ ∞
1

x−2dx/

∫ ∞
1

x−3dx

= 2.
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Hence, the equation in 6.12 has no solution for t > 2.

We next turn to the accuracy of the bound in 6.2 and 6.7, and for this we
have the Cramér-ChernoffTheorem named for Harald Cramér (1893
—1985) and Herman Chernoff (1923 —). It states that if θ∗(t) > 0 exists
for given t > µ ≡ E[X], meaning supθ≥0 Γ(θ) = Γ(θ∗(t)), then the bound in
6.7 is exact in the limit as n→∞. In other words, this bound is tight.

For this result, we assume that the distribution function F of X is ab-
solutely continuous, recalling the discussion in section 1.1. The same proof
works if F is a saltus function, replacing integrals below with summations.
The key point of these assumptions is to assure that X has a density func-
tion, so in particular it is assumed that F has has no singular part.

Remark 6.10 Note that a new function θ#(t) is introduced in the statement
of this proposition which is defined in terms of supθ Γ(θ) while θ∗(t) is defined
relative to supθ≥0 Γ(θ). However, the first development in the proof is that
θ#(t) = θ∗(t) when t > µ.

Also, note that for the below proof with an absolutely continuous dis-
tribution function F, we must again appeal to the useful result of Fubini’s
theorem of book 5 which allows the evaluation of a multivariate integral in
terms of iterated 1-dimensional integrals. When F is a saltus function with
discrete density, the book 5 machinery is not needed.

Proposition 6.11 (Cramér-Chernoff Theorem) Let Sn =
∑n

j=1
Xj with

{Xj}nj=1 independent and identically distributed with a distribution func-
tion containing no singular part, and where MX(θ) exists on (−θ0, θ0) with
θ0 > 0. Assume that for given t > µ ≡ E[X], and that θ#(t) > 0 exists with
θ#(t) ∈ (0, θ0) and:

Γ(θ#(t)) = supθ Γ(θ),

where Γ(θ) = θt − lnMX(θ). Then for any such t and ε > 0 there is an N
so that for n ≥ N :

exp
[
−n
(

Γ(θ#(t)) + ε
)]
≤ Pr {Sn ≥ nt} ≤ exp

[
−nΓ(θ#(t))

]
. (6.13)

Proof. The upper bound in 6.13 is obtained by 6.7 if we can prove that for
t > µ that θ#(t) = θ∗(t), meaning:

supθ Γ(θ) = supθ≥0 Γ(θ).
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Because Γ(0) = 0 this will follow by showing that Γ(θ) ≤ 0 for θ < 0. Now
since f(x) ≡ eθx is convex, MX(θ) ≥ eθµ by Jensen’s inequality in 3.80,
while if θ < 0 and t > µ obtain exp[−θ(t− µ)] > 1, and so:

exp[−θ(t− µ)]MX(θ) > eθµ.

Then Γ(θ) ≤ 0 is confirmed after taking logarithms.
For the lower bound let ε > 0 be given. For this proof we use the den-

sity version of the twisted distribution function Fθ introduced in 6.8 in the
proof of proposition 6.6. That X has an absolutely continuous distribution
function F implies that there is an associated measurable density function
f . Independence of {Xj}nj=1 assures that f(x1, ..., xn) = Πn

j=1f(xj) by the
proposition 3.53 of book 2 result on the associated distribution functions.

For any δ > 0 :

Pr {Sn ≥ nt} ≥ Pr
{
nt ≤

∑n

j=1
Xj ≤ n (t+ δ)

}
=

∫
· · ·
∫
A
f(x1)...f(xn)dx1...dxn

where A ≡
{
nt ≤

∑n

j=1
xj ≤ n (t+ δ)

}
. Define the twisted density func-

tion,

g(x) =
exp[θ∗x]

MX(θ∗)
f(x),

noting that θ∗ ≡ θ∗(t) = θ#(t) since t > µ. Let Y be a random variable
associated with the distribution function defined by g(x), again assured to
exist by proposition 3.6 of book 2.

Pr
{∑n

j=1
Xj ≥ nt

}
≥ Mn

X(θ∗)

exp [n (t+ δ) θ∗]

∫
· · ·
∫
A

∏n
j=1 exp [θ∗xj ]

Mn
X(θ∗)

f(x1)...f(xn)dx1...dxn

≡ Mn
X(θ∗)

exp [n (t+ δ) θ∗]

∫
· · ·
∫
A
g(x1)...g(xn)dx1...dxn

=
Mn
X(θ∗)

exp [n (t+ δ) θ∗]
Pr
{
nt ≤

∑n

j=1
Yj ≤ n (t+ δ)

}
.

In the first step the inequality is Pr
{∑n

j=1
Xj ≥ nt

}
≥ Pr

{
nt ≤

∑n

j=1
Xj ≤ n (t+ δ)

}
,

with the latter represented as an integral, as well as
∑n

j=1
xj ≤ n (t+ δ) by

the definition of A, while the last also follows from the definition of A.
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Next, note that

Mn
X(θ∗)

exp [n (t+ δ) θ∗]
= exp [n lnMX(θ∗)− n (t+ δ) θ∗]

= exp [−nΓ(θ∗)] exp [−nθ∗δ] .

In addition, E[Y ] = M ′X(θ∗)/MX(θ∗) as derived in the prior proof, and since
θ∗ maximizes concave and differentiable Γ(θ) it follows that Γ′(θ∗) = 0. A
calculation with Γ(θ) = θt− lnMX(θ) then produces E[Y ] = t.

Combining the pieces, let σY denote the standard deviation of Y, which
exists since MY (θ) = MX(θ∗ + θ)/MX(θ∗) exists for |θ| < θ0 − θ∗ as noted
in 6.11. Then:

Pr
{∑n

j=1
Xj ≥ nt

}
≥ exp [−nΓ(θ∗)] exp

[
−nθ∗#δ

]
×

Pr
{

0 ≤
∑n

j=1
(Yj − E[Y ]) /

(
σY
√
n
)
≤ δ
√
n/σY

}
.

By the Central Limit theorem the probability expression converges to 1/2
as n → ∞ for any δ > 0. Choose δ so that δ ≤ ε/ (2θ∗) , then since
exp [−nθ∗δ] ≥ exp [−nε/2] determine N1 so that:

exp [−nθ∗δ] ≥ exp [−nε] exp [nε/2]

≥ 4 exp [−nε]

for n ≥ N1. For this same δ, let N2 be defined so that for n ≥ N2 :

Pr
{

0 ≤
∑n

j=1
(Yj − E[Y ]) /

(
σY
√
n
)
≤ δ
√
n/σY

}
≥ 1/4

Then for n ≥ max[N1, N2] :

Pr
{∑n

j=1
Xj ≥ nt

}
≥ exp

[
−n
(

Γ(θ#) + ε
)]
.

Corollary 6.12 Under the assumptions of the prior proposition, for t >
µ ≡ E[X] :

lim
n→∞

1

n
ln [Pr {Sn ≥ nt}] = −Γ(θ∗(t)). (6.14)

Proof. From the above result it follows that for any ε > 0 there is an N so
that for n ≥ N :

−
(

Γ(θ#(t)) + ε
)
≤ 1

n
ln [Pr {Sn ≥ nt}] ≤ −Γ(θ#(t)).
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The result follows by definition of limit, and because θ#(t) = θ∗(t) for t > µ.

6.2 Extreme Value Theory 2

Extreme value theory was introduced in book 2. One of the two central
results of this theory is called the Fisher-Tippett theorem and named
for the earliest developers —Ronald Fisher (1890 —1962), and Leonard
Tippett (1902 —1985), known professionally as L. H. C. Tippett. This
theorem is also called the Fisher-Tippett-Gnedenko theorem
recognizing the later contributions of Boris Gnedenko (1912 —1995).
The second central result is the Pickands—Balkema—de Haan
theorem, named for 1974-5 papers of A. A. Balkema and Laurens de
Haan, and, James Pickands III, and sometimes called the
Gnedenko-Pickands—Balkema—de Haan theorem, and even the
Gnedenko theorem in recognition of the earlier 1943 paper of Boris
Gnedenko.

The first result above was developed in proposition 9.30 of book 2 which
we summarize here, while the multivarate version of this theorem can be seen
in that book’s proposition 9.52. In the one-dimensional version, this result
address weak convergence of the distribution function of the maximum value
of an independent collection of n-identically distributed random variables.
In the notation of order statistics the distribution function of this variate is
F(n), and by proposition 2.2, F(n)(x) = Fn(x) where F is the distribution
function of the underlying random variable.

Proposition (Fisher-Tippett-Gnedenko theorem) Let F be the
distribution function of a random variable X and Fn the distribution func-
tion of Mn = maxm≤n{Xm} for independent {Xm}nm=1. Assume that there
exists sequences {an}∞n=1 and {bn}∞n=1 where an > 0 for all n, so that
Fn(anx + bn) ⇒ G(x) for a nondegenerate distribution function G. Then
there are real constants A > 0, B, and γ so that G(x) = Gγ (Ax+B) with
Gγ defined as in 9.25 of book 2 for γ 6= 0 by:

Gγ(x) = exp
(
− (1 + γx)−1/γ

)
, 1 + γx ≥ 0. (6.15)

When γ = 0, Gγ(x) is defined as in 9.26 of book 2, and equals the limit of
Gγ(x) as γ → 0 :

G0(x) ≡ exp
(
−e−x

)
. (6.16)
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Remark 6.13 The single family of distributions identified and parametrized
by γ is called the extreme value class of distributions, and the distribu-
tion function Gγ(ax+ b) is called a generalized extreme value distribu-
tion, abbreviated GEV. The parameter γ ∈ R is called the extreme value
index.

When Fn(anx+bn)⇒ Gγ (Ax+B) we say that the distribution function
F is in the domain of attraction of Gγ , denoted F ∈ D(Gγ).

In proposition 9.45 of book 2 was derived the von Mises’Condition,
named for Richard von Mises (1883 —1953), which identified how the ex-
treme value index γ could be derived given twice continuously differentiable
F. Recall that as defined in 5.31,

x∗ = inf{x|F (x) = 1},

with x∗ ≡ ∞ if F (x) < 1 for all x.
Proposition (von Mises’Condition) Let F be a twice continuously

differentiable distribution function with F ′(x) > 0 for some interval (x0,
x∗), where x∗ is defined in 5.31. If:

lim
x→x∗

(
1− F
F ′

)′
(x) = γ, (6.17)

then F is in the domain of attraction of Gγ, i.e., F ∈ D(Gγ).

The von Mises’condition provides one approach to determining if a given
distribution function is in the domain of attraction of Gγ for some γ. For
example, with Φ denoting the standard normal distribution function it was
shown in example 9.48 of book 2 that Φ ∈ D(G0).

When dealing with data sets from unknown distributions in finance and
other disciplines, the question naturally arises as to how one can determine
if the data is consistent with that from a distribution F with F ∈ D(Gγ)
for some γ. While there are many approaches to this estimation problem, a
popular and frequently used approach is the Hill estimator, introduced in
1975 by Bruce M. Hill.

The first of two sections below study this estimator and its properties.
The final section returns to the Gnedenko-Pickands—Balkema—de Haan the-
orem introduced in the book 2 section 9.2.4 on Finance Applications, and is
now addressed in more detail in the case of γ > 0.
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6.2.1 The Hill Estimator, γH
The Hill estimator was introduced as an approach to estimating the
exponent parameter of the Pareto distribution introduced in remark
9.40 of book 2 and named for Vilfredo Pareto (1848 —1923). This
distribution is also called the power law or a distribution of Zipf type,
the latter named for George Kingsley Zipf (1902 —1950). This
distribution is defined on x > x0 by:

F (x) = 1−
(
x

x0

)−1/γ

, (6.18)

where γ > 0. This model is reflective of many data observations made in
finance and elsewhere, and is often parametrized with α = 1/γ. But
parametrized this way, it follows that(

1− F
F ′

)′
= γ,

and using von Mises’condition in 6.17 such distributions satisfy
F ∈ D(Gγ). Since γ > 0 here it follows that Pareto, power law, or
Zipf-type distributions are in the domain of attraction of the Fréchet
class of distributions, also called Type II extreme value
distributions as noted in remark 9.14 of book 2.

The Hill estimator for γ > 0 is defined as follows. Let {Xi}ni=1 be a
data sample of a given variate, and {X(j)}nj=1 the associated order statistics
as defined in chapter 2. The Hill estimator is based on the k + 1 largest
variates, {X(n−j)}kj=0, and is defined as an average of k log ratios:

γH ≡
1

k

∑k−1

j=0
ln

[
X(n−j)
X(n−k)

]
, (6.19)

which is equivalently expressed in terms of differences:

γH ≡
1

k

∑k−1

j=0

[
lnX(n−j) − lnX(n−k)

]
. (6.20)

Example 6.14 Assume that the distribution function F is known to be a
Pareto distribution as in 6.18 with x0 = 1 for simplicity:

FP (x) =

 0, x < 1,

1− x−1/γ , x ≥ 1,
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so FP ∈ D(Gγ) by von Mises’condition as noted above. It is then not dif-
ficult to justify the estimator in 6.19. Given the ordered sample, {X(j)}nj=1,
define the conditional distribution function for x ≥ X(n−k) as in definition
3.39 of book 2:

FP
(
x|x ≥ X(n−k)

)
=

FP (x)− FP (X(n−k))

1− FP (X(n−k))

=
[
X−α(n−k) − x

−α
]
/X−α(n−k).

Here we temporarily denote the tail index parameter α = 1/γ for notational
simplicity. The conditional density function is then given as the derivative
of this differentiable function:

fP
(
x|x ≥ X(n−k)

)
= αx−(α+1)/X−α(n−k).

Given a sample {Xj}nj=1 with an assumed density function f(x;α) which
"reflects" and is therefore "conditional" on a parameter α to be estimated,
the conditional likelihood function, and sometimes the likelihood func-
tion of the sample, is defined:

L[{Xj}nj=1;α] ≡
∏n

j=1
f(Xj ;α).

A logical objective is to maximize L as a function of α, producing the condi-
tional maximum likelihood estimate for α, often called the maximum
likelihood estimate/estimator or MLE. By maximizing L, the given pa-
rameter α provides a model which maximizes the probability of the observed
sample among the family of distributions {f(x;α)} parametrized by α.

Applying this approach to the sample {X(n−j)}kj=0 and f(x;α) ≡ αx−(α+1)/X−α(n−k)
obtains the likelihood function:

L
[
{X(n−j)}kj=0;α

]
= αk

∏k−1

j=0
X
−(α+1)
(n−j) /X−α(n−k).

To maximize L as a differentiable function of α, or equivalently to maximize
the logarithm of this function, we differentiate:

∂ lnL

∂α
=
k

α
−
∑k−1

j=0
lnX(n−j) + k lnX(n−k).

The maximum likelihood estimate equals the value of α that solves ∂ lnL
∂α = 0

if ∂
2 lnL
∂α2 < 0, which is verifiable in this case. A calculation yields α = 1/γH .
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It is then checked as an exercise that if parametrized as a function of γ, one
again has that ∂ lnL

∂γ = 0 and ∂2 lnL
∂γ2 < 0 when γ = γH .

Summary: When the distribution function F is known to be a Pareto
distribution, the Hill estimator γH is equal to the maximum likelihood esti-
mate for the parameter γ.

Of course for general F ∈ D(Gγ) with γ > 0 we cannot assert that F
is Pareto. However, as was derived in proposition 9.38 of book 2, if γ > 0
then for all x ≥ 0 :

lim
t→x∗

1− F (t+ xha(t))

1− F (t)
= (1 + γx)−1/γ .

Recall that ha(t) ≡ a
(

1
1−F (t)

)
where a(t) is the normalizing function in that

book’s corollary 9.27. This is defined as a(t) ≡ abtc, with btc is the greatest
integer function defined by btc = max{n|n ≤ t}, and an the sequence
given in the statement of the Fisher-Tippett-Gnedenko theorem. Also, as
defined in 5.31, x∗ = inf{x|F (x) = 1}, with x∗ ≡ ∞ if F (x) < 1 for all x.

To investigate the implications of this general result, note that

1− 1− F (t+ xha(t))

1− F (t)
=
F (t+ xha(t))− F (t)

1− F (t)
,

and the right hand expression equals the conditional distribution, F (t +
xha(t)|x > 0). In other words, for F ∈ D(Gγ) with γ > 0, the above limiting
result asserts that the conditional distribution function: F (t+xha(t)|x > 0)
has limit as t→ x∗ :

lim
t→x∗

F (t+ xha(t)|x > 0) = 1− (1 + γx)−1/γ .

With a reparametrization of y = 1 + γx, this implies that the following
special conditional distribution is asymptotically Pareto, meaning:

lim
t→x∗

F

(
t+ ha(t)

(
y − 1

γ

)
|y > 1

)
= 1− y−1/γ .

In the next three subsections we develop the Hill estimator result in three
steps:

1. If F ∈ D(Gγ) with γ > 0, then F is conditionally asymptotically
Pareto.
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We will refine the analysis of the behavior of F and show in 6.28 below
that:

lim
t→∞

Pr[X ≤ tx|X > t] = 1− x−1/γ .

In other words, this conditional distribution of F will be shown to
be asymptotically Pareto. From this result we will then derive an
alternative integral formula for the parameter γ associated with such
a function. This formula will generalize the von Mises’condition in
that it will not require the differentiability needed for that approach,
but requires the added restriction that γ > 0.

2. If F ∈ D(Gγ) with γ > 0, then γH ≈ γ.
The integral formula for γ derived in step 1 will be approximated and
will produce the estimate γH .

In the third section we will prove the main result for the Hill estimator:

3. If F ∈ D(Gγ) with γ > 0, then γH →P γ as n→∞.
For this convergence in probability result it will be required that k →
∞ and k/n → 0 as n → ∞. In other words, the Hill estimator γH
must of necessity be based on increasingly high quantiles ofX since the
estimator uses ordered data in the [n− k, n] range, which is equivalent
to the

[
1− k

n , 1
]
quantile range.

The final discussion on the Hill estimator will address its asymptotic
normality.

1. If F ∈ D(Gγ) with γ > 0, then F is Conditionally Asymptotically
Pareto

The goal of this section is to derive an integral formula for the parameter γ
for general F ∈ D(Gγ) with γ > 0, and then in the next section show that
when this integral is approximated the Hill estimator is obtained. We
begin by recalling corollary 9.35 of book 2, that if F ∈ D(Gγ) for any γ,
then from 9.29 there we have for all x > 0 :

lim
t→∞

U(tx)− U(t)

a(t)
=
xγ − 1

γ
, (6.21)

where here the constant c of that result is integrated into a(t). The
function U(t) is the left continuous inverse of 1/(1− F (x)) :

U(t) ≡
(

1

1− F

)∗
(t).
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We begin by investigating and refining this limit.

Proposition 6.15 If γ > 0, then U(t)→∞ as t→∞ and:

lim
t→∞

U(t)

a(t)
=

1

γ
. (6.22)

Also, for x > 0 :

lim
t→∞

U(tx)

U(t)
= xγ . (6.23)

Proof. Defining Vt(x) ≡ U(tx)−U(t)
a(t) , then:

a(tx)

a(t)
=
Vt(xy)− Vt(x)

Vtx(y)
,

and by applying 6.21 to each V we conclude that

lim
t→∞

a(tx)

a(t)
= xγ . (6.24)

Further, since:
U(tx)

U(t)
= 1 +

U(tx)− U(t)

a(t)

a(t)

U(t)
,

it follows from 6.21 that the limit in 6.23 exists if and only if the limit in
6.22 exists and is nonzero.

But note that if the limit in 6.22 exists this limit would of necessity be
nonzero. This follows since:

U(tx)− U(t)

a(t)
=
U(tx)

a(tx)

a(tx)

a(t)
− U(t)

a(t)
,

and since U(tx)/a(tx) and U(t)/a(t) must have this same limit, the limit in
6.22 is nonzero by 6.24 and 6.21. Finally, if the limit in 6.22 exists and is
thus nonzero, the above identity and 6.21 obtain:

lim
t→∞

U(tx)

U(t)
= 1 +

xγ − 1

γ

[
1

/
lim
t→∞

U(t)

a(t)

]
,

and so 6.23 is true if and only if 6.22 is true.
So the final challenge is to prove the existence of either limit in 6.22 or

6.23, and we verify the existence of the latter limit as well as the fact that
U(t)→∞ as t→∞.



198 CHAPTER 6 ESTIMATING TAIL EVENTS 2

Let Z > 1, then an application of 6.24 yields a
(
Zk
)
/a
(
Zk−1

)
→ Zγ by

defining t = Zk−1. A similar application of 6.21 and defining t = Zk−1 or
t = Zk as appropriate obtains:

lim
k→∞

U
(
Zk+1

)
− U

(
Zk
)

U (Zk)− U (Zk−1)

= lim
k→∞

U
(
Zk+1

)
− U

(
Zk
)

a (Zk)

/
U
(
Zk
)
− U

(
Zk−1

)
Zγa (Zk−1)

= Zγ .

So for any ε > 0 there is an N ≡ N(ε) so that for k ≥ N :

Zγ(1− ε) ≤
U
(
Zk+1

)
− U

(
Zk
)

U (Zk)− U (Zk−1)
≤ Zγ(1 + ε). ((*))

Now for n > N,

U
(
Zn+1

)
−U

(
ZN
)

=
[
U
(
ZN
)
− U

(
ZN−1

)]∑n

j=N

∏j

k=N

U
(
Zk+1

)
− U

(
Zk
)

U (Zk)− U (Zk−1)
,

and so from (∗) :

lim
n→∞

[
U
(
Zn+1

)
− U

(
ZN
)]
≥
[
U
(
ZN
)
− U

(
ZN−1

)]
lim
n→∞

∑n

j=N

∏j

k=N
Zγ(1− ε)

=
[
U
(
ZN
)
− U

(
ZN−1

)]
lim
n→∞

∑n

j=N
[Zγ(1− ε)]j−N+1 .

Hence limn→∞ U
(
Zn+1

)
=∞ if Zγ(1−ε) > 1, which is to say, ε < 1−Z−γ ,

and this then proves that U(t)→∞ as t→∞.
Turning next to 6.23, since U(t)→∞ as t→∞ :

lim
n→∞

[∑n

k=N

[
U
(
Zk+1

)
− U

(
Zk
)]
/U (Zn)

]
= lim

n→∞

U
(
Zn+1

)
− U

(
ZN
)

U (Zn)
((**))

= lim
n→∞

U
(
Zn+1

)
U (Zn)

.

Using the inequalities in (∗) applied to each term in the first summation
yields:

Zγ(1− ε) lim
n→∞

∑n

k=N

[
U
(
Zk
)
− U

(
Zk−1

)]
/U (Zn)

≤ lim
n→∞

U
(
Zn+1

)
U (Zn)

≤ Zγ(1 + ε) lim
n→∞

∑n

k=N

[
U
(
Zk
)
− U

(
Zk−1

)]
/U (Zn) .
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Repeating the steps in (∗∗), it follows that the limits of the summations in
these bounds equal 1. Thus for any ε < 1− Z−γ :

Zγ(1− ε) ≤ lim
n→∞

U
(
Zn+1

)
U (Zn)

≤ Zγ(1 + ε),

and this limit therefore equals Zγ for any Z > 1.
Letting t = Zn then suggests that limt→∞ U (tx) /U (t) exists for all x =

Z > 1 and equals the limit in 6.23 but this must be formalized. Given x > 1
and Z > 1 let n(x) be such that Zn(x) ≤ x < Zn(x)+1, then because U is
increasing:

U(Zn(x)Zn(t))

U(Zn(t)+1)
≤ U (tx)

U (t)
≤ U(Zn(x)+1Zn(t)+1)

U(Zn(t))
.

For the left bound,

lim
t→∞

U(Zn(x)Zn(t))

U(Zn(t)+1)
= lim

t→∞

U(Zn(x)Zn(t))

U(Zn(t))

U(Zn(t))

U(Zn(t)+1)

= Z(n(x)−1)γ

≥ (x/Z2)γ .

In this calculation, for example:

U(Zn(x)Zn(t))

U(Zn(t))
=
U(Wm(t)+1)

U(Zm(t))
→W γ ,

with W ≡ Zn(x) and m(t) ≡ n(t)
n(x) . Similarly, for the right bound,

lim
t→∞

U(Zn(x)+2Zn(t))

U(Zn(t))
≤ (xZ2)γ ,

and 6.23 follows for x > 1 by letting Z → 1.
The final step to address 0 < x ≤ 1. Note that the existence of the limit

in 6.23 for x > 1 is suffi cient to assure the existence of the limit in 6.22,
and this with 6.21 assures 6.23 for all x > 0.

Definition 6.16 A function f is called regularly varying at infinity
with index α, α ∈ R, if:

lim
t→∞

f(tx)

f(t)
= xα (6.25)

for all x ≥ x0 > 0.When α = 0, f is said to be slowly varying at infinity.
When f is regularly varying at infinity with index α, one often writes
f ∈ RVα.
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Remark 6.17 The result in 6.23 states that if F ∈ D(Gγ) with γ > 0, then

U(y) ≡
(

1
1−F

)∗
(y) is regularly varying at infinity with index γ. The

result in 6.24 implies that the normalizing function a(t) associated with such
F ∈ D(Gγ) is also regularly varying with index γ.

Hence, if F ∈ D(Gγ) with γ > 0, then both a, U ∈ RVγ .

Before continuing in the current development we identify a corollary
result to 6.23 which was promised in remark 9.36 in book 2, regarding the
normalizing sequences an and bn in the statement of the Fisher-Tippett-
Gnedenko theorem.

Corollary 6.18 If F ∈ D(Gγ) with γ > 0, an ≡ U(n) and bn = 0, then
Fn(anx) ⇒ Gγ (x/γ − 1) as n → ∞. In other words, for these normalizing
sequences A = 1/γ and B = −1 in the result of proposition 9.30 of book 2,
and:

limn→∞ F
n(U(n)x) = exp

(
−x−1/γ

)
, x ≥ 0. (6.26)

Proof. The limit in 6.23 restricted to integer t = n can be expressed
in terms of left continuous inverses as H∗n(x) ⇒ K∗(x) where Hn(x) =
1/ {n [1− F (xU(n))]} and K(x) = x1/γ . For example,

K∗(x) = inf{y|y1/γ ≥ x} = xγ .

For Hn(x), recalling that also U(y) ≡ F ∗(1− 1/y) :

H∗n(x) = inf{y|1/ {n [1− F (U(n)y)]} ≥ x}
= inf{y|F (U(n)y) ≥ 1− 1/nx}.

Letting z = yU(n),

H∗n(x) =
1

U(n)
inf{z|F (z) ≥ 1− 1/nx} =

U(nx)

U(n)
.

By corollary 8.28 of the book 2, H∗n(x) ⇒ K∗(x) implies that Hn(x) ⇒
K(x), and taking reciprocals this implies that for all x ≥ 0 :

limn→∞ n [1− F (U(n)x)] = x−1/γ .

Thus 1 − F (U(n)x) → 0 and so 1 − F (U(n)x) = − lnF (U(n)x) + O(n−2)
and this limit can be expressed:

limn→∞ lnFn(U(n)x) = −x−1/γ ,

which is 6.26.
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The next step in this development is to convert the limiting results for U
to limiting results for the distribution function F. The following proposition
states that if F ∈ D(Gγ) with γ > 0, then the conditional distribution,
F (tx|t) ≡ Pr[X ≤ tx|X > t] and defined for x > 0, is asymptotically Pareto
as t→∞.

Proposition 6.19 A distribution function F ∈ D(Gγ) with γ > 0 if and
only if x∗ =∞ and for all x > 0 :

lim
t→∞

1− F (tx)

1− F (t)
= x−1/γ . (6.27)

Since Pr[X ≤ tx|X > t] ≡ [F (tx)− F (t)] / [1− F (t)] , 6.27 can be stated:

lim
t→∞

Pr[X ≤ tx|X > t] = 1− x−1/γ . (6.28)

Proof. Assume that F ∈ D(Gγ) with γ > 0. By proposition 6.15 U(t)→∞
as t→∞ where by definition,

U(t) ≡
(

1

1− F

)∗
(t)

= F ∗(1− 1/t).

Hence F ∗(1 − 1/t) is unbounded as t → ∞ and F (x) < 1 for all x. Thus,
x∗ =∞ by definition.

Now by proposition 3.19 of book 2:

F ∗ (F (t)) ≤ t ≤ F ∗
(
F (t)+

)
,

and since U
(

1
1−F (t)

)
= F ∗ (F (t)) it follows that for any ε > 0,

U

(
1− ε

1− F (t)

)
≤ t ≤ U

(
1 + ε

1− F (t)

)
,

and hence
U
(

y
1−F (t)

)
U
(

1+ε
1−F (t)

) ≤ 1

t
U

(
y

1− F (t)

)
≤
U
(

y
1−F (t)

)
U
(

1−ε
1−F (t)

) .
For F ∈ D(Gγ), 6.23 yields that for all ε > 0 :(

y

1 + ε

)γ
≤ lim

t→∞

1

t
U

(
y

1− F (t)

)
≤
(

y

1− ε

)γ
,
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since F (t)→ 1, and so:

lim
t→∞

1

t
U

(
y

1− F (t)

)
= yγ . ((*))

Defining gn(y) = 1
nU
(

y
1−F (n)

)
and g(y) = yγ , then gn(y)→ g(y) for all y >

0 implies that g∗n(x) → g∗(x) for each continuity point of g∗ by proposition
8.27 of book 2. A calculation shows that g∗(x) = x1/γ and g∗n(x) = 1−F (n)

1−F (nx) ,
and the result in 6.27 follows.

Conversely, if x∗ = ∞ and 6.27 is satisfied then by reversing the above
steps with corollary 8.28 of book 2 obtains (∗). Now let s = 1

1−F (t) . Then
the assumption that x∗ = ∞ implies that s → ∞ as t → ∞ and also
t = F ∗(1− 1/s) = U(s), and so (∗) implies that

lim
s→∞

U(sy)

U(s)
= yγ .

Now define the normalizing function a(s) = γU(s) and b(s) = U(s), then
for all x > 0 :

lim
s→∞

U(sy)− b(s)
a(s)

=
yγ − 1

γ
,

and so F ∈ D(Gγ).

Remark 6.20 Recalling the terminology introduced in definition 6.16, the
result in 6.27 states that if F ∈ D(Gγ) with γ > 0, then 1− F is regularly
varying at infinity with index −1/γ. Notationally, if F ∈ D(Gγ) with
γ > 0 then 1− F ∈ RV−1/γ . This can in fact be expressed in an even more
descriptive way, that if F ∈ D(Gγ) for γ > 0 then as x→∞ :

F (x) = 1− L(x)x−1/γ , L ∈ RV0, (6.29)

which is to say that L is slowly varying at infinity. This result was
derived by Gnedenko, and follows from 6.27 by considering L(tx)/L(t).

Thus, if F ∈ D(Gγ) for γ > 0, then 6.29 states that F has a fat tail in
the sense that 1 − F (x) effectively decays like a power function, and this is
a distributional observation most often identified in finance applications.

We present one last result and corollary that improves the above proposi-
tion regarding the asymptotic Pareto-like behavior of F ∈ D(Gγ) with γ > 0.
The proposition below sharpens the result above by providing a uniform es-
timate of convergence. This proposition is a special case of Karamata’s
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Representation theorem, named for Jovan Karamata (1902 —1967),
and while it is also true with modifications for γ < 0 and γ = 0, we do not
develop this theory.

Proposition 6.21 (Karamata’s Representation theorem) Given a dis-
tribution function F, then F ∈ D(Gγ) with γ > 0 if and only if there are
positive measurable functions c and g, so that for all t ∈ (t0,∞) with t0 > 0 :

1− F (t) = c(t) exp

[
−
∫ t

t0

ds

g(s)

]
, (6.30)

where

lim
t→∞

c(t) = c ∈ (0,∞), lim
t→∞

g(t)

t
= γ. (6.31)

Remark 6.22 Note that in the special case where c(t) ≡ c and g(t) ≡ tγ,
then 6.30 states that for t > t0, 1 − F (t) ≡ c(t/t0)−1/γ and so F is exactly
a Pareto distribution. Hence for all t > t0,

1− F (tx)

1− F (t)
= x−1/γ ,

giving a special case of the limiting result in 6.27 which there required t→∞
for general F ∈ D(Gγ) with γ > 0.

But see also corollary 6.23 for the general case.

Proof. If 6.30 is satisfied, then

1− F (tx)

1− F (t)
=
c(tx)

c(t)
exp

[
−
∫ tx

t

ds

g(s)

]
.

Given the above limits in 6.31, for any ε > 0 there is a T so that for t ≥ T :

γ − ε ≤ g(t)

t
≤ γ + ε.

Hence for x ≥ 1 :

exp

[
− (γ − ε)−1

∫ tx

t

ds

s

]
≤ exp

[
−
∫ tx

t

ds

g(s)

]
≤ exp

[
−
∫ tx

t
(γ + ε)−1 ds

s

]
,

which results in:

x−1/(γ−ε) ≤ exp

[
−
∫ tx

t

ds

g(s)

]
≤ x−1/(γ+ε)
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for t ≥ T, x ≥ 1. Since c(tx)
c(t) → 1 for all x ≥ 1, 6.30 obtains:

x−1/(γ−ε) ≤ lim
t→∞

1− F (tx)

1− F (t)
≤ x−1/(γ+ε).

As ε is arbitrary, F ∈ D(Gγ) with γ > 0 by proposition 6.19.
Conversely, assume that F ∈ D(Gγ) with γ > 0 and define

d(t) =
1− F (t)∫∞

t (1− F (x))dxx
.

In proposition 6.25 of the next section we will prove that the integral in the
definition of d(t) is finite for all t ≥ 1, and in 6.33 that limt→∞ d(t)→ 1/γ,
a limit needed below. Assuming this for now:

d

dt

(
ln

∫ ∞
t

(1− F (x))
dx

x

)
=
d(t)

t
,

and so if t0 ≥ 1,

−
∫ t

t0

d(s)

s
ds = ln

∫ ∞
t0

(1− F (x))
dx

x
− ln

∫ ∞
t

(1− F (x))
dx

x

= ln
1− F (t)

d(t)
− ln

1− F (t0)

d(t0)
.

Rewriting:

exp

[
−
∫ t

t0

d(s)

s
ds

]
=

1− F (t)

d(t)

d(t0)

1− F (t0)
,

and so

1− F (t) = d(t)
1− F (t0)

d(t0)
exp

[
−
∫ t

t0

d(s)

s
ds

]
.

Defining c(t) = d(t)1−F (t0)
d(t0) and 1

g(s) = d(s)
s yields 6.30. Also, 6.31 follows

from 6.33 proved below:

c ≡ lim
t→∞

c(t) =
1

γ

∫ ∞
t0

(1− F (x))
dx

x
∈ (0,∞),

and limt→∞
g(t)
t = γ since limt→∞ d(t)→ 1/γ by 6.33 as noted above.

The following corollary shows that for F ∈ D(Gγ) with γ > 0, not only
is F conditionally asymptotically Pareto, but the conditional distributions
of F are bounded by Pareto distributions with arbitrarily close tail indexes
of 1

γ±ε if t is large enough.
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Corollary 6.23 Given a distribution function F ∈ D(Gγ) with γ > 0 and
c defined in 6.31, then for any ε > 0 with ε < c/2 there exists T so that for
t ≥ T and all x ≥ 1 :

(1− ε)x−1/(γ−ε) ≤ 1− F (tx)

1− F (t)
≤ (1 + ε)x−1/(γ+ε). (6.32)

Proof. Given the above limits in 6.31, for any ε > 0 with ε < 1 there is a
T so that for t ≥ T :

γ − ε ≤ g(t)

t
≤ γ + ε, c (1− ε/3) ≤ c(t) ≤ c (1 + ε/3) .

As in the first part of the above proof we then have for t ≥ T and all x ≥ 1:

1− ε/3
1 + ε/3

x−1/(γ−ε) ≤ 1− F (tx)

1− F (t)
≤ 1 + ε/3

1− ε/3x
−1/(γ+ε).

The result now follows since 1+ε/3
1−ε/3 ≤ 1 + ε and 1−ε/3

1+ε/3 ≥ 1− ε.

2. If F ∈ D(Gγ) with γ > 0, then γH ≈ γ

In example 6.14 was noted that if γ > 0 and F ∈ D(Gγ) is a Pareto
distribution, then the Hill estimator γH is equal to the conditional
maximum likelihood estimate for the parameter γ. More generally for
general F ∈ D(Gγ) with γ > 0, the conditional distribution
F (tx|t) ≡ Pr[X ≤ tx|X > t] defined for x > 0 is asymptotically Pareto as
t→∞. So it seems logical that the Hill estimator should be applicable
asymptotically as t→∞, and hence it should provide an approximation to
the given γ for finite t. We derive this result in this section, but to do so
requires an a new formula for γ.

The proposition below provides the needed formula for γ based on an
integral of the distribution function F introduced above, and will support
the justification that the Hill estimator γH approximates this exact value of
γ for F ∈ D(Gγ) with γ > 0. This formula for γ > 0 generalizes the von
Mises’condition because it is valid for all such F without differentiability
conditions. On the other hand, von Mises’condition is valid for all γ.

This proposition can also be formulated with modifications in the cases
of γ < 0 and γ = 0, but we do not develop this theory.

Remark 6.24 To perhaps state the obvious, as the conclusions of the next
proposition were used in the proof of the Karamata representation theorem,
we note that we will not be using the earlier result in the following proof!
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Proposition 6.25 A distribution function F ∈ D(Gγ) with γ > 0 if and
only if F (x) < 1 for all x > 0,∫ ∞

1
(1− F (x))

dx

x
<∞,

and

lim
t→∞

∫∞
t (1− F (x))dxx

1− F (t)
= γ. (6.33)

Proof. If F ∈ D(Gγ) with γ > 0, then F (x) < 1 for all x > 0 follows from
proposition 6.19 which assured x∗ =∞. By 6.27, for any ε > 0 there is a T
so that for t ≥ T :

1− F (te)

1− F (t)
≤ (1 + ε) e−1/γ ≤ eε−1/γ .

Since tek ≥ T for k ≥ 0 :

1− F (ten)

1− F (t)
=
∏n

k=1

1− F (tek)

1− F (tek−1)
≤ en(ε−1/γ).

Given x > 1, let n = dlnxe , the least integer greater than or equal to lnx.
Then dlnxe < lnx+ 1 and substituting x = elnx :

1− F (tx)

1− F (t)
≤ en(ε−1/γ) ≤ eε−1/γxε−1/γ .

Consequently, for any t ≥ T, 1−F (tx)
1−F (t)

1
x is dominated by the integrable func-

tion eε−1/γxε−1/γ−1, and so∫ ∞
1

1− F (Tx)

1− F (T )

dx

x
<∞,

proving the integrability of (1−F (x))/x. Also, by Lebesgue’s dominated con-
vergence theorem of proposition 2.61 of book 3 and 6.27:

lim
t→∞

∫∞
t (1− F (x))dxx

1− F (t)
= lim

t→∞

∫ ∞
1

1− F (tx)

1− F (t)

dx

x

=

∫ ∞
1

x−1/γ−1dx

= γ,

which is 6.33.
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Conversely, given 6.33 define as in the proof of proposition 6.21,

d(t) =
1− F (t)∫∞

t (1− F (x))dxx
,

and note that d(t)
t = − b′(t)

b(t) with b(t) =
∫∞
t (1− F (x))dxx . Consequently,∫ t

1

d(x)

x
dx = − ln

[∫ ∞
t

(1− F (x))
dx

x

]
+ ln

[∫ ∞
1

(1− F (x))
dx

x

]
,

and so

1− F (t) = d(t)

∫ ∞
t

(1− F (x))
dx

x

= d(t)

∫ ∞
1

(1− F (x))
dx

x
exp

[
−
∫ t

1

d(x)

x
dx

]
.

With a similar expression for 1− F (ty):

1− F (ty)

1− F (t)
=

d(ty)

d(t)
exp

[
−
∫ ty

t

d(x)

x
dx

]
=

d(ty)

d(t)
exp

[
−
∫ y

1

d(tx)

x
dx

]
.

Letting t→∞ obtains from 6.33 that d(ty)
d(t) → 1 and d(tx)→ 1/γ, and so

lim
t→∞

1− F (ty)

1− F (t)
= y−1/γ .

Consequently it must be the case that F (x) < 1 for all x > 0 since otherwise
limt→∞

1−F (ty)
1−F (t) = 0 for all y > 1. Thus x∗ =∞ and F ∈ D(Gγ) with γ > 0

by proposition 6.19.

With most of the hard work done and the integral formula for γ derived in
6.33, we will now demonstrate that the formula in 6.19 for the Hill estimator,
γH , approximates the value of this integral. To this end, we begin with a
transformation of the formula in 6.33.

Proposition 6.26 Given a distribution function F ∈ D(Gγ) with γ > 0,

γ = lim
t→∞

∫∞
t ln (x/t) dF (x)

1− F (t)
, (6.34)
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where the integral in the numerator is interpreted as a Riemann-Stieltjes
integral.
Proof. Given F ∈ D(Gγ) with γ > 0 define h(x) ≡ 1 − F (x) and k(x) ≡
ln (x/t) for fixed t ≥ 1. Since k is an increasing function, define the
Riemann-Stieltjes integral of monotonic h(x) relative to k over bounded in-
tervals by proposition 4.19 and remark 4.20 of book 3. Then by proposition
4.30 of book 3, since k(x) is continuously differentiable:∫ N

t
h(x)dk =

∫ N

t
h(x)k′(x)dx.

The integral on the right is defined as a Riemann integral since k′(x) is
continuous, and h(x) is monotonic and thus by proposition 3.15 of book 3
is differentiable almost everywhere and so continuous almost everywhere.
Substituting for h(x) and k′(x) = 1/x obtains:∫ N

t
h(x)dk =

∫ N

t
(1− F (x))

dx

x
.

Since the limit as N → ∞ of the integral on the right exists by proposition
6.25:

lim
N→∞

∫ N

t
h(x)dk =

∫ ∞
t

(1− F (x))
dx

x
.

Using the integration by parts formula for Riemann-Stieltjes integrals of
proposition 4.15 of book 3:∫ N

t
h(x)dk = h(N)k(N)− h (t) k (t)−

∫ N

t
k(x)dh.

Now h (t) is finite and k (t) = 0 by definition. Also, by 6.32 if F ∈ D(Gγ)
with γ > 0, then for any ε > 0 there is a Cε = (1 + ε) t1/(γ+ε) so that

1− F (N) ≤ CεN−1/(γ+ε),

and hence h(N)k(N) = (1− F (N)) ln
(
N
t

)
→ 0 as N →∞. Combining:∫ ∞

t
(1− F (x))

dx

x
= − lim

N→∞

∫ N

t
k(x)dh = −

∫ ∞
t

ln(x/t)d(1− F ),

where the integral on the right is again defined as a Riemann-Stieltjes inte-
gral.

By the definition of Riemann-Stieltjes integral, using −(1− F ) or F as
an integrator function produces the same result. This plus the result in 6.33
now produces 6.34.
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Remark 6.27 The formula in 6.34 can be interpreted in the context of ex-
pectations as defined in 3.1. To this end, let X be a random variable defined
on a probability space (S,E,λ) with distribution function F ∈ D(Gγ) with
γ > 0, which exists by proposition 3.6 of book 2, and let t ≥ 1 be fixed.
Define the conditional distribution function Ft(x) for x ≥ t by:

Ft(x) ≡ F (x)− F (t)

1− F (t)
.

Because F (t) is a constant, by proposition 4.26 of book 3:∫∞
t ln (x/t) dF

1− F (t)
=

∫ ∞
t

ln (x/t) dFt(x),

and by 3.1: ∫ ∞
t

ln (x/t) dFt(x) = E [ln (X/t) |X ≥ t] .

Thus by 6.34:

γ = lim
t→∞

∫ ∞
t

ln (x/t) dFt(x), (6.35)

or equivalently:
γ = lim

t→∞
E [ln (X/t) |X ≥ t]

With γ defined in 6.35 as a limit as t → ∞, an approximation can be
achieved by evaluating this expression for large enough t. Given a sample
of random variates {Xi}ni=1 with distribution F ∈ D(Gγ) with γ > 0 and
associated order statistics, {X(j)}nj=1, it follows that for n large and k small:

γ ≈

∫∞
X(n−k)

ln
(
x/X(n−k)

)
dF

1− F (X(n−k))
.

This is a nice formula, but for estimation of γ it is not yet useful because F
is unknown.

Proposition 6.28 Given a distribution function F ∈ D(Gγ) with γ > 0,
and variates {Xi}ni=1 with distribution F and order statistics, {X(j)}nj=1,
then for n large and k small:

γ ≈ 1

k

∑k−1

j=0

[
ln
(
X(n−j)

)
− ln

(
X(n−k)

)]
= γH . (6.36)

Proof. The goal is to approximate the integral in 6.35 which is based on
the unknown distribution function F, with an integral based on the empirical
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distribution function Fn implied by the given sample {Xi}ni=1. This empirical
distribution function was introduced in 5.34, and assigns a probability of 1

n
to each variate:

Fn(x) =
1

n

∑n

j=1
χ(−∞,x](Xj).

By theGlivenko-Cantelli theorem in proposition 5.55, supx |Fn(x)− F (x)| →
0 with probability 1 and thus it seems reasonable to approximate:∫ ∞

X(n−k)

ln
(
x/X(n−k)

)
dF ≈

∫ ∞
X(n−k)

ln
(
x/X(n−k)

)
dFn.

The justification for this approximation might be that since n can be chosen
so that supx |Fn(x)− F (x)| < ε, for any term in the defining Riemann-
Stieltjes summations, supx |∆Fn −∆F | < 2ε. However while this seems in-
tuitively plausible it cannot be made rigorous with the tools at hand because
ln
(
x/X(n−k)

)
is unbounded. However this can be formalized by a result in

the book 6 section, General Results on Weak Convergence of Measures, in
the following way. Convergence in the Glivenko-Cantelli theorem assures
that Fn(x)⇒ F (x) and hence µFn ⇒ µF for the associated Borel measures.
The book 6 result will state that weak convergence of measures then assures
the convergence of the Lebesgue-Stieltjes integrals, which for continuous in-
tegrands assures convergence of the Riemann-Stieltjes integrals.

We proceed assuming that this approximation of the dF -integral by the
dFn-integral improves as n→∞. Since Fn is a step function, 1−F (X(n−k)) =
k/n and the Riemann-Stieltjes integral with respect to Fn is obtained in
proposition 4.30 of book 3. We thus conclude that for n and X(n−k) large
enough:

γ ≈

∫∞
X(n−k)

ln
(
x/X(n−k)

)
dFn

1− Fn(X(n−k))

=

∑k−1
j=0 ln

(
X(n−j)/X(n−k)

)
/n

k/n

=
1

k

∑k−1

j=0

[
ln
(
X(n−j)

)
− ln

(
X(n−k)

)]
.

This final summation is seen to be the formula for the Hill estimator in 6.19.
Thus if F ∈ D(Gγ) with γ > 0, then

γH ≈ γ.
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As noted in the proof, this approximation would be expected to improve
as n → ∞ since then Fn(x) improves as an approximation to F (x) by the
Glivenko-Cantelli theorem. But we also require that X(n−k) → ∞ because
the integration formula for γ in 6.34 is only exact in the limit as t→∞.

In the next section it will be demonstrated that under more clearly de-
fined conditions that γH →P γ, which is to say, γH converges in probability
to γ as defined in 5.24.

3. If F ∈ D(Gγ) with γ > 0, then γH →P γ as n→∞

From the derivation of proposition 6.28 that γH ≈ γ for F ∈ D(Gγ) with
γ > 0, it was noted that this approximation should improve as the sample
size n increases, but also as the initial order statistic X(n−k) used in γH
increases without bound. The statement about n is clear from the
Glivenko-Cantelli theorem, but when thinking about the order statistic
X(n−k) we need to clarify what this second condition means. Recall how
this requirement originated. The denominator of the integral formula for γ
in 6.34 is 1− F (t), and the limit t→∞ assures 1− F (t)→ 0. However
t ≡ X(n−k) in the approximation above, and then 1− F (X(n−k)) = k/n, so
X(n−k) →∞ requires k/n→ 0. In other words, the lowest order statistic
used in the Hill estimator must be based on a quantile qkn ≡ 1− k/n with
the property that qkn → 1. This conclusion is also implied by corollary 5.18
which states that if qkn → q < 1 as n→∞, then the normalized uniform
variate

(
Y(kn) − q

)
/

√
q(1−q)
n converges to the standard normal distribution,

and hence the variate Y(kn) cannot increase and approach 1. Indeed, one
then has that Y(kn) →P q, which is to say that for any ε > 0,

Pr[
∣∣Y(kn) − q

∣∣ > ε]→ 0,

and it then follows that X(n−k) ≡ F ∗(Y(kn)) 9∞.

Now n→∞ and k/n→ 0 certainly allows for k to be bounded. But in
the above proof k also reflected the number of terms in the approximating
Riemann-Stieltjes summation, and thus logically we must have k → ∞ in
order for these sums to well-approximate the Riemann-Stieltjes integral.
This requirement will be seen to be needed in the proof below in order to
justify an application of the central limit theorem.

In summary, the proposition below will formalize the result that if k →∞
and k/n→ 0 as n→∞, then γH →P γ.
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In order to prove this section’s result a more general version of Kara-
mata’s representation theorem referenced above is needed. In the spe-
cial case of proposition 6.21 this theorem stated that for F ∈ D(Gγ) with
γ > 0 that 1 − F (t) could be represented as an integral in 6.30, and with
functions with limiting properties summarized in 6.31. As noted there, this
result also applies to F ∈ D(Gγ) with γ < 0 or γ = 0 but with appropri-
ate modifications to the limiting properties of the functions in 6.31. But
far beyond this, Karamata’s representation theorem applies not only to dis-
tribution functions, but to all functions f that are regularly varying at
infinity with index α ∈ R. As noted in 6.25, this terminology means that
for all x ≥ x0 > 0 :

lim
t→∞

f(tx)

f(t)
= xα.

For example, the result in 6.23 states that if F ∈ D(Gγ) with γ > 0, then
U is regularly varying at infinity with index γ, while 6.27 states that
1− F is regularly varying at infinity with index −1/γ.

Our application of this general result will again be for the case α > 0. The
importance of this more general representation theorem is that it can then be

applied to the function U(t) ≡
(

1
1−F

)∗
(t), the left continuous inverse of 1

1−F
for F ∈ D(Gγ), which is not a distribution function. This representation
theorem will then provide the needed uniform estimate of U(tx)/U(t) for
t ∈ (t0,∞) and all x ≥ 1, just as proposition 6.21 provided such a uniform
estimate of 1−F (tx)

1−F (t) in 6.32 of corollary 6.23.
We state without proof this general result though again will only require

the case α > 0.

Proposition 6.29 (Karamata’s Representation theorem) A function
f is regularly varying at infinity with index α if and only if there are positive
measurable functions c and g so that for all t ∈ (t0,∞) with t0 > 0 :

f(t) = c(t) exp

[∫ t

t0

h(s)

s
ds

]
, (6.37)

where
lim
t→∞

c(t) = c ∈ (0,∞), lim
t→∞

h(t) = α. (6.38)

Proof. See de Haan and Ferreira, Theorem B.1.6.

The proof of the needed corollary now follows the proof of corollary 6.23.
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Corollary 6.30 Given a function f that is regularly varying at infinity with
index α, then for any ε > 0 with ε < 1 there is a T so that for t ≥ T and all
x ≥ 1 :

(1− ε)x(α−ε) ≤ f(tx)

f(t)
≤ (1 + ε)x(α+ε). (6.39)

Proof. If 6.37 is satisfied for t > t0, then for x > 1 :

f(tx)

f(t)
=
c(tx)

c(t)
exp

[∫ tx

t

h(s)

s
ds

]
.

Given the above limit in 6.38, for any ε > 0 with ε < 1 there is a T so that
for t ≥ T :

α− ε ≤ h(t) ≤ α+ ε, c (1− ε/3) ≤ c(t) ≤ c (1 + ε/3) .

Hence for x > 1 :

exp

[
(α− ε)

∫ tx

t

ds

s

]
≤ exp

[∫ tx

t

h(s)

s
ds

]
≤ exp

[∫ tx

t
(α+ ε)

ds

s

]
,

which is equivalent to

x(α−ε) ≤ exp

[∫ tx

t

h(s)

s
ds

]
≤ x(α+ε).

These bounds then produce

1− ε/3
1 + ε/3

x(α−ε) ≤ f(tx)

f(t)
≤ 1 + ε/3

1− ε/3x
(α+ε).

and the result in 6.39 now follows since 1+ε/3
1−ε/3 ≤ 1 + ε and 1−ε/3

1+ε/3 ≥ 1− ε.

We now turn to the result that if F ∈ D(Gγ) with γ > 0, then as n→∞
the Hill estimator γH converges to γ in probability, recalling the definition
in 5.24. To achieve this convergence result we will also require that k →∞
and the implied quantile qkn ≡ 1 − k/n of the base order statistic X(n−k)

converges to 1, or equivalently k/n→ 0.

Proposition 6.31 (Hill Estimator 1) Let {Xi}ni=1 be independent and
identically distributed random variables with distribution function F ∈ D(Gγ)
with γ > 0, and γH the Hill estimator defined in 6.19. Then if k →∞ and
k/n→ 0 as n→∞, the estimator γH converges in probability to γ :

γH →P γ. (6.40)
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Proof. Applying corollary 6.30 to the left continuous inverse function U(t) ≡(
1

1−F

)∗
(t), which is regularly varying at infinity with index γ by 6.23, ob-

tains by 6.39 that for any ε > 0 there is a T so that for t ≥ T and all
x ≥ 1 :

(1− ε)x(γ−ε) ≤ U(tx)

U(t)
≤ (1 + ε)x(γ+ε),

and so

ln (1− ε) + (γ − ε) lnx ≤ lnU(tx)− lnU(t) ≤ ln (1 + ε) + (γ + ε) lnx.

Recall that U(t) ≡ F ∗(1 − 1/t) and so by proposition 4.9 of book 2,
{U(Yj)}ni=1 will be independent and have distribution function F if {1− 1/Yj}ni=1
are independent and uniformly distributed on [0, 1]. By proposition 4.8 of
book 2, if {Yj}ni=1 are independent random variables with continuous distri-
bution function G(y) = 1− 1/y on y ≥ 1, then {G(Yj)}ni=1 = {1− 1/Yj}ni=1
will be uniformly distributed on [0, 1] and independent by proposition 4.9.
And so for such variates, {U(Yj)}ni=1 will have distribution function F. In
summary, γH can be defined with 6.20 in terms of the order statistics of a
sample {U(Yj)}ni=1 :

γH =
1

k

∑k−1

j=0

[
lnU(Y(n−j))− lnU(Y(n−k))

]
,

where {Yj}ni=1 is a sample with distribution function G(y) = 1− 1/y.
To use the above bounds for lnU(tx) − lnU(t), let t = Y(n−k). Then by

proposition 5.48, if k/n → 0 then Y(n−k) → y∗ = ∞ with probability 1,
and so it can be assumed that for any ε and associated T that Y(n−k) ≥ T
eventually with probability 1. With x ≡ Y(n−j)/Y(n−k), it then follows from
the above bounds that:

ln (1− ε) + (γ − ε)Zk,n ≤ γH ≤ ln (1 + ε) + (γ + ε)Zk,n, ((*))

where

Zk,n ≡
1

k

∑k−1

j=0
ln

[
Y(n−j)
Y(n−k)

]
.

We now show that
Zk,n →P 1.

First note that if Y has distribution function G(y) = 1− 1/y on y ≥ 1,
then X ≡ lnY has a standard exponential distribution since for x ≥ 0 :

FX(x) = Pr [lnY ≤ x] = Pr [Y ≤ ex] = 1− e−x.
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Thus proposition 5.21 applies to Zk,n. Specifically, if Fk,n denotes the dis-
tribution function of Z ′k,n, defined by

Z ′k,n =
Zk,n − 1

1/
√
k
,

then as n → ∞ and k/n → 0, Fk,n converges in distribution to the normal
distribution:

Fk,n ⇒ Φ.

So for any δ > 0:

Pr [|Zk,n − 1| ≥ δ] = Pr
[∣∣Z ′k,n∣∣ ≥ δ√k]→ 0,

since k →∞. Thus, Zk,n →P 1.
This now obtains 6.40 as follows. Given δ > 0:

Pr [γH − γ ≥ δ] ≤ Pr [ln (1 + ε) + (γ + ε)Zk,n − γ ≥ δ]
= Pr [Zk,n − 1 ≥ (δ − ε− ln (1 + ε)) / (γ + ε)] ,

and (δ − ε− ln (1 + ε)) / (γ + ε) > 0 for ε small and so Pr [γH − γ ≥ δ]→ 0.
Similarly,

Pr [γH − γ ≤ −δ] ≤ Pr [ln (1− ε) + (γ − ε)Zk,n − γ ≤ −δ]
= Pr [Zk,n − 1 ≤ (−δ + ε− ln (1− ε)) / (γ − ε)] ,

and (−δ + ε− ln (1− ε)) / (γ − ε) < 0 for ε small and so Pr [γH − γ ≤ −δ]→
0. Thus

Pr [|γH − γ| ≥ δ]→ 0,

which is 6.40.

Remark 6.32 The above theorem has a converse, which we state without
proof.

Proposition 6.33 Let {Xi}ni=1 be independent and identically distributed
random variables with distribution function F, and γH the Hill estima-
tor defined in 6.19. Assume that there exists a sequence kn → ∞ with
kn/n → 0 and kn+1/kn → 1 as n → ∞ so that the estimator γH converges
in probability to a constant γ :

γH →P γ > 0.

Then F ∈ D(Gγ).
Proof. See de Haan and Ferreira, Theorem 3.2.4.
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Asymptotic Normality of the Hill Estimator

Although we do not develop this theory here, it is known that under
additional assumptions on the distribution function F ∈ D(Gγ) with
γ > 0, that the Hill estimator is asymptotically normally distributed.
Recall that by corollary 9.35 of book 2 that if F ∈ D(Gγ) then for x > 0 :

U(tx)− U(t)

a(t)
→ xγ − 1

γ

as t→∞, with U(t) ≡
(

1
1−F

)∗
(t) the left continuous inverse of 1

1−F . Here,

c in the earlier formula is integrated into the definition of a(t). The right
hand limit is defined to be lnx when γ = 0, which equals
limγ→0 (xγ − 1) /γ.

In order to obtain the asymptotic normality result this function F must
satisfy an additional assumption known as a second-order condition,
which provides information on the rate of convergence in the above limit.
Specifically, we say that F ∈ D(Gγ) satisfies a second-order condition if
there is a function A(t) with limt→∞A(t) = 0 and where A(t) does not
change sign for t ≥ T say, and a function H(x), so that as t→∞ :[

U(tx)− U(t)

a(t)
− xγ − 1

γ

]/
A(t)→ H(x). (6.41)

By 6.22 this is equivalent to:[
U(tx)

U(t)
− xγ

]/
A(t)→ H(x).

For well-definedness, it is required that H(x) is not a multiple of x
γ−1
γ .

Much like the development surrounding the Fisher-Tippett-Gnedenko
theorem, it turns out that when such a function H(x) exists it must have
a well defined structure, and when γ > 0, the assumption underlying the
above Hill estimator theory, it is the case that:

H(x) = xγ
xρ − 1

ρ
,

where ρ ≤ 0. When ρ = 0,

H(x) ≡ xγ lnx,



6.2 EXTREME VALUE THEORY 2 217

which is equal to xγ limρ→0 (xρ − 1) /ρ. The significance of the parameter ρ
is that it is then the case that A(t) ∈ RVρ, meaning that A(t) is regularly
varying at infinity with index ρ.

We then have the following result.

Proposition 6.34 (Hill Estimator 2) Let F ∈ D(Gγ) with γ > 0 and
assume that F satisfies a second order condition where ρ ≤ 0. Let Fγ′H
denote the distribution function of the normalized Hill estimator

γ′H =
γH − γ
1/
√
k
.

Then if k →∞ and k/n→ 0 as n→∞, and

λ ≡ lim
n→∞

√
kA (n/k)

is finite, then:
FγH ⇒ N

(
λ/ (1− ρ) , γ2

)
, (6.42)

where N
(
λ/ (1− ρ) , γ2

)
denotes the normal distribution with mean λ/ (1− ρ)

and variance γ2.
Proof. See de Haan and Ferreira, Theorem 3.2.5.

Remark 6.35 Note that since n/k →∞ it follows that A (n/k)→ 0 by the
definition of second order condition. However, the assumption that k/n→ 0
implies that k/n may approach 0 at any rate as a function of n, and it is
thus also the case that n/k may approach ∞ at any rate as a function of n.
So the value of the parameter λ = limn→∞

√
knA (n/kn) can depend on the

actual sequence {kn} of parameters used, and need not be finite.

6.2.2 The Pickands—Balkema—de Haan Theorem: γ > 0

Like the Fisher-Tippett-Gnedenko theorem, the Pickands—Balkema—de
Haan theorem addresses the question of the existence of a limiting
distribution. Both begin with a distribution function F of a random
variable X. The former theorem investigates Fn(x), the distribution
function of Mn = maxm≤n{Xm} for independent {Xm}nm=1, and
investigates one key question related to the limiting distribution of Fn(x)
as n→∞. Namely, if there exists sequences {an}∞n=1 and {bn}∞n=1 where
an > 0 for all n, and a nondegenerate distribution function G(x) so that
Fn(anx+ bn)⇒ G(x), what can be said about G? The answer provided by
this theorem is proposition 9.30 of book 2 as noted above and states that if
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such sequences and distribution exist, so F ∈ D(G) in the notation of
domains of attraction, then there are real constants A > 0, B, and γ so
that G(x) = Gγ (Ax+B) with Gγ(x) defined for γ 6= 0 by:

Gγ(x) = exp
(
− (1 + γx)−1/γ

)
, 1 + γx ≥ 0.

When γ = 0, Gγ(x) is defined on R:

G0(x) ≡ exp
(
−e−x

)
.

Proposition 6.19 then provided a characterization of such F ∈ D(Gγ) for
γ > 0 in 6.27, that for x > 0 :

lim
t→∞

1− F (tx)

1− F (t)
= x−1/γ .

This is restated in an even more descriptive way in 6.29, that if F ∈
D(Gγ) for γ > 0, then as x→∞ :

F (x) = 1− L(x)x−1/γ , L ∈ RV0,

where L ∈ RV0 means that L is slowly varying at infinity as in definition
6.16.

The Pickands—Balkema—de Haan theorem investigates another "tail" dis-
tribution, specifically the conditional probability distribution of ex-
ceedances, and the analysis underlying this result is often referred to as
the peaks over threshold method. This investigation was initiated in book
2, where in that book’s proposition 9.38 the following result was proved:

Proposition If F ∈ D(Gγ) for any γ, then:

• For all x with x > −1/γ when γ ≥ 0, where −1/0 ≡ −∞, or,

• For 0 ≤ x < −1/γ when γ < 0,

and with x∗ as defined in 5.31:

lim
t→x∗

1− F (t+ xha(t))

1− F (t)
= (1 + γx)−1/γ .

Here

ha(t) ≡ a
(

1

1− F (t)

)
,

with a(t) defined in terms of the normalizing function in 6.21. When
γ = 0 the limit function is defined for all x as exp (−x) .
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This result can also be expressed as a conditional probability statement:

lim
t→x∗

Pr [X ≤ t+ xha(t)|X > t] = 1− (1 + γx)−1/γ .

Alternatively, for t "large" relative to x∗:

Pr [X ≤ t+ y|X > t] ≈ 1−
(

1 +
γ

ha(t)
y

)−1/γ

. (6.43)

This limiting distribution is an example of the generalized Pareto distri-
bution, Hγ,0,β(t)(x) with β(t) ≡ ha(t).

Definition 6.36 A generalized Pareto distribution Hγ,t,β(x) is defined
by:

Hγ,t,β(x) ≡ 1−
(

1 +
γ

β
(x− t)

)−1/γ

, (6.44)

and when γ = 0 defined as the limit of Hγ,t,β(x) as γ → 0:

H0,t,β(x) ≡ 1− exp (− (x− t) /β) . (6.45)

The distribution Hγ,t,β(x) is defined for x ≥ t when γ ≥ 0, and for t ≤ x ≤
t− β/γ when γ < 0.

Remark 6.37 1. For the result below, we will be primarily interested in
Hγ,0,β(x) with γ > 0 :

Hγ,0,β(x) ≡ 1−
(

1 +
γ

β
x

)−1/γ

, (6.46)

but introduced the more general notation because it is commonly cited.

2. Note that for γ > 0:

Hγ,t,γt(x) ≡ 1−
(x
t

)−1/γ
, x ≥ t,

and:

Hγ,0,γt(x) ≡ 1−
(

1 +
x

t

)−1/γ
, x ≥ 0,

representing two common parametrizations for a standard Pareto dis-
tribution. In this context, it is common to represent the exponential
index by α and so α = 1/γ > 0.
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The asymptotic result above for the conditional distribution function can
be improved as stated in proposition 9.44 of book 2, but there without proof.
With the aid of corollary 6.23 to Karamata’s Representation theorem,
this earlier result can be proved in the case γ > 0 in which case x∗ =∞ by
proposition 6.19.

Proposition 6.38 (Pickands—Balkema—de Haan theorem II) Assume
that F is in the domain of attraction of Gγ , F ∈ D(Gγ) with γ > 0, and
given t ≥ 0 define the conditional distribution function Ft(y) for y ≥ 0 by:

Ft(y) ≡ Pr [X ≤ t+ y|X > t] =
F (t+ y)− F (t)

1− F (t)
.

Then the approximation in 6.43 is uniform in y in the sense that there exists
a positive function β(t), so that:

limt→∞ sup0≤y<∞
∣∣Ft(y)−Hγ,0,β(t)(y)

∣∣ = 0. (6.47)

In fact 6.47 is true with β(t) ≡ γt, so Hγ,0,β(t)(y) ≡ Hγ,0,γt(y), and thus
Ft(y) is asymptotically Pareto:

Pr [X ≤ t+ y|X > t] ≈ 1−
(

1 +
y

t

)−1/γ
as t→∞, (6.48)

and the error in this approximation converges to 0 uniformly in y ≥ 0.
In addition, if β(t) is another function which satisfies 6.47, then β(t)/γt→

1 as t→∞. Thus β(t) ≡ γt is asymptotically unique.
Proof. From corollary 6.23, given a distribution function F ∈ D(Gγ) with
γ > 0 and c defined in 6.31, then for any ε > 0 with ε < c/2 there is a T so
that for t ≥ T and all x ≥ 1, we have 6.32:

(1− ε)x−1/(γ−ε) ≤ 1− F (tx)

1− F (t)
≤ (1 + ε)x−1/(γ+ε).

Writing t+ y = t(1 + y/t), y ≥ 0, then for t ≥ T :

(1− ε) (1 + y/t)−1/(γ−ε) ≤ 1− F (t+ y)

1− F (t)
≤ (1 + ε) (1 + y/t)−1/(γ+ε) .

Hence,

(1− ε)
(

1 +
y

t

)−1/(γ−ε)
−
(

1 +
γ

β(t)
y

)−1/γ

≤ 1− F (t+ y)

1− F (t)
−
(

1 +
γ

β(t)
y

)−1/γ

≤ (1 + ε)
(

1 +
y

t

)−1/(γ+ε)
−
(

1 +
γ

β(t)
y

)−1/γ

.
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This provides bounds for the difference between Ft(y) and Hγ,0,β(t)(y), a
difference we seek to evaluate in terms of 6.47.

The proof of 6.47 will be completed by proving that for β(t) ≡ γt, that
the supremum in y of both these bounds converges to 0 as t → x∗. To this
end we investigate the upper bound and leave the lower bound as an exercise.
With β(t) ≡ γt the upper bound can be expressed:

U(y) ≡ (1 + ε)
(

1 +
y

t

)−1/(γ+ε)
−
(

1 +
y

t

)−1/γ
.

Letting w = y/t, a ≡ 1/ (γ + ε) and δ ≡ ε/γ obtains for 0 ≤ w ≤ ∞:

U(w) = (1 + γδ)(1 + w)−a − (1 + w)−a(1+δ).

Now U(0) = γδ, U(∞) = 0, U(w) ≥ 0 and U(w) can be differentiated to
reveal that U ′(w) ≤ 0 for all w, and thus:

U(w) ≤ γδ = ε.

Since ε can be made arbitrarily small by choosing t large, the proof of 6.47
with β(t) ≡ γt is complete.

Finally, assume that 6.47 is true for given β(t). Then∣∣∣∣∣2−1/γ −
(

1 +
γ

β(t)
t

)−1/γ
∣∣∣∣∣ =

∣∣Hγ,0,γt(t)−Hγ,0,β(t)(t)
∣∣

≤ sup0≤y<∞
∣∣Hγ,0,γt(y)−Hγ,0,β(t)(y)

∣∣
≤ sup0≤y<∞ |Hγ,0,γt(y)− Ft(y)|+ sup0≤y<∞

∣∣Ft(y)−Hγ,0,β(t)(y)
∣∣ .

As t → ∞ the first supremum converges to 0 as proved above, while the
second converges to 0 by assumption. Thus as t→∞:∣∣∣∣∣2−1/γ −

(
1 +

γ

β(t)
t

)−1/γ
∣∣∣∣∣→ 0,

which obtains β(t)/γt→ 1.

Remark 6.39 While the Pareto distribution Hγ,0,γt(y) is the exact asymp-
totic limit for the conditional distribution function Ft(y) as t → ∞, it is
common in applications to assume the more general model of the generalized
Pareto distribution, Hγ,0,β(y). Given the chosen threshold t and data set his
approach provides two parameters to be determined by maximum likelihood
or other estimation method rather than one. The desirability of two para-
meters is reinforced by the fact that the convergence to Pareto can be very
slow indeed.
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Example 6.40 As an illustration of the potential for slow convergence we
follow Makarov (2007) with F (x) ≡ 1− lnx

x . Then since:

lim
t→∞

1− F (tx)

1− F (t)
= x−1,

F ∈ D(G1) by 6.27. Also:

Ft(y) = 1− t

t+ y

ln(t+ y)

ln t
, H1,0,t(y) = 1− t

t+ y
,

and supy [H1,0,t(y)− Ft(y)] is found by calculus to occur at ŷ ≡ (e − 1)t.
Thus

supy [H1,0,t(y)− Ft(y)] =
1

e ln t
,

which converges to zero very slowly as t→∞.
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